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Abstract

In this paper, a full-discrete alternating direction finite element method
is presented for a class of hyperbolic integro-differential equation, the
theocratical analysis show that the scheme is convergence, the optimal
order error estimates in H1 norm is obtained.
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1 Introduction

We consider the following hyperbolic integro-differential problem with memory:

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

utt −∇ · {a(x, u)∇u +
∫ t

0
b(t, s, u(x, s))∇uds} = f(x, t, u)

(x, t) ∈ Ω × (0, T ],

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ Ω,

u(x, t) = 0.

(1)

where x = (x1, x2), Ω ∈ R2 is a bounded domain with smooth boundary ∂Ω.
We can assume Ω = [0, 1] × [0, 1], refer to [1]. a, b, f, u0, u1 are prescribed.
Let J = [0, T ], for each (x, u) ∈ Ω × R, we assume that the above problem
satisfies the following conditions:
(i)there exist positive constants C0, C1,such that 0 < C0 ≤ a(x, u) ≤ C1,and
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aij = aji, i, j = 1, 2.
(ii) a, b, f are all bounded together with their derivatives we needed.

(iii) u, ut ∈ L∞(J ; Hr+1∩W 1,∞), utt ∈ L2(J ; Hr+1)∩L∞(J ; L∞), uttt ∈ L2(J, H1).

Let τh
1 = {I1i}M1

i=1, τh
2 = {I2j}M2

j=1 denote quasi-uniform partitions of I1 =
[0, 1]and I2 = [0, 1], respectively, where I1i = [x1,i−1, x1,i], I2j = [x2,j−1, x2,j ].
Then Ω̄h = τh

1 × τh
2 is a rectangular partition of Ω̄.

Assume hι(ι = 1, 2) are the mesh parameters of τh
ι , h = max{h1, h2},where

0 < h ≤ h0 ≤ 1.We donote:

Sh
1 = {v|v ∈ H1

0 (I1) ∩ C(Ī1), v|I1i
∈ Pr+1(I1i), ∀I1i ∈ τh

1 }

Sh
2 = {v|v ∈ H1

0 (I2) ∩ C(Ī2), v|I2j
∈ Pr+1(I2j), ∀I2j ∈ τh

2 }
where r is a integer,Pr+1(J) denote polynomials of degree at most r + 1.
Let Sh = Sh

1 ⊗ Sh
2 .The following properties hold[2][3] :

∀φ ∈ Hr+1 ∩ H1
0 , inf

v∈Sh

{‖φ − v‖ + h‖∇(φ − v)‖} ≤ Chr+1‖φ‖r+1,

‖v‖L∞ ≤ Ch−1‖v‖, ‖ ∂2v

∂x1∂x2
‖ ≤ Ch−2‖v‖, ‖v‖1 ≤ Ch−1‖v‖

Now we define the Ritz−volterra projection operator. For any given function
u ∈ H1

0(Ω) and t ∈ [0, T ], define a function ũ ∈ Sh,such that:

(a(u)∇(u − ũ),∇v) +

(∫ t

0

b(t, s, u(x, s))∇(u − ũ)ds,∇v

)
= 0, ∀v ∈ Sh (2)

Refer to [3], the Ritz − volterra projection operator satisfies the properties:

‖u − ũ‖ + ‖(u − ũ)t‖ + ‖(u − ũ)tt‖ + ‖(u − ũ)ttt‖ ≤ Chr (3)

‖∇ũ‖0,∞ + ‖∇ũt‖0,∞ + ‖∇ũtt‖0,∞ + ‖ũ‖0,∞ + ‖ũt‖0,∞ + ‖ũtt‖0,∞ ≤ C (4)

Let Δt be the time step, N = [T/Δt], tn = n · Δt, n = 0, 1, · · · , N .We denote:

Un = U(tn), Φn = Φ(x, tn), f(Φn) = f(x, tn, Φn)

dtΦ
n =

Φn+1 − Φn

Δt
, ∂2Φn =

Φn+1 − 2Φn + Φn−1

Δt2

We assume Δt = O(h) in this paper.
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2 Alternating Direction Garlerkin method

The weak form of (1) is to find a map u(t) : [0, T ] → H1
0 (Ω),such that⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(utt, v) + (a(x, u)∇u +
∫ t

0
b(t, s, u(x, s))∇uds,∇v) = (f(x, t, u), v)

