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Abstract

A common fixed point theorem for certain contractive type mappings
is presented in this paper. As an application, the existence and unique-
ness of common solution for a system of functional equations arising
in dynamic programming is given. The results presented in this paper
generalize some known results in the literature.
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1 Introduction and Preliminaries

Let f,¢g and h be mappings from a metric space (X,d) into itself, R =
(—00,+00), RT = [0, 4+00) and

® ={W :R" — R" is a continuous function such that
0<W(r)<rforallreR"\{0}}.

The existence of common fixed points and solutions for several classes of con-
tractive type mappings and functional equations and system of functional
equations arising in dynamic programming, respectively, have been studied
by many investigators, for example, see [1-19] and the references therein.

Ray [18] studied the existence of common fixed point for the following
contractive type mappings:

d(fz,gy) < d(hz,hy) — W(d(hz, hy)), Vz,y € X. (1.1)

Liu [5] gave a sufficient condition which ensures the existence of common
fixed point for the contractive type mappings:

d(fx,gy) < max{d(hz, hy),d(hz, fr),d(hy, gy)}

— W{(max{d(hz, hy),d(hx, fz),d(hy, gy)}), Vr,y € X. (1.2)

As suggested in Bellman and Lee [1], the basic form of the functional
equations in dynamic programming is as follows :

fz) = SlelgH(w,y, f(T(z,y)), VreD, (1.3)

where x and y denote the state and decision vectors, respectively, 1" denotes
the transformation of the process and f(x) denotes the optimal return function
with the initial state . The authors [2-4, 6-17, 19] studied the existence or
uniqueness of solutions, common solutions, coincidence solutions, nonpositive
solutions and nonnegative solutions for several classes of functional equations
and systems of functional equations arising in dynamic programming by using
various fixed point theorems, common fixed point theorems and coincidence
point theorems, respectively.

The purpose of this paper is to establish a unique common fixed point
theorem for four self mappings f, g, h and ¢ on X which satisfy the condition
of the type

d(fz, gy) (1.4)
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< max {d(fx, tx),d(gy, hy), d(hy, tx), % [d(fx, hy) + d(gy, tz)],

d(fz,tx)d(gy, hy) d(fz,hy)d(gy,tz) d(fz, hy)d(gy,tz) }
L+d(hy,tr) ~ 1+d(hy,tz) = 1+d(fz,gy)

—W(max {d(fx, tz),d(gy, hy), d(hy, tz), % [d(fx, hy) + d(gy, tx)},

d(fz,tx)d(gy, hy) d(fz,hy)d(gy,tz) d(fz, hy)d(gy,tz) })
L+d(hy,te) ~ 1+d(hy,tz) = 1+d(fz,gy)

for all z,y € X, where W € ®. As an application, we prove the existence and
uniqueness of common solutions for a class of system of functional equations
arising in dynamic programming. The results presented in this paper extend
and unify some results in [5] and [18].

2 A Common Fixed Point Theorem

Our main result is as follows.

Theorem 2.1. Let (X,d) be a complete metric space, f, g, h and t be
four continuous mappings from X into itself satisfying ft = tf, gh = hg,
f(X) C h(X) and g(X) C t(X). If there exists W € @ satisfying (1.4), then
f, g, h and t have a unique common fixed point in X.

Proof. Let x¢ be an arbitrary point in X. Since f(X) C h(X) and g(X) C
t(X), it follows that there exist two sequences {yn}n>1 and {xn}n>0 such that
Yons1 = fTon = hxouyq for n > 0 and yo, = gre,_1 = txy, for n > 1. Define
dy, = d(Yn, Yns1) for n > 1. We first show that

dpi1 < d, —W(d,), VYn>1. (2.1)
Let n > 1. By (1.4) for x = 23, and y = 29,41, we have

don+1
- d(fl‘?m gx2n+1)
< max {d(fona tan), d(gTon+1, hont1), d(hTons1, tray),

d(f372m t$2n)d(9$2n+17 h$2n+1)
1+ d(hl'QnJrl, t$2n>
d(flén, h$2n+1)d(9$2n+1, tl‘2n) d(fona h$2n+1)d(9$2n+1, tl‘2n) }
1 + d(hx2n+17 tx2n) ’ 1 + d(fonu gx?n-l—l)

