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Abstract. Some notions of conditionally dominated random variables are
introduced and characterized, Under rather minimal assumptions on random
variables {X,Xn, n ≥ 1}, some limit theorems of Jamison’s type of weighted
sums of random variables are obtained.
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1. Introduction

It is of interesting in probability theory and statistics to consider the con-
vergence of weighted sums

∑n
k=1 wnk[Xk − E(Xk|Fk−1)], see e.g. [2],[4],[5],[6]

and many results have been made in the field. Conditions of independent
random variables are basic in historic results due to Bernoulli, Borel and
Komogrov(cf.[5]). Recently, serious attempts have been made to relax these
strong conditions(cf.[4]). Such as stochastically dominated conditions of some
kind, and these have played an increasingly important role as a key condition
in proving laws of large numbers. In Y. Adler and A. Rosasky, for example,
the authors considered a sequence of independent random variables.

In the present paper, we are interesting in introducing a new set of con-
ditions to be called conditionally dominated in Cesàro sense concerning the
array {wnk} for a sequence of random variables, and we will show some sta-
bility results of Jamison type weighted sums of arbitrary random variables in
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more general settings.

2. Preliminary work

Some definitions and preliminary results will be presented prior to establish
the main results.

Let (Ω,F ,Fn, μ, n ∈ N) be a probability space and N denote the set of non-
negativ integer, where {Fn = σ(X0, · · · , Xn), n ∈ N} is an increasing sequence
of sub σ− algebras of the basic σ−algebra F and F0 is the trivial σ−algebra
{φ, Ω}. Suppose that {X,Xn, n ∈ N} be a stochastic sequence defined on this
underlying probability space.

For all n ∈ N, A, A0, A1, · · · , An ∈ B(B is the Borel σ algebra on R),

μ{X ∈ A} =

∫
x∈A

p(x)μ(dx) (1)

and

μ{X0 ∈ A0, · · · , Xn ∈ An} =

∫
x0∈A0

· · ·
∫

xn∈An

pn(x0, · · · , xn)μ(dx0 · · · dxn)

(2)
and denote the conditional pmf(pdf) by

pn(xn|x0, · · · , xn−1) =
pn(x0, · · · , xn)

pn−1(x0, · · · , xn−1)
(3)

where p(x), pn(· · · ) are probability mass functions(pmf) or probability density
functions(pdf) w.r.t.μ. In nearly all cases μ and is either the Lebesgue or
counting measures.

Let {ak, k ≥ 1} be a sequence of positive real numbers, b = sup{ak, k ≥
1} < ∞,W = {wnk, 1 ≤ k ≤ n, n ≥ 1} be a triangular array of positive real
numbers, where

wnk =

{
ak/σn, for k ≤ n

0, for k > n

satisfying
∑n

k=1 wnk ≤ 1 and with σn ↑ ∞. We shall study the Jamison type
weighted sums of the form

Tn(W) =
n∑

k=1

wnk[Xk − E(Xk|Fk−1)] (4)

for all n ∈ N.
Definition 1.Let{ X,Xn, n ∈ N}be a sequence of random variables, the

conditionally moment generating function and conditional tail probability mo-
ment generating function of Xk with respect to ak as follows:

Mn(s; x0, · · · , xn−1) =

∫ ∞

−∞
eanxspn(x|x0, · · · , xn−1)μ(dx). (5)
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M̃n(s; x0, · · · , xn−1) (6)

=

∫ ∞

0

eanxs

∫ ∞

x

pn(t|x0, · · · , xn−1)dtμ(dx)

−
∫ 0

−∞
eanxs

∫ x

−∞
pn(t|x0, · · · , xn−1)dtμ(dx).

and let

M̃(s) =

∫ ∞

0

ebxs

∫ ∞

x

p(t)dtμ(dx) −
∫ 0

−∞
ebxs

∫ x

−∞
p(t)dtμ(dx). (7)

M̃
+(s) =

∫ ∞

0

ebxs

∫ ∞

x

p(t)dtμ(dx), M̃
−(s) =

∫ 0

−∞
ebxs

∫ x

−∞
p(t)dtμ(dx). (8)

provided that the integrals exit for s ∈ (−s0, s0) for some s0 > 0.
Definition 2. (cf.[6])Let { X,Xn, n ∈ N} be a sequence of random variables,

and is said to be :
1) conditionally dominated by a random variable X in double sides(we write

{Xn, n ∈ N} ≺ X) if there exists a constant C > 0, for almost every ω ∈ Ω,
such that

sup
n∈�

μ{Xn > x|Fn−1} ≤ Cμ{X > x} for all x > 0.

and

sup
n∈�

μ{Xn < x|Fn−1} ≤ Cμ{X < x} for all x < 0.