(u(x, 0), v) = (u0, v), (ut(x, 0), v) = (u1, v), v ∈ H1
0 (Ω), t ∈ [0, T ],

u(·, t) ∈ H1
0 (Ω),

(5)

The Alternating Direction Garlerkin scheme can now be formulated as follows:
find Un+1 ∈ Sh, n = 1, · · · , N − 1, such that

(
Un+1 − 2Un + Un−1

Δt2
, v) + λ(∇(Un+1 − 2Un + Un−1),∇v)

+λ2Δt2(
∂2

∂x1∂x2
(Un+1 − 2Un + Un−1),

∂2v

∂x1∂x2
) + (a(Un)∇Un,∇v)

= (f(Un), v) − (Δt
n∑

i=0

b(tn, ti, U
i)∇U i,∇v) (6)

The initial approximation U0 is the projection of U0(x), and U1 satisfies the
following equation(we denote w = (∂u

∂t
)0Δt + 1

2
(∂2u

∂t2
)0Δt2):

(U1 − U0, v) + Δt(∇(U1 − U0),∇v) + Δt4(
∂2

∂x1∂x2

(U1 − U0),
∂2v

∂x1∂x2

)

= (w, v) + Δt(∇w,∇v) + Δt4(
∂2w

∂x1∂x2

,
∂2v

∂x1∂x2

)

Assume {αμ(x1)}M1
μ=1 forms a basis for Sh

1 ,{βκ(x2)}M2
κ=1 forms a basis for Sh

2 ,
then we can assume U =

∑
μ

∑
κ

θμκ(t)αμ(x1)βκ(x2).let v = αi(x1)βj(x2), also

ζiμ =

∫ b

a

αi(x1)αμ(x1)dx1 ζ ′
iμ =

∫ b

a

dαi

dx1

dαμ

dx1
dx1 ηjκ =

∫ d

c

βj(x2)βκ(x2)dx2

η′
jκ =

∫ d

c

dβj

dx2

dβκ

dx2

dx2 bn = (bn
1 , bn

2 , · · · , bn
M1

) bn
i = (bn

i1, b
n
i2, · · · , bn

iM2
)

The (6) × (Δt)2 can be written as follows:∑
μ

∑
κ

(ζiμ + λ(Δt)2ζ ′
iμ)(ηjκ + λ(Δt)2η′

jκ)θ
n+1
μκ

=
∑
μ

∑
κ

(ζiμ + λ(Δt)2ζ ′
iμ)(ηjκ + λ(Δt)2η′

jκ)(2θ
n
μκ − θn−1

μκ )

−∑
μ

∑
κ

(a(
∑
μ

∑
κ

θn
μκ)∇(θn

μκαμβκ),∇(αiβj))(Δt)2

+(f(
∑
μ

∑
κ

θn
μκαμβκ), αiβj)(Δt)2 − (

∑
μ

∑
κ

(Δtbn∇(θμκαμβκ)),∇(αiβj))(Δt)2
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Let Rn
ijdenote the right-hand side of the above equation,we can get:

∑
μ

(ζiμ + λ(Δt)2ζ ′
iμ)Z

n+1
μj = Rn

ij,
∑

κ

(ηjκ + λ(Δt)2η′
jκ)θ

n+1
μκ = Zn+1

μj

It is easy to know that the above two coefficient matrix are all symmetrical ,
positive definite. So,there exist unique solutions.

3 The error estimate

let ηn = un − ũn, ξn = Un − ũn. It is easy to know that

‖ξ0‖1 = 0, ‖ξ1‖1 + ‖dtξ
0‖ ≤ CΔt (7)

Combining (5) with (6), we can get the error equation:

(
ξn+1 − 2ξn + ξn−1

Δt2
, v) + λ(∇(ξn+1 − 2ξn + ξn−1),∇v)

+λ2Δt2(
∂2

∂x1∂x2
(ξn+1 − 2ξn + ξn−1),

∂2v

∂x1∂x2
)

= (
ηn+1 − 2ηn + ηn−1

Δt2
, v) + (f(Un) − f(un), v)

+(a(un)∇ũn − a(Un)∇Un,∇v) − λ(∇(ũn+1 − 2ũn + ũn+1),∇v)

−λ2Δt2(
∂2

∂x1∂x2
(ũn+1 − 2ũn + ũn−1),

∂2v

∂x1∂x2
) + (un

tt −
un+1 − 2un + un−1

Δt2
, v)

+(

∫ tn

0

b(tn, s, u(x, s))∇ũnds − Δt
n∑

i=1

b(tn, ti, U
i)∇U i,∇v) =

7∑
i=1

Ii (8)

Let Q = ‖∂ũ
∂t
‖L∞ + 1, we can choose Δt, h, such that CΔth−1 ≤ Q.

