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Abstract

Let X be a real uniformly convex Banach space, C' be a nonempty
closed convex subset of X. Let I : C — X be a nonself asymptotically
nonexpansive mapping and 7' : C' — X be a nonself I-asymptotically
quasi-nonexpansive mapping. Let {z,} be a sequence generated by: for
any given 1 € C,

Yn = P(ﬁnT(PT)nilxn + (1 - ﬁn)xn)a

n>1,
Tpt1l = P(oan(PI)”_lyn + (1 —ap)zy), -

where {a,,} and {3, } are two real sequences in [g, 1 — €] for some ¢ > 0.
The strong convergnece theorems of {z,} to some z € F(T)N F(I) are
proved under some appropriate conditions.

Keywords: Common fixed point; nonself I-asymptotically quasi-nonexpansive
mapping; Condition (A’); Uniformly convex Banach space

1 Introduction

Let C' be a nonempty subset of a real Banach space X. Let T be a self-
mapping of C'. T is said to be asymptotically nonexpansive if there exists a
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real sequence {\,} C [0, +0o0), with lim, ..\, = 0 such that |77z — T"y|| <
(14+X,) ||z —y|| for all z,y € C. T is called nonexpansive if | Te—Ty|| < ||z—yl|
for all z,y € C. A mapping T is called uniformly L-Lipschitzian if there exists
a real number L > 0 such that |7z — T"y|| < L ||z — y|| for every z,y € K
and each n > 1. It was proved in [4] that if X is uniformly convex and if C is
a bounded closed convex subset of X, then every asymptotically nonexpansive
mapping has a fixed point.

Let T,1 : C'— C, then T is called I-nonexpansive on C'if ||Tu — Tv| <
|Iu — Iv]| for all u,v € C. T is called I-asymptotically nonexpansive on
C' if there exists a sequence {7} C [0,00) with limg_oyx = 0 such that
|T*u — Tkv|| < (v + 1)||I*u — [*v]| for all u,v € C and k = 1,2---. T is
called quasi-nonexpansive provided ||Tu — f|| < ||lu — f|| for all uw € C' and
f € F(T)and k > 1. T is called asymptotically quasi-nonexpansive if there
exists a sequence {px} C [0,00) with limy_ooux = 0 such that ||T%u — f|| <
(e + 1)||lu— f]| for all w € C and f € F(T) and k > 1.

In the past few decades, many results of fixed points on asymptotically non-
expansive, quasi-nonexpansive and asymptotically quasi-nonexpansive map-
pings in Banach sapce and metric spaces (see, e.g., [3,5,14]) have been obtained.
Very recently, Rhoades and Temir [10] studied weak convergence theorems for
I-nonexpansive mappings. Temir and Gul [17] also studied the weak conver-
gence theorems for I-asymptotically quasi-nonexpansive mapping in Hilbert
space. But they did not obtain any strong convergence theorems for these
mappings.

Ishikawa iteration scheme is defined as follows: x; € C,

Tor1 = (1—ay)rn + a,Tyy,
Yo = (1 —=bp)xy + b, Ty, n21, (1.1)
where T is a mapping on C, {a,} and {b,} are two real sequences in [0,1].
The iteration scheme has been widely used to approximate fixed points of
nonlinear mappings [see, e.g. 1,7,9,11]. The convexity of C' then ensures that
the sequence {x,} generated by (1.1) is well defined. But, when C' is a proper
subset of the real Banach space X and 7" maps C' into X (as the case in many
applications), then the sequence given by (1.1) may not be well defined. In
recent years, some authors [see, e.g. 6,13,19] obtained the strong convergence
theorems for nonself nonexpansive mappings by modifying the iteration (1.1).
In 2003, Chidume, Ofoedu and Zegeye [2] introduced the concept of nonself
asymptotically nonexpansive mapping and obtained some strong and weak
convergence theorems for such mappings by modifying (1.1) as follows: for
r,€C),

Tnr1 = P((1 = an)z, +a,T(PT)" ty,),

o = P((1=by)a, + b, T(PT)"1z,), "= (1.2)
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where P is a retraction from X onto C, {a,} and {b,} are two real sequences
in [0,1].

