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Abstract

In this paper, a full-discrete alternating direction finite element method
is presented for a class of hyperbolic integro-differential equation, the
theocratical analysis show that the scheme is convergence, the optimal
order error estimates in H! norm is obtained.
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1 Introduction

We consider the following hyperbolic integro-differential problem with memory:

(

uy — V- {a(z,u)Vu + f(f b(t, s, u(z,s))Vuds} = f(x,t,u)
(z,t) € Q x (0,77,
(1)

u(z,0) =ug(x), w(z,0)=wu(z), z€Q,

\

where z = (21, 25), 2 € R? is a bounded domain with smooth boundary 9.
We can assume €2 = [0, 1] x [0, 1], refer to [1]. a,b, f, ug, u; are prescribed.
Let J = [0,T], for each (z,u) € Q x R, we assume that the above problem
satisfies the following conditions:

(7)there exist positive constants Cy, Cy,such that 0 < Cy < a(z,u) < Cj,and
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Q5 = Aji, 7’7] = 17 2.
(17) a,b, f are all bounded together with their derivatives we needed.

(791) w, uy € L°(J; H™ "W uyy € LA(J; HHNL®(J; L), ugy € L*(J, HY).

Let ' = {1}y, b = {Igj}j-vfl denote quasi-uniform partitions of I} =
0, 1]and I, = [0, 1], respectively, where Iy; = 21,1, %1,], [2j = [T2,-1, T2,
-~ X -

Then ), = 7{* X 74" is a rectangular partition of Q.
Assume h,(¢ = 1,2) are the mesh parameters of 7, h = max{hy, hy},where
0 < h < hg <1.We donote:

S{l = {/U"U c H(%([l) N C(I_l),v I € prJrl(Ili)’vlli c Tlh}

S;l = {U|’U c H&(_[Q) N C(I_Q),U|[2j c Pr+1(12j),V]2j S TQh}

where 7 is a integer, P, 1 (J) denote polynomials of degree at most r + 1.
Let S, = S ® Sh.The following properties hold[2][3] :

voe H N HY,  inf {llo— vl + bV (6 — o)} < O gl

0
.Tlailfg

lollzoo < CR7H o]l I < choll, ol < CR7H o]

Now we define the Ritz —volterra projection operator. For any given function
u € Hi(Q) and t € [0, T], define a function @ € S, ,such that:

(a(u)V(u—a), Vo) + (/0 b(t, s, u(z,s))V(u—u)ds, Vv) =0, YvesS, (2

Refer to [3], the Ritz — volterra projection operator satisfies the properties:

[ = afl + [|(w — @)l + [|(w = @l + [[(w = @)ael| < ChT (3)

IVtl|o,00 + [[Vitelloo + [[Vieelloco + 1@llo,co + [[elloco + ltuloce <€ (4)
Let At be the time step, N = [T/At],t" =n-At,n=0,1,--- , N.We denote:
ur=u(t"), o"=32o(x,t"), [f(O")= f(x,t", O")

(I)n+1 —_ P CI)”+1 — 2" q)n—l
— . o= ki

P = —— INE

We assume At = O(h) in this paper.
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2 Alternating Direction Garlerkin method

The weak form of (1) is to find a map u(¢) : [0, 7] — Hy(£2),such that

[ (us, 0) + (a(z,u)Vu + [) b(t, s, ulx, 8))Vuds, Vo) = (f(2,t,u),v)
(u(z,0),0) = (u0,0),  (ua(,0),0) = (wn,v), v € HYQ),t€0,T], (5

u('vt) € H&(Q)7

\
The Alternating Direction Garlerkin scheme can now be formulated as follows:
find Ut € Sp,n=1,---,N — 1, such that

Un+1 — U™ Unfl
( Aﬂ+ v) MV (U = 20" + U™, Vo)

+)\2At2(872(Un+1 . 2Un + Un—l) 821)
011029 ’ 011079

)+ (a(U™)VU", Vo)

= (F(U™),v) = (ALY " b(tn, t;, U )VU', V) (6)
i=0
The initial approximation U? is the projection of Uy(x), and U satisfies the
following equation(we denote w = (%) At + 1(Z4)oAt?):
o
ut-u° At(VU' - U At
(U = U%,0) + BT = 0%), 90) + A (5o
0w 0% )
8.7716.1'2 ' 633'1633'2

Assume {ozu(xl)}fy:ll forms a basis for SP' {3, (22)}22, forms a basis for S,
then we can assume U = > > 0,,.(t)a,(x1) 5. (x2).let v = a;(x1)5;(22), also
nooK

0%v )
’ 890181‘2

Ut =u°)

= (w,v) + At(Vw, Vv) + At*(

b doy doy,

b d
Cm:/ @i(xl)@p(xl)dxl Ci/ :/ da:ld—azldajl an:/ Bj(@)ﬂn(x?)d@

4d3: d
77/ :/ ﬂ ﬁfﬁde b = (b?abga 7bT]€/[1) b = (b?hb?% 7b?M2)

JE c dl’g dl’g !

