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Abstract

Simple lower bounds for A-, D-, E- and L-efficiency of some two-
way elimination of heterogeneity designs are derived. The bounds are
obtained on the basis of the eigenvalues of information matrix for treat-
ment effects.
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1 Introduction and notation

Any arrangement of the v treatments in the b; rows and by columns is called
a two-way elimination of heterogeneity design. Let r = (ry,...,n,), k; =
(K1ysoees By, ) and ky = (kg , ..., k%)/ denote a vector of treatment replications,
a vector of row sizes and a vector of column sizes, respectively. Let R and K,
and Ky be the diagonal matrices with the successive elements of r; k; and ks on
their diagonals. Moreover, let N be the v x b; treatment-row incidence matrix,
let Ny be the v x by treatment-column incidence matrix. The C-matrices of
the two related subdesigns are

C,=R-N,K;'N, (1)

with h = 1 for treatment-row subdesigns and h = 2 for treatment-column
subdesigns.
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In this paper we consider designs with information matrix for the treatment
effects defined by [3]:
C =60C +6Cs — §Co, (2)

where & > 0, & > 0, and § > 0, Cy = R — rr'/n and n is the number
of experimental units. Let D (n,v, by, ba, T'min, Tmaz, K1,y0s s 2,000, /1) denotes the
collection of two-way elimination of heterogeneity designs whose C-matrix ad-

mit a representation in the form (2), where r,;, = min r;, 7y = maxry,
1<i<v 1<i<v
K., = max ky,, ky,,, = max ky, and h is the rank of C (h < v — 1, if
1<j<b; ¢ 1<j<by

h = v — 1 then a design is said to be connected).

It should be noted that in the theory of experimental designs, A-, D- and E-
optimality is often considered. For example, [8] and [11] considered A-, D- and
E-optimality for designs for quadratic and cubic growth curve models and for
designs for polynomial growth models with auto-correlated errors, respectively.
A-optimal chemical balance weighing designs and A-optimal designs under a
quadratic growth curve model in the transformed time interval are presented
respectively by [6] and [9]. On the E-optimality of nested row-column designs,
of designs in irregular BIB settings, of designs with three treatments and of
designs under an interference model are considered by [2], [12], [13] and [7], re-
spectively. Note that A-, D-, E- and L-efficiency for block designs are presented
by [5].

2 Results

For a design d € D (n,v, by, ba, Tmins Tmazs Klomess K2maess 1) 168 0 = pigy < prg, <
.. < pug,—1 denote eigenvalues of its C-matrix. Define

v—1 v—1
= > wi' op(d) = ] wg's o(d) = pa, .. 62(d z i,

i=v—h i=v—h i=v—h

A design d is A- or D-optimal if it minimises the ¢4(d) or ¢p(d) values among
all the possible from some class of designs. A design d is E- or L-optimal if it
maximises the ¢g(d) or ¢r(d) values among all the possible from some class
of designs. The A-, D-; E- and L-efficiency of a design d is defined to be

d)A (d) _ ¢p(dh)
eA(d> ( ) €D(d> - ¢D(d) ) (4)
el 6 (d)
ep(d) = Gemlds)’ c(d) L)’

where d%, d},, dj; and d} are A-, D-, E- and L-optimal designs, respectively.
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One problem with these definitions is that optimal designs are known only
for some special cases. Therefore, in the next section simple lower bounds of
(4) will be given as some conservative measures of the efficiencies of design d.

2.1 Lower bounds of e4 and ep

Note that for d € D (n,v, by, ba, Tmin, Tmazs K1pmans K2mess 1) from (1) and (2) we
have

pa,, = P'Cp = &P'Rp + &P'Rp — Ep'NIK 'Nijp — &Hp/NoK; 'Nyp —
EP'RP + &P EEP < (&1 + &) Trmax + Er2aP' 11D = (&1 + &) Prnaxe

From above and (3) we have

h . 1
(fl + 52) T'max and ¢D (d ) ((51 + 52) Tmax)h‘ (5>

pa(dy) >

2.2 Another lower bounds of ¢4 and ep

From (1) and (2) we have

tr(C) =

and .
— Z;);vfh Hd 13
= <~ 7
Hd h =7 (7)
Observe that
Z g > n and ﬁ st > 1 (8)
i=v—h M i=v—h dz—ﬂg
From (7) and (8) we have, in particular,
h? A%
oata) = o (i) > () )

From (5) and (9) follows that

. h h2 . 1 n\"
ea () 2 max { (& + &) e’ 7} » ep (dp) 2 max { (€0 +€2)Pmaa)” <?> }
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which leads (see (4)) to

max {

h
y h _h(k
6,4(d) > ((&1+&)rmas’ T} maX{(§1+§2)Tmax’ (t) }
B pa(d) ’ op(d)

and therefore two efficiency lower bounds of e4 and ep are defined as

ep(d) > (10)