_W < max {d(fona t'x2n>7 d(ngnJrla hx2n+1)7 d(thnJrla t$2n)7

1
3 [d(f2om, hitoni1) + d(gZon i1, tron)],

Y
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(fron, tron)d(gTant1, htont1)
1 + d(h$2n+1, t[L‘Qn)

d
[d(fz2na hx2n+1) + d(ngnJrl: t'x2n)] )

Y

N —

d(fflhm h$2n+1)d(g$2n+1, t9€2n) d(fflf2m h$2n+1)d(95€2n+1, t9€2n) })
1 + d(hx2n+1, t$2n) ’ 1 + d(f$2na gx2n+1>

dandap
2n a2 H,O,O}

1
< dn:dn :dna_d n 9 n)s
_max{g 2n+1, A2 9 (y2+2y2) 1+ do,

1 dondop,
_W<maX {dQna d2n+17 d2n7 id(an—i—Q? y2n)7 124—72(1;;1’ O) 0})7

which implies that
d2n+1 < maX{d2m d2n+1} - W(maX{dm, d2n+1})- (2-2)

Suppose that do, 1 > da, for some n > 1. It follows that do,11 < dopiq —
W (dans1) < dany1, which is a contradiction. From (2.2) we infer that dg, 1 <
dyn, — W (day,) for all n > 1. Hence dy, 11 < da, for all n > 1. Similarly, we have
don, < dop—1 — W(dgp—1) for n > 1. That is, (2.1) holds. Therefore the series
of nonnegative terms >~ W(d,) is convergent. Hence

lim W(d,) = 0.

n—o0

Since {d”}n>1 is a nonnegative decreasing sequence, it converges to some point
p. By the continuity of W we have

W(p) = lim W(d,) =0,

n—oo

which means that p = 0. Hence lim,, .o, d,, = 0.
In order to show that {yn}n>1 is a Cauchy sequence, it is sufficient to show

that {92"}n>1 is a Cauchy sequence. Suppose that {ygn}n>1 is not a Cauchy
sequence. Thus there exists a positive number € such that for each even integer
2k, there are even integers 2m(k) and 2n(k) such that

d(Yomk)s Yoney) > € 2m(k) > 2n(k) > 2k.

For each even integer 2k, let 2m(k) be the least even integer exceeding 2n(k)
satisfying the above inequality, so that

d(Yam(k)=2> Yon(k)) < € d(Y2m(k)s Yon(k)) > € (2.3)
It follows that for each even integer 2k,

d(Yom(k), Yonk)) < A(Yon(k)s damk)—2) + domky—2 + dam(k)—1-
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Using (2.3) and the above inequality we deduce that
kh_{f)lo d(an(k)a me(k)) =€ (2.4)
By the triangle inequality we infer that for each even integer 2k
\d(Y2n (k) Yamk)—1) — Ad(Y2nk)> Yom)| < domi)—1,

‘d(yZn(k)+1a me(k)A) - d(y2n(k)7 me(k))\ < d2m(k)71 + d2n(k)
and
|d(y2n(k)+17 yzm(k)) - d(y2m(k)7 yzn(k))| < dzn(k).

In view of (2.4) and the above inequalities we arrive at
€= khjglo d(Yan(k)s Yom(k)—1) = khjglo A(Yon(k)+15 Y2m(k)—-1)

= Hm d(yanee)+1, Yame))-

By virtue of (1.4), we get that

d(Yan(k)> Y2m(k))
< danry + d(fTan(k), 9T2m(k)—1)

< dap (k) + max {d(fﬂhn(k), tZon(k))> A(GT2m(k)—1, PT2m(k)—1),
1
2 [ (f];2n(k hx2m ) + d(ngm (k)—1, thn(k))}a

d(f332n (k)> t$2n(k))d(g$2m( -1, h$2m(k)—1)
1+ d(hx'gm —1, t$2n(k))

A(haomk)—1, tTan(k));

Y

d(fangk)s hT2mi)—1)d(9T2mk) -1, tT2n(k))
1 + d(h@amk)—1, tTon(k))

?

d(fZank), hTamk)—1)A(GT2m k)1, tTan(k)) }
1+ d(fz2n(k)7 gx2m(k)—1)

