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Abstract

In this paper, a new approach for obtaining cost efficiency measur-
ment with data set of fuzzy numbers are considered. These consist
of situations where prices are fixed and known exactly at each decision
making unit (DMU). By using a linear ranking function, each fuzzy num-
ber maps into the real number, hence, solution of linear programming
problems with fuzzy numbers are real numbers. Method, is illustrated
by solving a numerical example proposed by Camanho [3] for data set
of fuzzy numbers.
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1 Introduction

Cost efficiency (CE) evaluates the ability to produce current outputs at mini-
mal cost. The concept of cost efficiency can be traced back to Farrell (1957),
who originated many of the ideas underlying Data Envelopment Analysis
(DEA). Following Farrell’s concept of CE, its estimation requires input and
output quantity data as well as exact knowledge of input prices at each deci-
sion making unit (DMU).

The first, considers that prices are fixed and known at each DMU and also
data set are real or crisp [3]. In this case, the efficiency assessment can follow
the approach described by Farrell (1957)[8] and operationalised by Fare et al.
(1985)[7].

Then, considers that prices are fixed and known at each DMU and data
set are Fuzzy numbers. The concept of decision making in fuzzy environment
was first proposed by Bellman and Zadeh [1]. Subsequently, Tanaka et. al.
[18] made use of this concept in mathematical programming. Fuzzy linear
programming problem with fuzzy coefficients was proposed by Negoita [17].
Maleki et.al. [16] introduced a linear programming problem with fuzzy vari-
ables and proposed a method for solving it.

Maleki [15] used a certain ranking function to solve fuzzy linear program-
ming problems. He also introduced a new method for solving linear program-
ming problems with vagueness in constraints using linear ranking function.

The structure of this paper is as follows. Section 2 describes minimal cost
model used for estimation of cost efficiency and Farrell CE with data set of
real number.

In section 3 we review the fundamental notions of fuzzy sets and fuzzy
numbers. In section 4 we consider a linear ranking function, similar to the
ranking function proposed by N. Mahdavi-Amini et.al. [14], to order fuzzy
numbers and fuzzy number linear programming.

Then we applied minimal cost model for estimation of cost efficiency with
data set of fuzzy numbers two algorithm proposed in section (5). In section
(6) there is example of insurance organization. Finally, conclusions are given
in the last section.

2 Preliminaries

The underpinnings of efficiency measurement back to the work of Debreu
(1951) [5] and Koopmans (1957)[13], Koopmans was the first to define the
concept of technical efficiency. The measurment of TE as defined by Farrell
(1957)[8] was operationalised and popularized by Charnes et.al. (1978)[4]. In
1978, Charnes, Cooper and Rhodes (CCR) developed a procedure for assessing
in relative efficiency and inefficiency of decision making units (DMU) [4].
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For assessing the relative efficiency of DMUo which is defined from produc-
tion possibility set we have the following problem:

Min θ
s.t. (θXo, Yo) ∈ Tc

(2.1)

the emprical production possibility set Tc is defined as follows:

Tc = {(X,Y )|X ≥
n∑

j=1

λjXj , Y ≤
n∑

j=1

λjyj, λj ≥ 0, j = 1, . . . , n}

Farrell (1957) extended and looked beyond technical efficiency, to purpose the
measurment of cost efficiency which assums that prices are fixed and known, at
though they may possibly be defferent between the DMUs. Following Farrell
(1957) chose graphical illustration of the efficient concept, has become Co-
manho et.al. (2005) [3] illustrated the efficiency concepts with a small-scale
example consisting of eight DMUs. The data set is reported in table 1, and
the PPS is portrayed in Fig 1.

Table 1
Data set and prices at the DMUs

X1 X2 Y P1 P2

DMUA 2 7 1 3 4
DMUB 3 5 1 3 4
DMUC 5 3 1 3 4
DMUD 7 2 1 3 4
DMUE 3 7 1 3 4
DMUF 5 5 1 3 4
DMUG 9 2 1 3 4
DMUH 10 2.5 1 3 4
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Fig 1. The technically farel frontier of data set and prices at the DMUs in
Table 1.