Definition 1.1. Let C be a nonempty subset of a real normed space X,
P : X — C be a nonexpansive retraction of X onto C'. A nonself mapping
T : C — X is called asymptotically nonexpansive if there exists a sequence
{kn} C [1,00) with k, — 1 as n — oo such that for each n € N,

||T(PT)"*1x — T(PT)"*lyH < knllz —vyl||, for every xz,yeC.

T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

\T(PT)" 'z — T(PT)" 'y|| < L||x —yl||, for every z,y € C.

Recently, Wang [18] further extended Chidume, Ofoedu and Zegeye’s re-
sults and obtained the strong and weak convergence theorems of {z,} to com-
mon fixed points of a pair of nonself asymptotically nonexpansive mappings.

From Definition 1.1, it is easy to see that every nonself asymptotically
nonexpansive mapping is uniformly L-Lipschitzian, where L = sup k,,.

Motivated by above works, we introduce concept of nonself I-asymptotically
quasi-nonexpansive mapping to generalize the concept introduced by Chidume,
Ofoedu and Zegeye [2]. The strong convergence theorems for such mappings
are also obtained.

2 Preliminaries

Throughout this paper, we denote the set of all fixed points of a mapping
T by F(T), T° = E, where E denotes the mapping F : C — C defined by
Ex = x, respectively. A subset C of X is said to be retract if there exists
continuous mapping P : X — (' such that Pr = z for all x € C. It is
well known that every closed convex subset of a uniformly convex Banach
space is a retract. A mapping P : X — (' is said to be a retraction if
P?2 = P. Let D be subsets of C' where C' is a subset of a Banach space
X. Then a mapping P : ' — D is said to be sunny if for each x € C
and t > 0 with Pz + t(x — Px) € C, P(Px + t(x — Px)) = Pxz. Let C
be a subset of a Banach space X. For all x € C, define a set Io(x) by
Io(x) ={x+ ANy —2): A >0,y € C}. A nonself mapping T': C' — X is said
to be inward if Tx € Io(x) for all z € C and T is said to be weakly inward if
Tz € Io(x) for all z € C.

Definition 2.1. Let C' be a nonempty closed convex subset of a real
uniformly convex Banach space X and T : C' — X be a non-self mapping.
Then the mapping 7' is said to be
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(1) demiclosed at y if whenever {z,} C C such that z, — 2 € C and
Tx, — y then Tx = y.

(2) semi-compact if for any bounded sequence {z,} in C such that ||z, —
Tx,|| — 0 as n — oo, there exists a subsequence say {z,, } of {z,} such that
T, converges strongly to some z* in K.

(3) completely continuous if the sequence {z,} in C' converges weakly to
xo implies that {T'x,} converges strongly to Tx.

For approximating fixed points of nonexpansive mappings, Senter and Dot-
son [12] introduced a Condition (A). Later on, Maiti and Ghosh [8], Tan and
Xu [16] studied the Condition (A) and pointed out that Condition (A) is weaker

than the requirement of semi-compactness on mapping.

Definition 2.2. A mapping T : C — C is said to satisfy Condition
(A) if there exists a nondecreasing function f : [0,4+00) — [0,+00) with
f(0) =0, f(r) > 0, for all » € (0,+00) such that ||z — Tz| > f(d(z, F(T)))
for all x € C, where d(z, F(T)) = inf{d(x,z*) : * € F(T)}, F(T) is the fixed
point set of T

For two mappings, Condition (A) can be written as follow.

Definition 2.3. The mappings S, T : C' — C are said to satisfy Con-
dition (A’) if there exists a nondecreasing function f : [0,400) — [0, +00)
with f(0) = 0, f(r) > 0 for all r € (0,+00) such that 3(||z — Tz|| + ||z —
Sz||) > f(d(z, Fy)) for all z € C, where F} = F(S)(F(T) and d(x, F) =
inf{d(xz,z*) : z* € F}}.

We restate the following lemmas which play key roles in our proofs.

Lemma 2.1 [14]. Let {o,} and {¢,} be two nonnegative sequences satis-
fying

g1 <+, Vn>1.

If 350 ,t, < oo, then lim,, ., exists.