—W<maX{ (fTon@k)s tZan(k)) A(GT2mk) -1, RT2m(k)-1),

1
d(hZam(k)—1, tTon(k) ), 2[ (f2n), hammy—1) + A(9T2m)—1, tT2n(k))]

d(fT2n k), tT2n(k) ) A(9T2m (k) -1, RT2m(k)-1)
]_ + d(hl’gm 1, thn(k))

I

d(f Loy, homk)—1)A(GTom(k) -1, LTan(k))
1 + d(h@am(k)—1, tTon(k))

’
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d(f Loy, homk)y—1)A(GT2m(k) -1, LT2n(k)) })
1+ d(fon(k)a gx2m(k)—1)

= max {d(yZn(k)+1a an(k)), d(me(k)fla me(k)): d(me(k)fla an(k)):

1

B} [d(an(k)—i-ly y2m(k)—1) + d(y2m(k)7 y2n(k))] )

d(Yan(k)+1> Yon(k)) A Y2m(k) Y2m(k)—1)
I+ d(me(k)—la an(k)) ’

d(an(k)Jrh y2m(k)fl>d(y2m(k)7 y2n(k))
L+ d(Yom(k)—15 Yon(k))

I

d(Yan(k)+15 Y2mk)—1) A (Y2m(k), Y2n(k)) }
L+ d(Yan(k)+1; Yom(k))

-W < max {d(y2n(k)+1u y2n(k))7 d(yzm(k)qa me(k))u d(yZm(k)fla y2n(k))7

[d(Yan(e)+1, Yom@k)—1) + A(Yomky: Y2n(e))]

N —

d(an(k)—i-h y2n(k))d(y2m(k)7 y2m(k)—1)
L+ d(Yom@k) -1 Yan(k))

J

A(Yon(k)+15 Y2m(k)—1)A(Y2m (k) Y2n(k))
L+ d(Yomk) -1, Yan(k)) ’

d(y2n(k)+17 y2m(k)—1)d(y2m(k)7 an(k)) })
L+ d(Yon(k)+1, Yom(k))

As k — oo, we infer that

2 62 2 2

egmaX{0,0,e,e,O,e—,—}—W(maX{0,0,e,e,O,e—, ‘ })
14+e€e 1+4¢€ 14+e€e 1+4¢€

=€- W(E)a

which implies that W (e) < 0. This is a contradiction. Thus {y, }»>1 is a Cauchy
sequence. Therefore {y,},>1 converges to a point z € X by completeness of
X. It follows that

lim fxy, = lim hzg,y 1 = lim gxo, 1 = lim txy, = 2.
n—oo n—oo n—oo

n—oo

By the continuity of A, f, t and ¢, and ft = tf, hg = gh, we conclude that for
any n > 0
d(tfron, hgToni1)

= d(ft@m gh$2n+1)
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< max {d(fmm, ttxo,), d(ghron i1, hhxent1), d(hhxen i1, ttxs,),

1
5 [d(ft:[;Qna hhx2n+l) + d(ghx2n+17 tthn)} )
d(ftzon, tt29,)d(ghroni1, hhon 1)
1+ d(hhl'QnJrl, ttl’gn) ’

d(ftl’gn, hh$2n+1)d(ghl’2n+1, tti’gn)
1+ d(hhl'QnJrl, ttl’gn) ’

d(ftlénu hh$2n+1)d(9h$2n+17 ttx?n) }
1+ d(ftxon, ghronit)

-Ww ( max {d(ftx%, ttxon), d(ghxon 1, hho, 1), d(hhoo, 1, ttas,),

[d(ftaon, hhaoni1) + d(ghTonis, ttas,)],
d(ftiUQm tthn)d(ghx%H»la hhl’2n+1)
1+ d(hhl'QnJrl, ttl’gn) ’

d(ftlénu hh$2n+1)d(9h$2n+17 ttx?n)
1+ d(hhl'QnJrl, ttl’gn) ’

d(ftx?m hhx?n-{—l)d(gthn-l—la tthn) })
1+ d(ftxon, ghxani1) '

N | —

As n — oo, we get that
d(tz, hz) < d(tz, hz) — w(d(tz, hz)),
which gives that tz = hz. Note that

d(tfxan, hgroni1) = d(ftao,, ghtont1), VYn > 0.