Combining (7)with inverse properties we know:
‖dtξ

0‖L∞ ≤ Ch−1‖dtξ
0‖ ≤ CΔth−1 ≤ Q, then ‖dtU

0‖L∞ ≤ 2Q.
We assume: max

0≤n≤N−2
‖dtξ

n‖L∞ ≤ Q then, max
0≤n≤N−2

‖dtU
n‖L∞ ≤ 2Q.

We choose the test function v = ξn+1−ξn−1 = Δt(dtξ
n−1 +dtξ

n+1) to estimate
the both side of (8).

I1 + I6 ≤ CΔt((Δt)4 + ‖∂2ηn‖2 + ‖dtξ
n‖2 + ‖dtξ

n−1‖2)

I2 ≤ CΔt(‖ξn‖2 + ‖ηn‖2 + ‖dtξ
n‖2 + ‖dtξ

n−1‖2)

I3 = ((a(un) − a(Un))∇ũn,∇(ξn+1 − ξn−1)) − (a(Un)∇ξn,∇(ξn+1 − ξn−1))

= I
(1)
3 + I

(2)
3 (9)
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N−1∑
n=1

I
(1)
3 = Δt

N−1∑
n=1

((a(un) − a(Un))∇ũn,∇dtξ
n)

+Δt

N−1∑
n=1

((a(un) − a(Un))∇ũn,∇dtξ
n−1) = Q1 + Q2

Q1 = ((a(uN−1) − a(UN−1))∇ũN−1,∇ξN) − ((a(u1) − a(U1))∇ũ1,∇ξ1)

−Δt

N−2∑
n=1

(
a(un+1) − a(Un+1) − a(un) + a(Un)

Δt
∇ũn+1

+
∇ũn+1 −∇ũn

Δt
(a(un) − a(Un)),∇ξn+1)

((a(uN−1) − a(UN−1))∇ũN−1,∇ξN) − ((a(u1) − a(U1))∇ũ1,∇ξ1)

≤ CΔt

N−2∑
n=1

(‖dtξ
n‖2 + ‖dtη

n‖2) + ε‖ξN‖2
1 + C(‖ξ1‖2

1 + ‖η1‖2)

Combining differential theorem of mean with (i),we can get

Δt

N−2∑
n=1

(
a(un+1) − a(Un+1) − a(un) + a(Un)

Δt
∇ũn+1

+
∇ũn+1 −∇ũn

Δt
(a(un) − a(Un)),∇ξn+1)

≤ CΔt
N−2∑
n=1

(‖dtξ
n‖2 + ‖dtη

n‖2 + ‖ξn‖2 + ‖ηn‖2 + ‖ξn+1‖2
1 + ‖ηn+1‖2)

So,

Q1 ≤ ε‖ξN‖2
1 + C(‖ξ1‖2

1 + ‖η1‖2) + CΔt
N−2∑
n=1

(‖dtξ
n‖2 + ‖dtη

n‖2 + ‖ξn‖2

+‖ηn‖2 + ‖ξn+1‖2
1 + ‖ηn+1‖2) (10)

We estimate Q2 as the same as Q1:

Q2 ≤ ε‖ξN−1‖2
1 + C(‖ξ1‖2 + ‖η1‖2) + CΔt

N−2∑
n=1

(‖dtξ
n‖2 + ‖dtη

n‖2 + ‖ξn‖2
1

+‖ηn‖2 + ‖ξn+1‖2 + ‖ηn+1‖2) (11)

N−1∑
n=1

I
(1)
3 ≤ ε(‖ξN‖2

1 + ‖ξN−1‖2
1) + C(‖ξ1‖2

1 + ‖η1‖2 + ‖ξ1‖2) + CΔt

N−2∑
n=1

(‖dtξ
n‖2

+‖dtη
n‖2 + ‖ξn‖2

1 + ‖ηn‖2 + ‖ξn+1‖2 + ‖ηn+1‖2 + ‖ξn‖2 + ‖ξn+1‖2
1) (12)
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I4 = −λ(∇(ηn+1 − 2ηn + ηn−1),∇(ξn+1 − ξn−1))

