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Abstract

In this paper we consider the partial difference equation with contin-
uous variables, Some sufficient conditions for all solutions of this equa-
tion to be oscillatory are obtained.
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1 Introduction

Partial difference equations arise in applications involving population dynamics
with spatial migrations, chemical reactions (see [1,2]). Recently, the qualitative
analysis of Partial difference equations has received much more attention (see
[3]). In particular, the oscillation of partial difference equations with continu-
ous variables has been investigated in some papers (see [4-8] and the references
theirin). To further the qualitative analysis of Partial difference equations, in
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this paper we shall consider the Partial difference equation with continuous
variables

diA(r +a,y +b) + o A(x + a,y) + ds Az, y + b) — daA(,y)

1
XL iz, y) Al — 7,y —03) =0 W
Where p; € C(R*xR™, R"),a,b, 7; and o; are positive, d; > 0,ds, d3 > dq > 0.

By a solution of (1), we mean a continuous function A(z,y) which satisfies
(1) for x > 29 > 0, y > yo > 0. A solution A(z,y) of equations is said to be
eventually positive if A(x,y) > 0 for all large = and y, and eventually negative
if A(z,y) < 0 for all large x and y. It is said to be oscillatory if it is neither
eventually positive nor eventually negative.

In this paper we will concern with the oscillation of the equations (1).
Equation (1) has been investigated by [8,9]. Our purpose is to obtain new
oscillation criteria for the oscillation of (1) by new techniques. Our studies are
motivated by the work of [10]. Some new sufficient conditions for this equation
to be oscillatory are derived, which is easier to be verified than that of [9], and
our results certainly extend/implement the oscillation results in [9].

2 Main results

In what follows we will assume the following for i =1,2,... n:

(1) 7 = kia+0;, o; = l;b+ 1;, where k;, [; are nonnegative
integers, 0; € [0,a), 1 € [0,b);

(2)

Qi(z,y) = min{pi(z,w)|lr <z <w+a,y <w <y+bx>x0>0,y >y >0}

and

liminf Q;(x,y) = ¢ >0, i=1,2,--,n,

,Yy—00

(3) ko = mm{kz}, lo = mm{lz}, n; = min{ki, lz}7 1= 1, 2, e, n.

Similar to [8,9], we have the following result:

Lemma 2.1 Let A(z,y) be an eventually positive solution of equation (1).
Set

T+a y+a
w(z,y) = /x /y A(u, v)dudv,

Then w(z,y) is an eventually positive solution of the difference inequality

diw(r + a,y+b) + dow(x + a,y) + dsw(z,y + b) — dyw(x,y)

3
+ > Qi(z, y)w(r — kia,y — 1;b) <0, )
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and ‘g—‘; < 0, g—‘; < 0.
In view of lemma 2.1, we have, for all x and y sufficiently large
Lemma 2.2
w(z+a,y+b) <w(z,y), w@+ay) <wy),
w(x,y+b) <W(I7y), w(x,y) <w(x_kza7y_lzb)

The followings are the main results of the paper
Theorem 2.2 Suppose that one of the following four conditions holds :
(1)]€0 > 0, lop > O:

1N dy+dy+ds,, (n+ 1)+

_ ; > 1; 6
i i:1Q( ) o (6)
(11)]{30 > 0, lo =0:
1 d2 . (ki_}_l)kﬂrl
— il — > 1; 7
(111)k0 - O, lo > 0:
1 & dyy (I + 1)+
> a5 1; 8
d4 zilq (d4) liz ( )
(iV)ko = 0, lo =0:
1
all > 1 9
d4;q > 9)

then every solution of equation (1) is oscillatory.

Proof: Suppose, to the contrary, A(x,y) is an eventually positive solution
of (1). Let w(x,y) be defined as in lemma 2.1. We consider the above four
cases:

Case 1 ko >0, [y > 0: By the monotonicity of w(z,y) with respect to z,
y and Lemma 2.1, for sufficiently large = and y, we obtain

(dl + dQ + dg)&)(w + a,y + b)

—1
d4b«)(l‘7y)
_dwEtaytd)+dw(@tay) +dwzy+d)
d4(x)(x,y)

1 & w(zr — kia,y — 1;b)
< —— i\, - . (1())
I )

1 & w(x —n;a,y — n;b)
< —— i\&Z,
< a LT

1 w(x —ma,y — nb) w(r —a,y =)

=~ Y Q)

P w(z —ma+a,y—nb+D) w(z,y)
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Define

Sy) = w(mu—)i-(z’, Z)—i- b)’ (11)

Notice that w(z,y) is monotone decreasing and bounded, it is easy to see that
S(z,y) is bounded and also S(x,y) > 1. Substituting (11) into (10), we get

dy + dy + ds 1 & L . .
ATRTE o S Qi S(x — ja,y — jb). 12

55(e.9) d4i§::1Q( y)jl_[1 (x = ja,y — jb) (12)
Denote that £ = lim, , . infS(x,y), Obviously £ € [1,+00). From (12) and
the definition of £, we have

dy + do + ds 1 & ,
QTRTEG o 2N gl 13
i < ;qé‘ (13)
which implies that
dy + dy + d3 Sy @€
> , L <1 14
— L — (b + &y + ) 14
Let
ngrl
- , 15
MO Ge—u+ara (15)
Differentiate f(&) with respect to £, we have
[ds€ — (dy + dy + d3))?
Let f'(§) = 0, we can get
¢ = d1+d2+d3.77i+1
dy i
Since 7; > 0, then we have
: 1 di+dy+ds,, (mi+1)"H
= — i , 16
e (16
In view of (14) and (16), we have
1 & di+dy+d ;+ 1)mtt
1+ dg + 3)m(nz+ ) <1 (17)