As n — o0, we gain immediately that d(fz, gz) = d(hz,tz). Hence fz = gz.
It follows from (1.4)
d(fl‘?m thQn—i—l)

= d(fona ghfl?2n+1)
S max {d(fona t$2n)7 d(ghx2n+17 hthnJrl): d(hhx2n+17 t'x2n)7

1
3 [d(faon, hhtanir) + d(ghaon i1, tee,)],
d(f372m t$2n)d(9h$2n+1, hh$2n+1)
1 + d(hh$2n+1, t[L‘Qn) ’

d(f372m hhx2n+1>d(9hx2n+la t9€2n)
1+ d(hhl'QnJrl, t$2n> ’
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d(fx%w hh$2n+1)d(9h$2n+17 tx2n) }
1+ d(fxan, ghwani1)

-W < max {d(fona t'x2n>7 d(gthnJrla hhx2n+l)7 d(hthnJrla t$2n):

[d(f@m hhon 1) + d(ghzan i1, t$2n)] )
d(f372m t$2n)d(9h$2n+1, hh$2n+1)
1+ d(hhl'QnJrl, t$2n> ’

d(fx%w hh$2n+1)d(9h$2n+17 tx2n)
1+ d(hh$2n+1, t[L‘Qn)

Do =

Y

d(fron, Phaon1)d(ghTon 1, tr2,) }) Vn >0
1+ d(fxan, ghroni1) | -

As n — oo, we get that

d*(z, hz) d*(z, hz) }

d(z,hz) < d(z,hz),d(z, h
(2 h2) < max {0,0,d(z, he), d(z, he), 0, 1o T S

d*(z,hz)  d*(z, hz) })
"1+d(z,hz) 14 d(z, hz)

= d(z,hz) — W(d(z, hz)),

-W ( max {0, 0,d(z,hz),d(z,hz),0

which implies that z = hz.
Using (1.4), we infer that

d(ffl‘?m gx2n+1)

S max {d(ff'TZna tf$2n)7 d(g$2n+la hx2n+1)7 d(thnJrla tf$2n)7

1
5 [d(ffl‘?m hx?n-‘,—l) + d(9$2n+17 tfon)] y

d(ffona tf$2n)d(g$2n+la hl’znﬂ)
1 + d(hx2n+17 tfx2n> ’

d(ffl’gn, h$2n+1)d(9$2n+17 tfon)
]_ + d(hl’gn_H, tffl?gn) ’

d(ffona h$2n+1)d(95€2n+17 thTQn) }
1 + d(ffonu gx?n-l—l)

-W < max {d(ffona tfx2n>a d(ngnJrla hx2n+1)7 d(hx2n+17 tfx2n>7

[d(ffa;Qna hx2n+1) + d(.g:[;2n+17 tfon)] )

N | —
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d(f fron, t fron)d(gTons1, honir)
1+ d(hzopy1, tfra,) ’
d(f fn, hani1)d(gTon+1, tfTon)
1+ d(hzopy, tfra,) ’
d(f f22n, haani1)d(gTont1, tfT2n) })) Vi > 0,
L+ d(f fron, gTons1)
Letting n — oo in the above inequality, we get that
d*(fz,2)  d&(fz2)
"1+d(fz,2) 1+d(fz,z)}

_W<maX {07 07 d(fZ, Z): d(fZ, Z):
d(fz2)  d(fz2) 1)
"14d(fe2) 1+d(fz,2)

— d(fz, Z) - W(d(fZ, Z))’

which means that z = fz. It follows that z = fz = g2 =tz = hz. That is z is
a common fixed point of f, g, h and t. If u is another common fixed point of
f,g,h and t in X, it follow from (1.4) that

d(z,u) = d(fz,gu) < d(z,u) —w(d(z,u)) < d(z,u),

which is a contradiction. This completes the proof. O

d(fz,z) < max {0,0,d(fz,z),d(fz,z),O

0

As consequences of Theorem 2.1, we have the following results.

Corollary 2.2. Let (X,d) be a complete metric space. Let f,g,h and t be
four continuous mappings from X into itself, ft =tf, gh = hg, f(X) C h(X)
and g(X) Ct(X). If there exists W € & satisfying

then f, g, h and t have a unique common fized point in X.
Remark 2.3. Corollary 2.2 generalizes two results in [18].