The (6) x (At)? can be written as follows:
22 22 (G MALG) (e + AAL) )05

nw oK

= > 2 (G + AMAL2C) (i + MAL)0},.) (205, — 015)
=222 (a2 205V (0h.00B), V(if;)) (At)*

H(f 2 2 0he0Be), 0ifB;) (A1) — (320 3 2(AL"V (0unuB)), V(cif3y)) (At)
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Let Rj;denote the right-hand side of the above equation,we can get:

D (G MO Z0 T = Rl > (e + MAE, )00 = 23

i K

It is easy to know that the above two coefficient matrix are all symmetrical ,
positive definite. So,there exist unique solutions.

3 The error estimate
let n" =u™ —a", " =U" —u”. It is easy to know that

187 =0, NI + llde”l| < CAt (7)
Combining (5) with (6), we can get the error equation:

n+l _ oen n—1
e AV 2"+, V)

0? 9%

/\2At2 n+l plad n—1
+ (7&513@ (€ "+, 8x18x2)
n+l _ In" + n—1
= () + (f(U") = f(u"),0)
+(a(u")Vi" — a(U™)VU", Vv) — M(V (@™ — 20" + @), Vo)
32 322) n+1 — " + u 1
—)\2At2 ~n+1 — 9% ~n—1 n
(G, W) o) T ar

n

tn
+(/ b(tn, s,u(z, s))Vi"ds —Ath (tn, t:, UNVU", V) ZI
0

=1

Let @ = || 2% 1 + 1, we can choose At, h, such that CAth™' < Q.
Combining (7)with inverse properties we know:

%[z < CR7H|di®|| < CAth™ < @, then [|dU°| 1 < 2Q.

We assume: o B ||dt§ L < Q@ then _max. HdtU |z < 20Q.

We choose the test functlon v=§E i~ f" = (d £+ di €711 to estimate
the both side of (8).

I+ I < CAL((A)Y + 0" 0"|* + [ldeg™ | + [l deg™ (I
L < CA(IE"1* + 1™ 1" + ™ [1* + [ldeg™ %)

Iy = ((a(") = a(U")VE", V(E = &) = (a(U")VE, V(E =)
=1V + 1Y (9)
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2
L

N-1

1) = ALY ((a(u") = a(U") V", V,g")

n=1

3
Il
—

+Atz —a(U™))Vi", Vd™ ) = Q1 + Q,

Q1 = ((a(u™™") —a(UY1) Va1, VeY) — ((a(u') — a(U"))Va', VE)

_At Z(G(U"H) —a(U "“A)t— a(u") + a(U") & -ni1

n=1

P (o) — a(UM), V)

(a(u™™) —a(@ ) Vi, VEY) — ((a(u') — a(U))Va', VEY)

N-2

< OAL Y (ld€"1* + llden™ |1*) + ell€™[1F + CUE T+ In'1%)

n=1

Combining differential theorem of mean with (i),we can get

N-2
&<un+1) _ &<Un+1> —a(u") 4+ a(U") _

A n+1
t;( A7 Vi
Vit — var

At
N-2

< CALY (1€ + llden™ 1 + 1€7117 + 1> + €™ + %)

n=1

(a(u™) = a(U™)), VE™)

So,
N-—2

Qu < ell€VIIF+ CUIENT + In'11) + CAt Y (Ide™|1* + llden™ |” + 171

n=1
™12+ 1T+ (71 (10)
We estimate ()5 as the same as ();:

N—-2

Q2 < ellE" M+ CUE + [10'117) + CAt Y (Id™ |1 + llden™ I” + N1€" 3

n=1

1+ €I + ™) (11)

N—-2

Zfél (VIR + VIR + CUIEM I + ' P +11EM1%) + CAt Y (lldig™?

n=1

+||dm I+ 0™ IT + Nl 1% 4 ™% A+ ™I + 1™ 1% + 1€ 1) (12)
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I4 _ _)\(V(nn+l o 27,’n 4 nnfl>’v(€n+l o gnfl))
FANV (U™ = 2u™ + oY), V(e — ¢nhy)
_ _AAtQ(v82nn7V(§n+l . fnfl)) + /\(v(unJrl — 9" + un71)7v(§n+l . fnfl))