Lemma 2.2 [11]. Let X be a real uniformly convex Banach space and
0 <p<t, <qg<1forall positive integer n > 1. Also suppose {z,} and
{yn} are two sequences of X such that limsup ||z, || < r, limsup ||y,|| < r and

limsup ||t,z, + (1 — t,)y,|| = r hold for some r > 0, then lim ||z, — y,| = 0.

Lemma 2.3 [2]. Let X be a real uniformly convex Banach space, C
be a nonempty closed subset of X, and let T" be a nonself asymptotically
nonexpansive mapping with a sequence {k,} C [1,00) and k,, — 1 as n — oc.
Then F — T is demiclosed at zero.

Lemma 2.4 [15]. Let X be a real smooth Banach space, C' be a nonempty
closed convex subset of X with P as a sunny nonexpansive retraction and
T : C — X be a mapping satisfying weakly inward condition. Then F(PT) =
F(T).
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3 Main Results

Firstly, we introduce the following definition.

Definition 3.1 Let C' be a nonempty closed convex subset of a real Banach
space X, T, I : C' — X be two non-self mappings. Then the mapping 7" is said
to be a nonself I-asymptotically quasi-nonexpansive mapping if there exists a
sequence {l,} C [1,00) with [, — 1 as n — oo such that for each n € N,

|T(PT)" to—f|| < LII(PD)" 'z—f||, for all x € C and f € F(T)NF(I),

where P is a retraction from X onto C.

Secondly, for approximating the common fixed points of nonself /-asymptotically
quasi-nonexpansive mapping 7" and nonself mapping I, we generalize the scheme
(1.2) as follows: for given z; € C,

Tpy1 = Pla (P 'y, + (1 — ay)zy) 1

Yo = P(B.T(PT)" 'z, + (1—B,)z,) n =1, (3.1)

where {a,},{0,} are two real sequences in [0, 1].

Lemma 3.1. Let C be a nonempty closed convex subset of a normed linear
space X. Let T : C' — X be a nonself [-asymptotically quasi-nonexpansive
mapping with sequence {k,} C [1,00), > 2 (k, — 1) < o0, I : C — X be

n=1
a nonself asymptotically nonexpansive mapping with sequence {l,,} C [1,0),

> (I, — 1) < 0o, P be a retraction from X onto C. Suppose the sequence
{x,} is generated by (3.1). If F} = F(T)NF(I) # 0, then lim,,_||z, — x*||
exists for any x* € F}.

Proof. Setting k, = 1+s,,l,, = 147,. Since >~ | (k,—1) < 00, " (l,—
1) < 00,80 Y 07 1y <00,y 8, <oo. Taking 2* € F}, we have

lent1 —2*|| < lanI(PD)" tyn + (1 — an)zn — ||

an|[I(PD)™ tyn — ™| + (1 — an)|len — ¥

an(l+ra)llyn — %[l + (1 — an)|lzn — 2™

an(L+)[Bn(T(PT)" ' an — 2%) 4 (1 = Bn)(@n — 2°)|| + (1 — an)||zn — 2|
anBn(l+7n)(1+ sn)[[I(PD)" an — a*| + an(l = Ba) (1 + rn)len — ¥ + (1 = an)||lzn — 2™
anfn(l+sn)(l+ Tn)2||$n — 2%+ an(l—Ba)(1+ Tn)2(1 + sn)llzn — 2"

+(1—an)(1+ Tn)2(1 + sn)llzn — ¥

1+ Tn)2(1 + sn)llzn — 27|

INIA N IN A

IN

Since Y 07 1, < 00, > 00| Sy, < 00, it follows from Lemma 2.1 that lim,, .« ||z, —
x*|| exists. This completes the proof.