Corollary 2.4. Let (X,d) be a complete metric space. Let f, g and h
be three continuous mappings from X into itself, fh = hf, gh = hg and
F(X)Ug(X) C h(X). If there exists W € ® satisfying

d(fz,gy)

< max {d(hx, hy),d(fx, hx),d(gy, hy), % [d(fxz, hy) + d(gy, ha)] }

1
W (max {d(he, hy), d(fz, ha),d(hy, gy). 5 [d(f2, hy) + d(gy, ho)] } )
for all z,y € X, then f, g and h have a unique common fized point in X.

Remark 2.5. Corollary 2.4 is a generalization of the Theorem and Corol-
laries 1 and 2 in [5].
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3 An Application

Let X and Y be Banach spaces, S C X be the state space, D C Y be the
decision space and i x be the identity mapping on X. B(S) denotes the set of all
bounded real-valued functions on S and d(f, g) = sup{|f(z) — g(x)| : z € S}.
It is clear that (B(S5),d) is a complete metric space.

By means of Theorem 2.1, in this section we study the existence and unique-
ness of common solution of the following system of functional equations arising
in dynamic programming;:

fi(z) = sup {u(x,y) + H;(z,v, f,(T(m,y)))}, Ve e Syi e {1,2,3,4}, (3.1)
yeD

where u : SxD — R, T : SxD — Sand H; : S XD xR — R for
ie€{l1,2,3,4}.

Theorem 3.1. Suppose that the following conditions are satisfied:

(al) w and H; are bounded for i € {1,2,3,4};

(a2) There exist W € ® and the mappings Ay, As, Az and Ay defined by
Aigi(x) = sup {u(z,y)+H(z,y, 9:(T(2,y))) }, Vo € S,9: € B(S),i € {1,2,3,4};

yeD
satisfying
‘Hl(xa Y, g(t)) - HQ(xa Y, h(t))|
< max {d(Alg, Aug), d(Ash, Ash), d(Ash, Asg),

d(Alg, A4g)d(A2h, Agh)

1 + d(A3h, A4g)
d(Alga A3h)d(A2h7 A49) d(Alga A3h)d(A2h, A49) }

1+ d(Ash, Aysg) ’ 1+ d(Arg, Ash)
—W(max {d(Alg, Aug), d(Ash, Ash), d(Ash, Asg),
d(Alg7 A4g)d(A2h7 A3h)

1+ d(Ash, Asg) 7
d(Arg, Ash)d(Ash, Ayg) d(Aig, Ash)d(Ash, Asg) })

1 + d(Ash, Asg) ’ 1+ d(Aig, Ash)

for all (x,y) € Sx D, g,h € B(S),t €S

(23) A1 (B(S)) C As(B(S)), Ao(B(S)) € AL(B(S)):

(ad) There exists some A; € {A1, Aa, A3, Ay} such that for any sequence
{hn}nZI g B(S) and h € B(S),

[d(Avg, Ash) + d(Ash, Asg)],

N | —

1
5 [d(Avg, Ash) + d(Ash, Asg)],

lim sup |h,(z) — h(z)| = 0= lim sup |A;h,(x) — A;h(z)| = 0;

n—00 4§ n—=00 xes
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(3.5) A1A4 = A4A1, A2A3 = AgAQ.
Then the system of functional equations (3.1) has a unique common solution
in B(S5).

Proof. Tt follows from (al)-(a4) that A;, Ay, As and A, are continuous self
mappings of B(S). For any g,h € B(S), z € S and € > 0, there exist y,z € D
such that

Avg(r) <ulz,y) + Hi(z,y, 9(T(2,y))) + ¢, (32)
Ash(x) < u(z, z) + Ho(z, 2, h(T(z,2))) + €. (3.3)
Note that
Arg(z) > u(z, 2) + Hi(x, 2, g(T(x, 2))), (3.4)
Ash(z) > u(z, y) + Ha(z, y, M(T (2, y))). (3.5)