DMUs A, B, C and D are the technically efficient frontier. DMUE will
be used to illustrate the efficiency concepts. It’s technical efficiency (TE) is
given by the ratio Oe

OE
. In order to assess cost efficiency we have to specify

an incest line (P1X1 + P2.X2 = K). The total cost (K) associated with a
given position of the incest line can be reduced by a parallel movement in a
downward direction, until becomes tangent to the efficient frontier.

This is represented in Fig 1 by the broken line PαP ′
α. The point where

this incest is tangent to the production frontier (point C) identifies the input
combination corresponding to the minimal cost of output production for these
prices, as further parallel movement of the incest towards the origin is asso-
ciated with reduced output. The CE measure for DMUE is obtained as the
ratio of the minimal cost (associated with point C on the frontier of the PPS)
to the observed cost (associated with point E within the PPS), both evaluated
with the current prices at E (i.e., P1 = 3 and P2 = 4). Graphically the cost
efficiency measure is given by the ratio Oe′/OE, where e′ has the same cost
as C with the current input prices P1 = 3 and P2 = 4. This measure indicates
the extent to which the DMUE is supporting its current level of output at
minimum cost. In order to obtain a measure of cost efficiency for DMUs with
multiple inputs and outputs, the minimum cost for the production of DMU’s
current outputs with existing input prices is obtained solving the following
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linear problem, as first formulated by Fare et al. (1985):

Min
∑m

i=1 pioxi

s.t.
∑n

j=1 xijλj ≤ xi i = 1, . . . , m,∑n
j=1 yrjλj ≥ yro, r = 1, . . . , s,

λj ≥ 0, j = 1, . . . , n,
xi ≥ 0, i = 1, . . . , m.

(2.2)

In the model above, pio is the price of input i for the DMU under assessment.
xi is a variable that, at the optimal solution, gives the amount of input i to be
employed by DMUo in order to produce the current outputs at minimal cost,
subject to the technological restrictions imposed by the existing PPS.

Cost efficiency is then obtained as the ration of minimum cost with current
prices (i.e., the optimal solution to model (2.2)) to the current cost at DMUo,
as follows:

Cost efficiency =

∑m
i=1 piox

∗
i∑m

i=1 pioxio
. (2.3)

3 Definitions and notations of fuzzy sets and

fuzzy number

We review the fundamental notions of fuzzy set theory, initiated by Bellman
and Zadeh [1], to be used throughout this note. Below, we give definitions and
notations taken from Bezdek [2].

Definition 3.1. Let X be the universal set. Ã is called a fuzzy set in X if
Ã is a set of ordered pairs

Ã = {(x, μÃ(x))|x ∈ X},
where μÃ(x) is the membership value of x in Ã.

Remark 3.2. The membership function of A (μÃ) shows the degree that x
belongs to Ã.

Definition 3.3. The support of a fuzzy set Ã is a set of elements in X for
which μÃ(x) is positive, that is,

suppÃ = {x ∈ X|μÃ(x) > 0}.

Definition 3.4. A fuzzy set Ã is convex if

μÃ(λx + (1 − λ)y) ≥ min{μÃ(x), μÃ(y)}, ∀x, y ∈ X and λ ∈ [0, 1].
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Definition 3.5. A convex fuzzy set Ã on � is a fuzzy number if the following
conditions hold:

(a) Its membership function is piecewise continuous.
(b) There exist only x0 that μA(x0) = 1.

Definition 3.6. A fuzzy number Ã is called positive (Negative), if it mem-
bership function is such that μÃ(x) = 0 ∀x < 0 (∀x > 0).

Definition 3.7. (L-R fuzzy number) A fuzzy number Ã is of L-R type if
there exit reference function L (L for left), (R for right) and scalers α > 0,
β > 0 with

μÃ(x) =

{
L(m−x

α
) x ≤ m

R(x−m
β

) x > m

m, called the mien value of Ã, is real number, and α, β are called the left
and right of Ã, is real number, and α, β are called the left and right expanse
respectively, Ã is denoted by (m, α, β)LR.