Lemma 3.2. Let X be a uniformly convex Banach space. Let C, T, I, {z,}
be same as in Lemma 3.1. If T is uniformly L-Lipschitzian for some L > 0
and Fy # 0, then lim,, oo ||Tx, — zp|| = limy—ool| [2, — 2] = 0.
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Proof. By Lemma 3.1, for any 2* € F, lim, . ||z, — 2*| exists, then

{z,,} is bounded. Assume lim,, . ||z, — 2*|| = ¢ > 0. From (3.1), we have
lyn — 2"l < BT (PT)" w0 + (1 = Ba) 2y — 2|
< BulT(PT)" 'z —1‘*H + (1= B[z — 27|
< Bu(l4 s ) I(PD)" 2y — 2™ + (1= o) — 27|
< Bu(l+sa)(1+ Tn)”xn — 2|+ (1= Ba) (L4 8u) (1 + 1) [|zn — 27
< (T4 sp)(X +1)||z0 — 27|

Taking limsup on both sides in above inequality, we obtain
limsupy—ool|yn — z*|| < c. (3.2)
Since
I(PD)" y — 2™ < (L4 70)llyn — 27,
Taking limsup on both sides in above inequality and using (3.2) we have

limsupy—.oo||I(PI)" 1y, — 2*|| < c.

Since limy, oo ||Tni1 — *|| = ¢, then lim, ||, (I(PI)" Yy, — 2*) + (1 —
ay)(z, —2*)|| = c. It follows from Lemma 2.2 that

iy oo || I(PI)" Yy, — 2,|| = 0. (3.3)
Next,

1w = L(PI)" gl + | L(PD)" yy — 27|

[ — ™[] <
< Ml = 1P Myl + (14 70) lyn — 27|

gives that ¢ = lim,_oo||z, — 2*|| < liminfr—oo||lyn — x*||. By (3.2), we have
limnaooHyn - Z'*H = C.

Since || T(PT)" 'z, — x*|| < (1 + s,)|[[I(PD)" 'z, —2*]] < (1 + s,)(1 +
)| 2n—2*|, we have limsup, .o ||T(PT)" z,—2*|| < c. Further, lim, ..o ||yn—
x*|| = ¢ means that

Ly oo || B (T(PT)" 2y — 27) + (1 = Bp) (wa — 27)|| = c.
Thus by Lemma 2.2, we have

limy oo ||T(PT)" 2, — 2, = 0. (3.4)
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Also,
11(PI)" @ — @l

< (PI) = (P yl| + [T(PT)" yy — 4|

< (I+r)llen —yall + HI(PI)n_lyn_an

= (L+7)1Bu(wn — T(PT)"  wn) || + 11 (PD)" g — a
< B+ 1)l — T(PT)R_IInH + HI(PI)n_lyn — T |-

Thus by (3.3) and (3.4), we have
iy — oo ||[I(P1)" 2y, — ]| = 0. (3.5)
Further, it follows from (3.4) and (3.5) that
im0 || T(P1)" @, — T(PT)" ', = 0. (3.6)
In addition, ||z,11 — 2, || < au||[I(PI)" Yy, — z,]|, by (3.3)
limy—ool|Tns1 — n|| = 0. (3.7)
Since | I(PD)" Yy, — xpi1|| < HT(PD)" Yy, — 2] + |20 — Zni1]], we have
i oo [T (P1)" Yy, — 2,41] = 0. (3.8)
So,

[@nt1 = TPyl + [ 1(PD)" ™y =yl
2nt1 = TP yall + lyn = @nll + lzn — TPy
[@nt1 = LPD)" yull + Bul T(PT)" 2y — @l + 20 — I(PL)" -

[€n+1 = ynll

IA A CIA

Using (3.3), (3.4) and (3.8), we obtain

Limy,— oo ||Tn1 — ynl| = 0. (3.9)

e — (P Y, + I(PD)" Yy, — I(PD)™ Yyp_1 + I(PD)" lyn_1 — Iz
l@n — I(PD)™ ' 2pll 4+ [ TP an — I(PD™  yp—i1| + [ I(PD"  yp—1 — Tzn ||
lzn — I(PD)™ ' 2pll + (1 + ro)llen — yn—1ll + (L+r) [ I(PD™ 2yn—1 — zn]|.

lzrn — Izl

IA A

It follows from (3.5), (3.8) and (3.9), we obtain
limy—ool|Tn — I2y,|| = 0. (3.10)

Since 7' is uniformly L-Lipschitzian for some L > 0,

[Ty — 2l < |T(PT)" @n — 2o + |T(PT)" 2y — Tyl
< | T(PT)"'ap — x| + LIT(PT)" 22, — x|
< |T(PT)" 'z, — x| + L|T(PT)" %z, — T(PT)" 2z, 1|
+L||T(PT ", g — Tyl + Ll|lzn—1 — x|
< | T(PT)" oy — | + L2z — zpa || + (L + L) T(PT)" 21 — 2.