It follows from (3.2), (3.5) and (a2) that

Arg(z) — Arh(z) (3.6)
< Hl(xa y7g(T(I7y))) - H2(I7ya h(T(I7y))) +e
S max {d(Alg, A4g), d(AQh, Agh), d(Agh, A4g),

d(A197 A4g)d(A2h, A3h)
1 + d(ASha A4g) 7

d(Alga A3h)d(A2h7 A49) d(Alga A3h)d(A2h, A49) }
1+ d(Ash, Aysg) ’ 1+ d(Ayg, Ash)

[d(Avg, Ash) + d(Ash, Asg)],

N | —

—W(max {d(Alg, A4g), d(AQh, Agh), d(A3h, A4g),
d(A1g, Asg)d(Aszh, Ash)
1+ d(ASha A4g) 7

d(A1g, Ash)d(Azh, Asg) d(Arg, Ash)d(Azh, Asg) })
1+ d(Ash, Asg) ’ 1+ d(Ayg, Ash)

In view of (3.3), (3.4) and (a2) that

1
5 [d(Avg, Ash) + d(Ash, Asg)],

Arg(z) — Azh(z) (3.7)

> Hy(z,2,9(T(x,2))) — Hy(x, 2, (T (,2))) — ¢
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> —max {d(Alg, A49)7 d(A2h, A3h)7 d(A3h7 A49),
d(A197 A4g)d(A2h, A3h)
1 + d(ASha A4g)

d(Alga A3h)d(A2h7 A49) d(Alga A3h)d(A2h, A49) }
1+ d(Agh, A4g) ’ 1+ d(Alg, Agh)

[d(Avg, Ash) + d(Azh, Asg)],

N | —

W ( max {d(A1 9. Asg), d(Ash, Ash), d(Ash, Aug),
d(Alg, A4g)d(A2h, A4h)
1 + d(ASha A4g)

d(Arg, Ash)d(Azh, Asg) d(Arg, Ash)d(Ash, Asg) }) _
1+d(Ash, Ag) 7 1+d(Ag, Ash)
(3.6) and (3.7) ensure that

1
5 [d(Alga A3h) + d(A2h> A4g):| )

d(Ayg, Ash) (3.8)

= sup |A1g(x) — Axh ()|

TE€S
< max {d(Aug, Asg), d(Azh, Ash), d(Ash, Aug).
d(A1g, Asg)d(Ash, A3h)
1 + d(ASha A4g)

d(Alga A3h)d(A2h7 A49) d(Alga A3h)d(A2h, A49) }
1 + d(Agh, A4g) ’ ]. + d(Alg, Agh)

[d(Avg, Ash) + d(Ash, Asg)],

N | —

—W(max {d(/hg, Ayg),d(Ash, Ash), d(Ash, Asg),
d(Alg7 A4g)d(A2h7 A3h)
1 + d(ASha A4g)

d(Arg, Ash)d(Ash, Ayg) d(Aig, Ash)d(Ash, Asg) })
1+ d(Agh, A4g) ’ 1+ d(Alg, Agh)

Letting € — 0 in (3.8), we gain that

1
B [d(Avg, Ash) + d(Ash, Asg)],

d(Ayg, Ash) (3.9)

= sup |A1g(x) — Axh ()]

z€S
< max {d(Aug, Asg), d(Ash, Ash), d(Ash, Aug).

d(A197 A4g)d(A2h, A3h)
1 + d(ASha A4g) ’

[d(Avg, Ash) + d(Ash, Asg)],

N | —
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d(Alga A3h)d(A2h7 A49) d(Alga A3h)d(A2h, A49) }
1 + d(Agh, A4g) ’ ]. + d(Alg, Agh)

—W(max {d(/hg, Ayg),d(Ash, Ash), d(Ash, Asg),
d(A197 A4g)d(A2h, A3h)
1 + d(ASha A4g)

d(A1g, Ash)d(Azh, Asg) d(Arg, Ash)d(Ash, Asg) })
1+ d(Ash, Ayg) ’ 1+ d(Ayg, Ash)

[d(Alga A3h) + d(A2h7 A4g):| )

N | —

It follows from (a5) and (3.9) that Theorem 2.1 implies that Ay, Az, As

and A4 have a unique common fixed point v € B(S5), that is, v(x) is a unique
common solution of the system of functional equations (3.1). This completes
the proof. O
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