+λ(∇(un+1 − 2un + un−1),∇(ξn+1 − ξn−1))

= −λΔt2(∇∂2ηn,∇(ξn+1 − ξn−1)) + λ(∇(un+1 − 2un + un−1),∇(ξn+1 − ξn−1))

By inverse properties and integration by parts,we know

I4 ≤ CΔt((Δt)4 + ‖dtξ
n‖2 + ‖dtξ

n−1‖2 + (Δt)4h−2‖∂2ηn‖2
1) (13)

I5 = λ2(Δt)4(
∂2

∂x1∂x2

∂2un, Δt
∂2

∂x1∂x2

(dtξ
n + dtξ

n−1))

−λ2(Δt)4(
∂2

∂x1∂x2

∂2ηn, Δt
∂2

∂x1∂x2

(dtξ
n + dtξ

n−1))

≤ CΔt[(Δt)4 + (Δt)4(‖ ∂2

∂x1∂x2

dtξ
n‖2 + ‖ ∂2

∂x1∂x2

dtξ
n−1‖2)

+‖∂2ηn‖2 + ‖dtξ
n‖2 + ‖dtξ

n−1‖2] (14)

N−1∑
n=1

I7 =

N−1∑
n=1

(Δt

n∑
i=1

b(tn, ti, u
i)∇ũi − Δt

n∑
i=1

b(tn, ti, U
i)∇ũi,∇(ξn+1 − ξn−1))

−
N−1∑
n=1

(Δt
n∑

i=1

b(tn, ti, U
i)∇U i − Δt

n∑
i=1

b(tn, ti, U
i)∇ũi,∇(ξn+1 − ξn−1))

+

N−1∑
n=1

((

∫ tn

0

b(tn, s, u(x, s))∇ũnds − Δt

n∑
i=1

b(tn, ti, u
i)∇ũi,∇(ξn+1 − ξn−1))

= I
(1)
7 + I

(2)
7 + I

(3)
7 (15)

I
(3)
7 ≤ CΔt

N−1∑
n=1

((Δt)4 + ‖dtξ
n‖2 + ‖dtξ

n−1‖2) (16)

I
(1)
7 ≤ NΔt|

N−1∑
n=1

((b(un) − b(Un))∇ũn,∇(ξn+1 − ξn−1))|

≤ C|
N−1∑
n=1

((b(un) − b(Un))∇ũn,∇(ξn+1 − ξn−1))| (17)

We estimate I
(1)
7 as the same as

N−1∑
n=1

I
(1)
3 :

I
(1)
7 ≤ ε(‖ξN‖2

1 + ‖ξN−1‖2
1) + C(‖ξ1‖2

1 + ‖η1‖2 + ‖ξ1‖2) + CΔt

N−2∑
n=1

(‖dtξ
n‖2 +

‖dtη
n‖2 + ‖ξn‖2

1 + ‖ηn‖2 + ‖ξn+1‖2 + ‖ηn+1‖2 + ‖ξn‖2 + ‖ξn+1‖2
1) (18)
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|I (2)
7 | ≤ C|(b(UN−1)∇ξN−1,∇ξN) − (b(U0)∇ξ0,∇ξ1)

−CΔt
N−2∑
n=1

‖dtU
n‖L∞(‖ξn+1‖2

1 + ‖ξn‖2
1)|

≤ ε(‖ξN−1‖2
1 + ‖ξN‖2

1) + C‖ξ1‖2
1 + CΔt

N−2∑
n=1

(‖ξn+1‖2
1 + ‖ξn‖2

1) (19)

Put I
(2)
3 on the left-hand side of (8), we can get:

(
ξn+1 − 2ξn + ξn−1

Δt2
, ξn+1 − ξn−1) + λ(∇(ξn+1 − 2ξn + ξn−1),∇(ξn+1 − ξn−1))

+λ2Δt2(
∂2

∂x1∂x2
(ξn+1 − 2ξn + ξn−1),

∂2

∂x1∂x2
(ξn+1 − ξn−1))

+(a(Un)∇ξn,∇(ξn+1 − ξn−1))

= ‖dtξ
n‖2 − ‖dtξ

n−1‖2 + λ(| ξn+1 − ξn |21 − | ξn − ξn−1 |21)
+λ2Δt4(‖ ∂2

∂x1∂x2
dtξ

n‖2 − ‖ ∂2

∂x1∂x2
dtξ

n−1‖2) + (a(Un)∇ξn,∇ξn+1)