2 1 h h}
/ d — max { (51 “l’f:)rmaz ’ hT} / d — max { ((§1+§2)Tmaz)h ’ ( t) 11
eA( ) ¢A(d) ’ eD( ) ¢D(d) ( )

2.3 Lower bounds of eg

Let block designs dj,, h = 1,2 with information matrix C;, (see 1) contain a
block which consists of m common distinct treatments and 2 <m <v—1. We
assume, by eventually relabelling the treatments and reshuffling the blocks,
that the first block consists of m distinct treatments with numbers 1, ..., m.
Then

v

My < o —m) (&1P0,(m) + §Pgy(m) — & Pyy(m)) = Py(m),  (12)

where Py, (m) = > 7 (1 - khl ) — (kp, — 1) [4] and principal minor of Cy

is at least from Py (m) =>" 1 — W, because Y7, 1y — £ 30 iy <
(77’L"'maac)2

M= Note that in the paper of [4] we have weak inequalities

m

(S’
Py (m) =>", r; — 2= On the other hand

n

v
pdy < v—1 (&1Ta, + &Ta, — &oTa,) = Ty, (13)

v —

where Ty, = T'imin (1 — ) [4] and Ty, = Tmaz (1 — ”"T") because i-th diago-

k2max

. r2 r2 . .
nal element of Cy is equal to r;— -+, and r;— -+ = r; (1 — ﬁ) < Trmaz (1 — %)

Note that in the paper of [4] we have weak inequalities Ty, = Tmin (1 — ”"T")
From (12) and (13) we have

¢ (dp) < min{Fy(m), Ta}. (14)
From (14) and (4) it follows that

¢r(d)
d) > 1
er(d) 2 min{ Py(m), T} (15)
and therefore the lower bound of eg is defined as

s (d) = min{Py(m), Ty}
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2.4 Lower bounds of e

From (3) and (6) we have

¢ (dy) <t (17)
where ¢ is defined by (6). Formulae (17) and (4) imply that
d
er(d) > qut( ) (18)
and therefore the lower bound of e;, is defined as
d
e, (d) = ‘bLt( ). (19)

3 Examples

We consider A-; D-, E-, L-efficiency of the designs shown in Tables 1 and 2.

Table 1 Table 2
Columns Columns
Rows| 1 2 3 4 Rows|1 2 3 4 5 6 7
1 1 2 4 3 1 3 5 2
2 7 8 5 6 2 4 6 3
3 5 6 1 2 3 5 7 4
4 3 4 8 7 4 5 6 1
5 6 7
6 3 7 1
7 2 4 1

In the case of Table 1, d € D(16,8,4,4,2,2,4,4,7) with & =& =6 =1
and g, = pa, = Py = fd, = 1, pay = pas = pa; = 2, [10]. We calculate
¢.(d) occurring in (3) as: ¢a(d) =4-1+3-4 =4, ¢p(d) = 1*- (%)3 = 3,
¢p(d) =1 and ¢r(d) =4-1+3-2 = 10. But d; and dy have no block with
m distinct treatments, then we calculate only 7, occurring in (13) as Ty =
% . (2 (1 — i) + 2 (1 — i) -2 (1 — %)) = %. Hence according to formulae
(11), (16) and (17) we obtain:

max{ T, 49 maxq ( 77 )7
ey(d) = 7{1;; 0 = T~ 032 ¢)(d) = {(4; &) _ L~ 0.00049
¢p(d) = 1 = 0.7 and €} (d) = 75% = 0.25. We have obtained a high ej;(d)
7 2

value, therefore we consider that the discussed design is close to the E-optimal
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design, but this design is far from the A-, D- and L-optimal design.

In Table 2, d € D(21,7,7,7,3,3,3,3,6) with & + & = 1, & = & and
Hay, = Pdy = Mds = fdy, = Has = Mag = 1 [1]. From (3) we have: ¢4(d) =
¢r(d) = 6 and ¢p(d) = ¢p(d) = 1. But d; and dy have block with m = 3
distinct treatments, then we calculate Py(3) and T} occurring in (12) and (13),

respectively; Py(3) = 3L4< - 1—76) =1and T; = %(2 - %) = 1. From (11),

(16) and (17) we obtain:

max 2,1—94 max (%)6’(1_94)6
e%(d) = l{f =i~ /0.33, e (d) = {181 } = % z‘0.01567
ep(d) = g = L oand er(d) = (2+3) — 19 ~ 0.15. The discussed

design is far from the A-, D- and L-optimal design and it is E-optimal design
(ep(d) =1).
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