2) conditionally dominated in Cesàro sense by a random variable X, con-
cerning the array {wnk}, in double sides(we write {Xn, n ∈ N} ≺ X(C)) if
there exists a constant C > 0, for almost every ω ∈ Ω, such that

sup
n∈�

n∑
k=1

wnkμ{Xk > x|Fk−1} ≤ Cμ{X > x} for all x > 0.

and

sup
n∈�

n∑
k=1

wnkμ{Xk < x|Fk−1} ≤ Cμ{X < x} for all x < 0.

Remark. In the particular case of array

wnk =

{
1/n, for k ≤ n

0, for k > n

the condition of {wnk}-stochastically dominated in Cesàro sense is the domi-
nated in Cesàro sense.

Lemma 1.Let Mn(s; x0, · · · , xn−1), M̃n(s; x0, · · · , xn−1) be defined as above,
then

Mn(s; x0, · · · , xn−1) − 1

s
= anM̃n(s; x0, · · · , xn−1) (9)
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and

M̃n(0) = E(Xn|x0, · · · , xn−1) (10)

Proof. Since

Mn(s; x0, · · · , xn−1) − 1

s
=

∫ ∞

0

eansx − 1

s
pn(x|x0, · · · , xn−1)μ(dx)

+

∫ 0

−∞

eansx − 1

s
pn(x|x0, · · · , xn−1)μ(dx)

=

∫ ∞

0

1 − eansx

s
d

∫ ∞

x

pn(t|x0, · · · , xn−1)dt

+

∫ 0

−∞

1 − eansx

s
d

∫ x

−∞
pn(t|x0, · · · , xn−1)dt

= [
1 − eansx

s

∫ ∞

x

pn(t|x0, · · · , xn−1)dt]|∞0

+an

∫ ∞

0

eansx

∫ ∞

x

pn(t|x0, · · · , xn−1)dtμ(dx)

+[
1 − eansx

s

∫ x

−∞
pn(t|x0, · · · , xn−1)dt]|∞0

−an

∫
−∞

eansx

∫ x

−∞
pn(t|x0, · · · , xn−1)dtμ(dx) = anM̃n(s; x0, · · · , xn−1).

(9) follows. (10) can also be obtained immediately from integration by parts.

3. Mainstream

Theorem 1.Let {X,Xn, n ∈ N} be defined as before. If {Xn, n ∈ N} ≺ X
with EX < ∞ and let σn ↑ ∞ as n → ∞. Then

lim
n

Tn(W) = 0, μ − a.s. (11)

Proof. Putting

pk(s; xk) =
eakxkspk(xk|x0, · · · , xk−1)

Mk(s)

and

p̃n(s; x0, · · · , xn) = p0(x0)
n∏

k=1

pk(s; xk), n = 1, 2, · · · .

Therefore p̃n(s; x0, · · · , xn) is a pmf or pdf of n + 1 variables, let us define

Λn(s, ω) =

{
�pn(s;X0,··· ,Xn)
pn(X0,··· ,Xn)

, if the denominator > 0

0, otherwise
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From reference [3], we have

lim sup
n

σ−1
n log Λn(s; ω) ≤ 0, μ − a.s. (12)

Note that

log Λn(s; ω) = s
n∑

k=1

akXk −
n∑

k=1

log Mk(s; X0, · · · , Xk−1) (13)

By (12) and (13),we have

lim sup
n

1

σn

[s
n∑

k=1

akXk −
n∑

k=1

log Mk(s; X0, · · · , Xk−1)] ≤ 0, μ − a.s. (14)

Thus

lim sup
n

s
n∑

k=1

wnkXk ≤ lim sup
n

1

σn

n∑
k=1

log Mk(s; X0, · · · , Xk−1), μ − a.s. (15)

By the property of the superior limit lim supn(an − bn) ≤ 0 → lim supn(an −
cn) ≤ lim supn(bn − cn) and note that E(Xk|Fk−1) < ∞, a.s. k = 1, 2, · · · .
Dividing two sides of (15) by s, we have, by lemma 1, for any s ∈ (−s0, 0),

lim inf
n

n∑
k=1

wnk[Xk − E(Xk|Fk−1)]