−(a(Un−1)∇ξn−1,∇ξn) − ((a(Un) − a(Un−1))∇ξn−1,∇ξn)

Summing up the left-hand side of (8) for n from one to N − 1, we can get:

N−1∑
n=1

(
ξn+1 − 2ξn + ξn−1

Δt2
, v) + λ(∇(ξn+1 − 2ξn + ξn−1),∇v)

+λ2Δt2(
∂2

∂x1∂x2
(ξn+1 − 2ξn + ξn−1),

∂2v

∂x1∂x2
)

= ‖dtξ
N−1‖2 − ‖dtξ

0‖2 + λ2Δt4(‖ ∂2

∂x1∂x2
dtξ

N−1‖2 − ‖ ∂2

∂x1∂x2
dtξ

0‖2)

−
N−1∑
n=1

((a(Un) − a(Un−1))∇ξn−1,∇ξn) + λ(| ξN − ξN−1 |21 − | ξ1 − ξ0 |21)

+a(UN−1)∇ξN−1,∇ξN) (20)

Refer to [4], choose λ > C1

2
, set γ = min{λ − C1

2
, C0

4
} > 0, so,

λ | ξN − ξN−1 |21 +(a(UN−1)∇ξN−1,∇ξN) ≥ γ(| ξN − ξN−1 |21 + | ξN + ξN−1 |21)
≥ C(‖ξN‖2

1 + ‖ξN−1‖2
1) (21)

N−1∑
n=1

((a(Un) − a(Un−1))∇ξn−1,∇ξn) = CΔt
N−2∑
n=1

‖dtU
n‖L∞(‖ξn+1‖2

1 + ‖ξn‖2
1)

≤ CΔt

N−2∑
n=1

(‖ξn+1‖2
1 + ‖ξn‖2

1) (22)
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Summing up (8) for n from one to N − 1 and applying the above analysis, we
can get

‖dtξ
N−1‖2 + λ2(Δt)4‖ ∂2

∂x1∂x2
dtξ

N−1‖2 + C(‖ξN‖2
1 + ‖ξN−1‖2

1)

≤ C((Δt)4 + ‖dtξ
0‖2 + ‖ξ1‖2

1 + Δt4‖ ∂2

∂x1∂x2
dtξ

0‖2) + CΔt

N−1∑
n=1

(‖∂2ηn‖2 + ‖ηn‖2

+(Δt)4h−2‖∂2ηn‖2
1) + CΔt

N−2∑
n=1

‖dtη
n‖2 + ‖η1‖2 + ‖ηN−1‖2 + CΔt

N−1∑
n=1

(‖dtξ
n−1‖2

+‖dtξ
n‖2 + ‖ξn‖2

1 + ‖ξn+1‖2
1 + (Δt)4(‖ ∂2

∂x1∂x2
dtξ

n‖2 + ‖ ∂2

∂x1∂x2
dtξ

n−1‖2)) (23)

Combining (3) with (4),we know

CΔt

N−1∑
n=1

(‖∂2ηn‖2 + ‖ηn‖2) + CΔt

N−2∑
n=1

‖dtη
n‖2 + ‖η1‖2 + ‖ηN−1‖2 ≤ Ch2r

CΔt

N−1∑
n=1

((Δt)4h−2‖∂2ηn‖2
1) ≤ CNΔt(Δt)4h−2h2r−2 ≤ Ch2r

Combining Gronwall′s inequality with (7),we can have

‖dtξ
N−1‖2 + (Δt)4‖ ∂2

∂x1∂x2
dtξ

N−1‖2 + ‖ξN‖2
1 + ‖ξN−1‖2

1 ≤ C((Δt)4 + h2r)

By the above inequality,we know that max
0≤n≤N−1

‖dtξ
n‖L∞ ≤ Q,

So, max
0≤n≤N−1

‖dtU
n‖L∞ ≤ 2Q i.e.,the inductive assumption hold when n = N−1.

By the above analysis, we can obtain the following result.

Theorem 3.1 Let u ∈ H1
0 (Ω) and U ∈ Sh be the solutions of the problems

(1) and (6), respectively, a, b, f, u satisfy (i)(ii)(iii), λ > C1

2
,then,there exists a

positive constant C, independent of h and Δt ,such that

max
1≤n≤N

{‖(U − u)n‖1} ≤ C(hr + (Δt)2)
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