When L(x) = R(x) =

{
1 − x 0 ≤ x ≤ 1

0 otherwise
then we have triangular fuzzy

number.

Fig 2. Triangular fuzzy number.

1

βα al = au

We next define arithmetic on fuzzy numbers. Let ã = (m, α, β) and b̃ =
(n, γ, θ) be two triangular fuzzy numbers. Define

c > 0, c ∈ �; c.m̃ = (cm, cα, cβ), (3.4)

c < 0, c ∈ �; c.m̃ = (cm,−cβ,−cα), (3.5)

ã + b̃ = (m + n, α + γ, β + θ), (3.6)
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Definition 3.8. The extension principle: [19]. One of the most basic con-
cepts of fuzzy set theory that can be used generalize crisp mathematical con-
cepts to fuzzy set is the extension principle. In its elementary form, it was
already implied in Zadeh’s first contribution [18]. Zadeh and Dubois and
Prade [6], we define the extension principle as follows:

Let X be a cartesian product of universes X = X1×· · ·×Xr, and Ã1, . . . , Ãr

be r fuzzy sets in X1, . . . , Xr , respectively, f is mapping form X to universe
Y , Y = f(x1, . . . , xr). Then the extension principle allows us to define a fuzzy
set B̃ in Y by B̃ = {(Y,MB̃(Y ))|Y = f(x1, . . . , xr), (x1, . . . , xr) ∈ X} where

μB̃(y) =

{
sup(x1,...,xn)∈f−1(y) min{μÃ1

(x1), . . . , μÃr
(xr)iff−1(u) �= ∅}

0 otherwise
(3.7)

where f−1 is the inverse of f . for r = 1, the extension principle, of course,
reduces to

B̃ = f(Ã) = {(Y, μB̃(Y ))|Y = f(x), x ∈ X}
where

μB̃(Y ) =

{
supx∈f−1(Y ) μÃ(x), iff−1(Y ) �= θ

0 otherwise
(3.8)

Theory 3.1: If Ã, B̃ are fuzzy numbers whose membership functions are con-
tinuous and surjective from R to I = [0, 1], and � is continuous increasing
(decreasing) binary operetation then Ã� B̃ is a fuzzy number whose member-
ship function is continuous and surjective from R to [0,1].

Definition 3.9. Extended Division. Division is also neither an increasing
nor a decreasing operation if Ã and B̃ are strictly positive fuzzy numbers,
however (that is, μÃ(x) = 0 and μB̃(x) = 0 ∀x ≤ 0), we obtain in analogy to
the extended subtraction

μÃ�B̃(z) = sup min
z=xy

(3.9)

(μÃ(x), μB̃(y))

= sup min
z=xy

(μÃ(x), μB̃(
1

y
))

= sup min
z=xy

(μÃ(x), μ−1

B̃
(y))

B̃−1 is a positive fuzzy number and also consider the following relation [16]:

(m, α, β)−1
LR ≈ (m−1, βm−2, αm−2)RL (3.10)

(m, α, β)LR 
 (n, δ, γ)RL ≈ (
m

n
,
mγ + nα

n2
,
mδ + nβ

n2
) (3.11)



8 G. R. Jahanshahloo et al

4 Fuzzy Number Linear Programming

4.1 Ranking functions

There are several methods for solving fuzzy linear programming problems. One
of the most convenient of these methods is based on the concept of comparison
of fuzzy numbers by use of ranking functions [10, 17]. In fact, an efficient
approach for ordering the elements of F (�) is to define a ranking function
τ : F (�) −→ � which maps each fuzzy number into the real line, where a
natural order exists.