926 Si-Sheng Yao and Lin Wang

By (3.4) and (3.7), we have
limy—oo|| T2y — x| = 0. (3.11)

This completes the proof.

Theorem 3.3. Let X be a uniformly convex Banach space and C, T, I, {z,}
be same as in Lemma 3.2. If T, satisfy the Condition (A’), then{z,} con-
verges strongly to a common fixed point of 7" and I.

Proof. By Lemma 3.1, lim, ||z, — 2*|| = ¢ > 0 exists for all z* € F}.
If ¢ = 0, there is nothing to prove.

Suppose that ¢ > 0, by Lemma 3.2, we have

limp—oo|| Ty — Tp|| = limy—oo|| L2y, — 24| = 0.
In the proof of Lemma 3.1, we obtain
|Zns1 — 2% < (1 +70)%(1 + 80)||20 — 27 (3.12)

From (3.12), we have 0 < d(z,41, F1) < d(z,, F1). Then, lim,_.d(x,, F1)
exists. Now condition (A’) guarantees that

limy,—oo f(d(x,, F1)) = 0. (3.13)

Since f is a nondecreasing function and f(0) = 0, it follows that lim,,_,.d(z,, F1) =
0.

For any ¢ > 0, since lim, _..d(z,, F1) = 0, there exists natural number
Ny such that when n > Ny, d(z,, Fi) < 5. Thus, there exists 2/* € F
such that for above ¢ there exists positive integer Ny > N; such that as
n > N, ||z, —2"|| < 5. Now for arbitrary n,m > Na, consider ||z, — | <
|zn — 2| + || — 2| < § + § = €. This implies {x,} is a cauchy sequence.

Let x, — z. Now lim,_d(z,, F1) = 0 gives that d(z, F;) = 0. By the
routine method we can easily show that F} is closed, therefore x € Fj. The
proof is completed.

Theorem 3.4. Let X,C,T,I,{x,} be same as in Lemma 3.2. If F} # ()
and [ is a semi-compact mapping, then {z,} converges to a common fixed
point of 7" and 1.

Proof. Since I is a semi-compact mapping, {x,} is bounded and lim,, ||z, —
Iz,|| = 0, then there exists a subsequence {z,,} of {z,} such that {z,, }
converges to z*. It follows from Lemma 2.3, z* € F(I). Further, ||Tz,, —
o < |Twn, — 2, || + |20, — L2y, || + | [2n, — I2*|| + |[Iz* — 2*||. Thus,
limy,—.oo|| Tz, — 2*|| = 0. This implies that {T'z,,;} converges strongly to x*.
Since T' is uniformly L-Lipschitzian for some L > 0, Tx* = x*. Since the subse-
quence {Zy, } of {x,} such that {z,,} converges to x* and lim, .o ||z, —2*| ex-
ists, then {z,} converges strongly to the common fixed point 2* € F(T)NF(I).
The proof is completed.
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Theorem 3.5. Let X,C,T,I,{x,} besame as in Lemma 3.2. If F} # 0, I
is completely continuous mapping, then {z, } converges strongly to a common
fixed point of T" and 1.

Proof. By Lemma 3.1, {z,} is bounded. Since lim, .||z, — [z,|| =
limp—oo||®n — Tzy|| = 0, then {Tz,} and {[z,} are bounded. Since I is
completely continuous, that exists subsequence {Iz, } of {Iz,} such that
{Iz,,} — pas j — oo. Thus, we have lim;_oo||xn, — Ty, || = limj_oo||zn;, —
Iz, || = 0. So, by the continuity of I and Lemma 2.3, we have lim;_||2,, —
pH = Oa pE F(I) And HTxn; _pH < HTxn] - xngH + Hxn] - Ixn]H + H[xng -
Ip|| + |[Ip —p||. Thus, limy,—o||Tx,, — p|| = 0. This implies that {T'x,,} con-
verges strongly to p. Since T is continuous, T'p = p. Further, from Lemma 3.1,
limyp—oo ||y, — pl| exists. Thus lim,,_ol||z, — p|| = 0. The proof is completed.
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