By inverse properties and integration by parts,we know

I < CAL((AL) 4+ [[di€"[]* + ™ 1P + (AL R3[| 0%n" (1) (13)
= (A (z—5— > O™, At i (di™ + dp&"7 1))
a 0x102 Or10zy '
2 2
-2 (A ", At dE" 4 dy"
( )(8x18x2 n, 8x13x2( £+ "))
2 32
< CAt[(AD* + (AD)! a2 A& L?
< CAt(A)" + ( )(Haxlag@ nal +|lax18x2 £ 1)
HP0" 7 + [[de™ > + (e I°] (14)
N—-1
L= Z Athtn,tz,u Aok —Atht b, UNVEE, V(e — en1y)
n=1
N—-1 n
Z Ath (tn, t;, UNVU* — Ath (tn, t;, UNVE, V(€M — £n71))
n=1 i=1 =1
N-1 tn
+ Z((/ b(tn, s, u(z,s))Vi'ds — Atz b(tn, ti, u') Vi, V(EMH — €n7h))
n=1 Y0 i=1
=1V 4 4 1 (15)
N—-1
¥ < CALY (AL + [|deg™|* + 1™ ]) (16)
n=1
N—-1
IV < NAH S ((b(u") = b(U™) Vi, V(g = g1
n=1
N—-1
<O Y ((bw™) = bUm)va", v — )| (17)
n=1

~ (1) o,
We estimate I;’ as the same as > I3

n=1
N-2
1 — n
P eIV IR NEY M) + CUEE + It I2 + NIEMI) + Cat > (lldg™|* +
n=1

den™I* + 1™ 15+ ™17+ €™M + ™ 11Z + €™ 1 + €™ 1) (18)
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112 < C|(bUN)VENL, VEN) — (b(U°)VEL, Ve

N-2

—CAEY | d U™ e (1€ 1T + 1€117))
n=1

N—-2

< e(lEVTHIE+ IENID) + ClENE +oat (e IR+ el (19)

n=1

Put I?EQ) on the left-hand side of (8), we can get:

€n+1 _ 2571 + gn—l
( At?

+A2AL(

’€n+1 _ gnfl) 4 A(v(€n+l _ 2571 + gnfl), v(énJrl - gnfl))

2

n+1 n n—1

633'1633'2(6 - _25 +§ )7
+Ha(UmVE, V(T =)
= lld€™[I* = ™I + AL ™ = €m [T = | &" = €" 71 [])

2 4 62 n||2 62 n—1(2 n n n+1
NN | i€ = |5 e ) + (a(U™)VE, 96
—(a(U"HVE,VEN) = ((a(U™) — a(U"1))VE", VET)

Summing up the left-hand side of (8) for n from one to N — 1, we can get:

én-ﬁ-l o 2571 + én—l

n+1 n—1
61'1(9]72(5 * _5 ))

N—-1

n:1< A )+ AV = 26" + €71, Vo)
0? 0%v
2 2 n+l n n—1
P — e + XA =T ae e - =L g
B ¢ ¢ 81‘181'2 ¢ 8x18x2 ¢
N—-1
- Z((G(U”) —a(U )V VE + A N =V -1 =)
n=1
+a(UNTH Ve ver) (20)
Refer to [4], choose A > %, set ¥ = min{\ — %, %} > 0, so,
MY =R HaUNVETTLVEY) (| & T R [T
> C(IEMIT + I1EMHID) (21)
N-1 N-2
(a(U™) = a(U")VE,VEY) = CALY [ dU™ || (1€ T + 1€7]17)
n=1 n=1

N-2
< CALY (1€ + 1€m1D) (22)
n=1
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Summing up (8) for n from one to N — 1 and applying the above analysis, we
can get

32
N—12 20 A4 N—12 N2 N-1}2
™2+ A2(AE) 2 4 COEIE +
4 0|2 1|2 g P 0|2 « 2,m2 2
< A A A " "
< CUAN"+ I + 1R + A dIF) + Ca S (P + '
N-2 N-1
(AL RO T) + CAL Y lday |+ I + P+ OAt Y (ldig™ I
n=1 n=1
2 2 1|2 4 ’ 2 ’ 12
di&" " mr At di£" di&" 23
HIEE 16717 + I + (A0 (| 5 g+ i) (23)
Combining (3) with (4),we know
N-1 N—2
CAtY (1P + " 1%) + CAt Y e[ + [l 1 + [l H|1* < OB
n=1 n=1
N-1
CALY ((A'R2(|0°n"(I7) < CNALAL h>h> > < Ch™
n=1

Combining Gronwall’s inequality with (7),we can have

2

ldeg™ " + (A) AP+ IEN T+ 1T < C(AD" + 1)

al'lal'g -
By the above inequality,we know that [ Jmax & ||~ < @,
SNV —
So, max ||d,U"]|p~ < 2Q 1i.e.,the inductive assumption hold when n = N—1.

0<n<N-1
By the above analysis, we can obtain the following result.

Theorem 3.1 Let u € Hy(Q) and U € S, be the solutions of the problems
(1) and (6), respectively, a,b, f,u satisfy (i)(ii)(iii), N > St then,there exists a
positive constant C', independent of h and At ,such that

max {[|(U —w)"[l:} < C(h" + (At)?)

1<n<N
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