We define orders on F (�) by

ã � b̃ if and only if τ (ã) ≥ τ (b̃), (4.12)

ã  b̃ if and only if τ (ã) > τ (b̃), (4.13)

ã ∼= b̃ if and only if τ (ã) = τ (b̃), (4.14)

where ã and b̃ are in F (�). Also we write ã � b̃ if and only if b̃ � ã.
We restrict our attention to linear ranking functions, that is similar to the

ranking function adopted, by N. Mahdavi-Amiri [13].
For a triangular fuzzy number ã = (m, α, β), we use ranking function as

follows:

τ (ã) =
1

2

∫ 1

0

(inf ãα + sup ãα)dα −→ τ (ã) = m + 1/4(β − α). (4.15)

4.2 Formulation of the fuzzy number linear program-
ming problem

Definition 4.1. A fuzzy number linear programming problem (FNLPP) is
defined as follows:

Max z ∼= ∑n
j=1 c̃jxj

s.t.
∑n

j=1 ãijxj � b̃i, i = 1, . . . , m,

xj ≥ 0, j = 1, . . . , n,

(4.16)

where ∼= and � mean equality and inequality with respect to the ranking
function τ, Ã = (ãij)m×n, c̃ = (c̃1, . . . , c̃n), b̃ = (b̃1, . . . , b̃m)T and ãij, b̃i, c̃j ∈
F (�) for i = 1, . . . , m, j = 1, 2, . . . , n.

Definition 4.2. Any x which satisfies the set of constraints of FNLPP is
called a feasible solution. Let Q be the set of all crisp feasible solutions of
FNLPP. We say that x0 ∈ Q is an optimal feasible solution for FNLPP if
c̃x � c̃x0 for all x ∈ Q.
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Definition 4.3. We say that the real number a corresponds to the fuzzy
number ã, with respect to a given linear ranking function τ , if a = τ (ã).

The following theorem shows that any FNLPP can be reduced to a linear
programming problem (see Maleki [11] and Maleki et al. [12]).

Theorem 4.4. The following linear programming problem (LPP) and the
FNLPP in (4.16) are equivalent:

Max z =
∑n

j=1 cjxj

s.t.
∑n

j=1 aijxj ≤ bi, i = 1, . . . , m,

xj ≥ 0, j = 1, . . . , n,
(4.17)

where aij, bi, cj are real numbers corresponding to the fuzzy numbers ãij, b̃i, c̃j

with respect to a given linear ranking function τ , respectively.

Remark 4.5. The above theorem shows that the set of all crisp feasible
solutions of FNLPP and all feasible solutions of LPP are the same. Also if x̄ is
an optimal feasible solution for FNLPP, then x̄ is an optimal feasible solution
for LPP.

Corollary 4.6. If LPP does not have a feasible solution then FNLPP does
not have a solution either.

5 Fuzzy Cost Efficiency

For obtaining fuzzy cost efficiency (FCE) we consider two algorithm for al-
gorithm (1) we solve minimal cost model with data set of fuzzy numbers as
follows:

Min
∑m

i=1 piox̃i

s.t.
∑n

j=1 x̃ijλj � x̃i i = 1, . . . , m,∑n
j=1 ỹrjλj � ỹro, r = 1, . . . , s,

λj ≥ 0, j = 1, . . . , n,
x̃i � 0, i = 1, . . . , m.

(5.18)

Mahdavi et.al. [13] show that real number a corresponds to the fuzzy
number ã, with respect to a given linear ranking function τ , if a = τ (ã),
then xij = τ (x̃ij) yrj = τ (ỹrj) which x̃ij, ỹrj are triangular fuzzy number and
x̃i = (m, 0, 0). Then we define crisp model (2.2) which is equivalent to the
fuzzy number linear programming problem.
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For algorithm (2) x̃i is a fuzzy number that is x̃i = (mi, αi, βi), minimal
cost model as follows:

Min
∑m

i=1 pio(mi, αi, βi)
s.t.

∑n
j=1 x̃ijλj � (mi, αi, βi) i = 1, . . . , m,∑n
j=1 ỹrjλj � ỹro, r = 1, . . . , s,

λj ≥ 0, j = 1, . . . , n,
βi, αi, mi ≥ 0 i=1, . . . ,m,
mi − αi ≥ 0 i=1, . . . ,m

(5.19)

because (mi, αi, βi) is a fuzzy number then we have equivalent model fol-
lows:

Min
∑m

i=1 pio(mi + 1
4
(βi − αi))

s.t.
∑n

j=1 x̃ijλj ≤ (mi + 1
4
(βi − αi)) i = 1, . . . , m,∑n

j=1 ỹrjλj ≥ ỹro, r = 1, . . . , s,

λj ≥ 0, j = 1, . . . , n,
βi, αi, mi ≥ 0 i=1, . . . ,m,
mi − αi ≥ 0 i=1, . . . ,m