≥ lim inf
n

1

σn

n∑
k=1

[
log Mk(s; X0, · · · , Xk−1)

s
− akE(Xk|Fk−1)], μ − a.s. (16)

From the inequality log x ≤ x − 1(x > 0) and lemma 1, we have

lim inf
n

Tn(W) ≥ lim inf
n

1

σn

n∑
k=1

[
Mk(s; X0, · · · , Xk−1) − 1

s
− akE(Xk|Fk−1)]

= lim inf
n

1

σn

n∑
k=1

ak[M̃k(s; X0, · · · , Xk−1)−E(Xk|Fk−1)], μ−a.s. (17)

Let

ϕ(s) = lim inf
n

n∑
k=1

wnk[M̃k(s; X0, · · · , Xk−1) − E(Xk|Fk−1)], s ∈ (−s0, 0) (18)

If −s0 ≤ s < s + Δs < 0, by (18) and noticing that {Xn, n ∈ N} ≺ X and∑n
k=1 wnk ≤ 1, we have

ϕ(s + Δs) − ϕ(s)

= lim inf
n

n∑
k=1

wnk[M̃k(s + Δs; X0, · · · , Xk−1) − M̃k(0;X0, · · · , Xk−1)]
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− lim inf
n

n∑
k=1

wnk[M̃k(s; X0, · · · , Xk−1) − M̃k(0;X0, · · · , Xk−1)]

= lim inf
n

n∑
k=1

wnk[M̃k(s + Δs; X0, · · · , Xk−1) − M̃k(0;X0, · · · , Xk−1)]

+ lim sup
n

n∑
k=1

wnk[M̃k(0;X0, · · · , Xk−1) − M̃k(s; X0, · · · , Xk−1)]

≤ lim sup
n

n∑
k=1

wnk[M̃k(s + Δs; X0, · · · , Xk−1) − M̃k(s; X0, · · · , Xk−1)]

= lim sup
n

n∑
k=1

wnk[

∫ ∞

0

(eakt(s+Δs) − eakts)μ(Xk > t|Fk−1)dt

−
∫ 0

−∞
(eakt(s+Δs) − eakts)μ(Xk < t|Fk−1)dt]

= lim sup
n

n∑
k=1

wnk[

∫ ∞

0

eakts(eakt·Δs − 1)μ(Xk > t|Fk−1)dt

−
∫ 0

−∞
eakts(eakt·Δs − 1)μ(Xk < t|Fk−1)dt]

≤ C lim sup
n

n∑
k=1

wnk[

∫ ∞

0

eakts(eakt·Δs − 1)μ(X > t)dt

−
∫ 0

−∞
eakts(eakt·Δs − 1)μ(X < t)dt]

≤ C lim sup
n

n∑
k=1

wnk[

∫ ∞

0

(ebt·Δs − 1)μ(X > t)dt

−
∫ 0

−∞
ebts(ebt·Δs − 1)μ(X < t)dt]

≤ C [

∫ ∞

0

(ebt·Δs − 1)μ(X > t)dt −
∫ 0

−∞
ebts(ebt·Δs − 1)μ(X < t)dt]

= C{[M̃+(	s) − M̃
+(0)] − [M̃−(s + 	s) − M̃

−(s)]}
which follows that ϕ(s) is continuous on (−s0, 0), let s → 0 in (17), we obtain

lim inf
n

Tn(W) ≥ 0, μ − a.s.

Similarly, we can get

lim sup
n

Tn(A) ≤ 0, μ − a.s.

These complete the proofs of the Theorem 1.
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Theorem 2.Let {X,Xn, n ∈ N} be defined as above and {Xn, n ∈ N} ≺ X(C)
with EX < ∞. If σn ↑ ∞ as n → ∞, then

lim
n

Tn(W) = 0, μ − a.s.

Corollary 1.(SLLN) Let {X,Xn, n ∈ N} be a sequence of independent
random variables, if

sup
n∈�

μ{|Xn| > x} ≤ Cμ{|X| > x} for all x > 0.

or

sup
n∈�

n∑
k=1

wnkμ{|Xk| > x} ≤ Cμ{|X| > x} for all x > 0.

then
lim

n
Tn(W) = 0, μ − a.s.
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