- ai :
d4 i=1 ( d4 77;71

which is contrary to the assumption (i), hence every solution of (1) oscillates.
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Case 2 ko >0, Iy=0: By the monotonicity of w(x,y) and Lemma 2.1,

we obtain
dQW(I+6L7y)
kL VA |
dyw(z,y
dlw(x+a y+b)+dw(@+ay +dw(@y+b)
. d4w(x ?J)
B O ey 0V )
d4 i=1 (x y)
_ L5 Ty — )1’“-1 w(z —ja,y—o
dy 4 =1 Z (I y) j=1 W(x_ja+auy_0i)
1 & o w(e —jay —oy)
_d_ZQz -
4 =1 ]:1 w(x ]a—i_auy_o-i)
Let ( )
w(z,y
S 3 =
(z,y) w(z +a,y)

It is easy to see that S(z,y) is bounded, in particular S(z,y) > 1, thus

dg 12 ki

L<——> Qi(z,y) [[ Stz —ja,y—o

d4S(x,y) B d4 =

Denote

¢ = lim infS(x,y), then &€ [l,4+00).

Z,Yy—00

Now from (20) and (21), it follows that

dy k;
<1l-— %
d4§ N qu
Obviously
£ > o Tl
dy  dy€—dy ~
Let chort
f(&) = Lf —dy
Similar to the case 1, we have
_ 1 dy . (k;+ 1)kt?
min{f(§)} = a(i)szR

Substituting (25) into (23), it follows that

1 & dyy, (k+ 1)k
- 7 <1
d4 q(d4) kf o

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)
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which is contrary to the assumption (ii) of theorem 2.2, hence every solution
of equation (1) oscillates.

Case 3 ky = 0,1y > 0, The proof is similar to that of ky > 0,ly = 0, and
thus, is omitted.

Case 4 ko= 0,lp =0, Similarly, we have

o~ D@ tay+b)+dw(z+ay) +dwlr,y+)

d4W(I ?J)
n ’ 27)
1 w(x— 15,y — 0;) (
<1l-—— i\,
< d4;@( y) ()
Due to
W(I Ti7y O-’L) > 17 (28)
w(w,y)
we have -
4 45=1
Which implies that
1 n

This contradicts the assumption (iv), so every solution of the equation (1)
oscillates. The proof is complete.

3 Example

To illustrate the applications of Theorem 2.1, we consider the following two
examples
Example 1 Consider the partial difference equation

Alx +2m,y +27m) + A(x + 2m,y) + Az, y + 2m) — Az, y)

(30)
+p(z,y)A(r — 7,y — 3m) =0,

Where p(z,y) = £ + sinz + siny. From the equation (30), we have

3
qg= min p(z,w) = —. 31
r<z<ax+2r 2 (31)

y<w<Jy+2r

Then ( et
(L +1)" 1 3

l ) 1

(Bwli )22 BT 5o, 32
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According to the assumption (i) of Theorem 2.1, every solution of (30) oscil-
lates.

If we apply the Cor2.2 of [9], first we must calculate the parameter e
which should satisfy

A*

da(1 — je (hitl) =)k 33
2 = 2 (GO )

From (31), we have
=1- ge)‘* (34)

but from [9] we find that in order to get (34), the following condition is neces-
sary

1 &K dayyy,  dsy,
TR
Substituting (31) into the left side of (35), we have

<1 (35)

13 1, 1, 3
S G i e R |
12§ =32

Obviously the condition (35) does not hold, So we can not use cor2.2 of [9]
to discuss the oscillation of equation (30). Hence the theorem 2.1 provides a
complement for that of paper[9].

Example 2 Consider the partial difference equation:

Alx + 2m,y + 27) + A(x + 27, y) + A(x,y + 21) — Az, y)

36
+p1(xa y)A(f -y - 37T) +p2(xa y)A(ZE - 37T7 Y- 57T) = O) ( )

Where p(z,y) = & +sinz+siny, po(z,y) = 2 +sinz —siny. It is easy to see:

n:2, k‘1:0,l1:1, kgz]_,lgz]_, d1:d2:d3:d4:1,

— m3 1
QI_mmxgzgx—i—ZW pl(z,w)—5

y<w<y+2m (37)
q2:minl‘§2§l‘—}—2ﬂ' p2(27w):%
y<w<y+2m

By calculating, the equation (36) satisfies the assumption (iii) of theorem 2.1:

1 & d L+DE 11 1 I+ 11 (2412 77
—Y g (3)%:_._.(_)1.Q+_._.Q:_>1
dy =1, Ik 15 \1 1! 12 92 40
(38)
Thus the solution of (36) oscillates.
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Now we use the oscillation criteria of paper [7] to discuss the oscillation of
(36), From [7], we know that if

(1-— e”)e”(%e’\* +2)

1— (1 —eX)eN (fdeer 4 2)

+(1—-¢e)>1. (39)

Where e satisfies (33), then every solution of (1) oscillates.
But in view of (33), we have

* * 1 *
1— N = 2. o> +§.e—3x7

5
Then
10e™ —10e* 4-2¢*" 45 = 0. (40)

It is a higher-order equation about ", So it is difficult to use condition (39)
to discuss the oscillation of (36). Obviously theorem 2.1 of this paper is easier
to be verified than that of paper[7].
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