(5.20)

Theorem 5.1. Models (5.18) , (2.2) are equivalent and all so (5.19) , (5.20)
are equivalent (see Maleki [15] and Maleki et.al. [16]). Where xij, yrj are real
number corresponding to the fuzzy numbers x̃ij, ỹrj with respect to a given
linear ranking function τ , respectively.
Then, we develop two following algorithm for obtaining cost efficiency with
data of fuzzy numbers:

Algorithm 1:

1. Solve model (5.18) for each DMU , by using ranking function we solve
crisp model (2.2) which is equivalent(by Theorem (4.4)).

2. Then by using model (2.3), we obtain cost efficiency numerator of a
fraction is a real number and, denominator is a fuzzy number, therefore
by this fraction we obtain a fuzzy number. For obtaining, Fuzzy cost
efficiency, we consider fraction as following, Fuzzy cost efficiency FCE =∑m

i=1 piox
∗
i

1�m
i=1 pioxio

.

3. For obtaining 1�m
i=1 piox̃io

, we apply relation (2.4), (2.6) and then relation

(3.10) and because the result of fraction is a positive fuzzy number, hence
theorem (3.10) can now be applied.
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4. Then by using relation (2.4), (pi > 0 and xi > 0 (i = 1, . . . , m) are
respectively, cost and data of obtained DMU by model (2.2), and we
know data set of Data Envelopment Analysis (DEA) are positive, also
c in model (2.4) is positive and real), hence we yield a positive fuzzy
number for Fuzzy Cost Efficiency (FCE).

5. After that we obtain τ (FCE) and it is Cost Efficiency with fuzzy data.

Algorithm 2:

1. Solve model (5.19) for each DMU , by using ranking function we solve
crisp model (5.20) which is equivalent pp (5.19).

2. Then by using model (2.3), we obtain cost efficiency. Numerator and
denominator of fraction is a fuzzy number therefore fraction is a fuzzy
number.

3. For obtaining FCE =
�m

i=1 piox∗
i�m

i=1 piox̃io
, we apply relation (2.4), (2.6) and then

relation (3.11) for division of fuzzy numbers.

4. After that we obtain τ (FCE) and it is Cost Efficiency with fuzzy data.

For an illustration of proposed algorithm consider an example used in insurance
organization data set of the triangular fuzzy numbers.

6 Methodology and examples

We evaluate 30 branches of Tehran Social Security Insurance Organization at
this section. Each branch uses of four inputs in order to produce four outputs.
The labels of inputs and outputs are presented in under table.

Input Output Cost
1 The number of personals The total number of insured persons 350000
2 The total number of computers The number of insured persons’ agreements 400000
3 The area of the branch The total number of life-pension receivers 500000
4 Administrative expenses The receipt total sum (Income) 1

Table 2: The labels of inputs and outputs.

The total triangular Fuzzy data has been viewed in tables (3), and (4).We have
input 3 as crisp data in table (3). It is considered that “M”as number middle,
“α”left expanse. “β”as right expanse. For example if ã = (m, α, β) denote a
triangular fuzzy number then we use ranking function as follows:

τ (ã) = m +
1

4
(β − α)
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After using the ranking function τ (ã), the data is given as crisp numbers and
then with applying explained method on the essay, the results Fuzzy Cost
Efficiency and Defuzzy of them by Algorithm(1) are presented in table (5) and
the results Fuzzy Cost Efficiency and Defuzzy of them by Algorithm (2) are
presented in table (6). We see that DMU3,DMU9,DMU11, and DMU18 are
Efficient in table (6), but in table (5) we don’t have Efficient DMU. It shows
that Algorithm (2) is better than Algorithm (1). because the results in table
(6) are nearest to real.
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M α β τ (FCE)
1 0.329 0.10923 0.401879 0.32
2 0.409891 0.194388 0.583153 0.40
3 0.101049 0.784549 0.356754 0.99
4 0.460762 0.732926 0.154034 0.31
5 0.690704 0.408566 0.156735 0.68
6 0.432239 0.119957 0.161581 0.43
7 0.496686 0.173127 0.105414 0.49
8 0.9312 0.288673 0.202303 0.92
9 1.01037 0.120585 0.52927 0.99
10 0.592834883 0.034355672 0.019400101 0.58
11 1.005896546 0.053961775 0.03023638 0.99
12 0.216379563 0.007262093 0.003085393 0.21
13 0.531368859 0.026882343 0.015680375 0.52
14 0.630700563 0.009956417 0.008569832 0.63
15 0.73374437 0.043078981 0.018009086 0.72
16 0.825338325 0.069075007 0.039122374 0.81
17 0.397703387 0.034370109 0.015933034 0.39
18 1.00143333 0.065951032 0.060209516 0.99
19 0.337097242 0.023674717 0.007517068 0.33
20 0.999111749 0.040628035 0.044177881 0.99
21 0.567347972 0.029774873 0.018264348 0.56
22 0.893509191 0.026972827 0.022160194 0.89
23 0.709780253 0.083252926 0.024014336 0.69
24 0.991219878 0.048508612 0.083320729 0.99
25 0.855896241 0.032745542 0.022247776 0.85
26 0.357184927 0.008379029 0.005743403 0.35
27 0.665941657 0.044349254 0.015261436 0.65
28 0.732594475 0.265182296 0.211218982 0.71
29 0.361352138 0.008082337 0.007220011 0.36
30 0.531988664 0.009164672 0.007300458 0.53

Table 5: Fuzzy Cost Efficiency and Defuzzy of it by Algorithm (1)
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M α β τ (FCE)
1 0.267792149 0.008900787 0.24782517 0.32
2 0.331343966 0.0157138 0.321069793 0.40
3 0.834619795 0.064800118 0.733322367 1.00
4 0.374705863 0.596038623 0.469889354 0.34
5 0.552831097 0.032701106 0.567454377 0.68
6 0.339162943 0.009412573 0.385330083 0.43
7 0.408598682 0.014242313 0.362427243 0.49
8 0.750753805 0.023273404 0.738248877 0.92
9 0.792443939 0.094576582 0.93869962 1.00
10 0.471723085 0.027337062 0.499883961 0.58
11 0.857942182 0.046024696 0.617606588 1.00
12 0.176127647 0.005911165 0.163519117 0.21
13 0.417049343 0.021098834 0.469584989 0.52
14 0.512006963 0.008082686 0.481731447 0.63
15 0.604382507 0.035483996 0.532281392 0.72
16 0.67048561 0.056114925 0.651192999 0.81
17 0.319192168 0.027585055 0.326832542 0.39
18 0.806801053 0.053133205 0.82703669 1.00
19 0.266773848 0.018735826 0.287242427 0.33
20 0.812183508 0.033026756 0.783625391 0.99
21 0.457528034 0.024011435 0.45400887 0.56
22 0.718092848 0.021677442 0.719475068 0.89
23 0.58642773 0.068784422 0.51325097 0.69
24 0.819540399 0.040106911 0.755607501 0.99
25 0.699857659 0.026775697 0.642346123 0.85
26 0.284891353 0.006683129 0.293755289 0.35
27 0.532945764 0.035492219 0.544197131 0.66
28 0.607974361 0.22007269 0.673769485 0.72
29 0.296632244 0.006634752 0.264806422 0.36
30 0.436163213 0.007513868 0.389287269 0.53

Table 5: Fuzzy Cost Efficiency and Defuzzy of it by Algorithm (2)

7 Conclusion

In this work we apply linear ranking function proposed by Mahdavi-Amiri et
al. [14] for solving minimal cost model with data set of fuzzy numbers. Then,
cost efficiency measurement with certain price obtained similar proposed algo-
rithms. Hence, by using ranking function fuzzy number linear programming
problem (FNLPP) and linear programming problem (Lpp) are equivalent.

But we saw that algorithm (2) is better than algorithm (1), because the
results of algorithm (2) are nearest to real.
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