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Abstract
In this paper, system of linear Freadholm integral equations of the
second kind is handled by applying the decomposition method. For a
system of linear equations we show that the Adomian decomposition
method is equivalent to the classical successive approximations method,
so called Picard’s method. Finally, numerical examples are prepared to
illustrate these considerations.
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1 Introduction

The topic of the Adomian decomposition method has been rapidly growing in
recent years. The concept of this method was first introduced by G. Adomian
in the beginning of 1980’s [1, 2]. In this method the solution of a functional
equations is considered as the sum of an infinite series usually converging to
the solution [3].

The Adomian decomposition method for solving linear and nonlinear in-
tegral equations is known as a subject of extensive analytical and numerical
studies [4, 5]. Our aim here is to compare the decomposition method with
the classical successive approximations method [6] for solving system of linear
Fredholm integral equations. Consider the following system of linear Fredholm
integral equations:

F(t)=G(t)+ /bK(t, s)F(s)ds, t € la,b (1)
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where

E(t) = (fi(t), .., fa(@)),
G(t) = (91(1), -, gn(t))",
K(t,s) =[ki;(t,s)] i=1,..,n, j=1..,n

We suppose that system (1) has a unique solution.

2 The Decomposition Method Applied to (1)

Consider the i-th equation of (1):

70 = a0+ [ 3k (t.5),5)ds. ©)

a _
From (2), we obtain canonical form of Adomian’s equation by writing

fi(t) = gi(t) + Ni(t) (3)

where

N0 = [ k(e ) (1

a -

To solve (3) by Adomian’s method, let f;(t) = Y00 fim(t), and N;(t) =
o _o Aim where A;,,,, m = 0,1, ..., are polynomials depending on
f105 < fimy -+ fnos -+, fum and they are called Adomian polynomials. Hence,
(3) can be rewritten as:

S Fon() = G(0) 3" Aun(frsees Froms s s evs fm). (5)
m=0 m=0

From (4) we define:

{ in(t) = gi(t)v ) (6)
fi,erl(t) :Aim(flo,...,flm,...,fno,...,fnm), = 1,...,71,, m:O,l,Q,....

In practice, all terms of the series fi(t) = > o°_, fim(t) can not be de-
termined and so we use an approximation of the solution by the following
truncated series:

k—1
pilt) = X finlt),  with lim gu(t) = £i(0) 7)
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To determine Adomian polynomials, we consider the expansions:

o0

INOED IR ) (8)

m=0
9

Ni)\(fla afn) = Z )\mAzma (9>

m=0

where, A is a parameter introduced for convenience. From (9) we obtain:
1|dm

= —Nio(f1y oo [ , 10
[‘D‘m SR )] A=0 1o

im = —
m)!

and from (4), (8) and (10) we have:

p n qm &=
Aim(flOyuwflmw"aanu"'7fnm) :/ Zvij(s)t)[ !
7j=1

a m' d/\m =0

N fﬂ] ds

A=0

_ /abzn:vij(s,t)fjmd& (11)

So, (6) for the solution of the system of linear Fredholm integral equations
will be as follow:

fio(t) = gi(t) (12)

a -

b n
Frmer (D) :/ S (s, ) fim(ds,  i=1,...n, m=0,1,2,..
Jj=1
Considering (7), we obtain:
t n
wir(t) = g:i(t) +/0 > kij(t,s) fim(s)ds, i=1,...,n, m=0,1,2,.... (13)
=1

In fact (6) is exactly the same as the well known successive approximations
method for solving the system of linear Fredholm integral equations defining
as:

t n
Frmer () = g:(t) +/O S k(4 8) fim(s)ds, i =1,..on, m=0,1,2,....(14)
j=1

The initial approximations for the successive approximations method is
usually zero function. In other words, if the initial approximations in this
method is selected g;(t), then the Adomian decomposition method and the
successive approximations method are exactly the same.
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3 Numerical Example

Example Consider the following system of linear Fredholm integral equations
with the exact solutions fi(t) =t + 1 and fo(t) = t* + 1.

o+ [ ) + als)as,

t
h=1g+3+) 3

fo(t) =t — %t +1+ /01 st(fi(s) + fa(s))ds.

To derive the solutions by using the decomposition method, we can use the
following Adomian scheme:

t 17
t) = — + — ~ 0.0556t + 0.4722
Jiolh) = 73+ 35 * ’
> 19 2
and
L(s+t
fl,erl(t) = /0 ( 3 )(flm(s) + me(S))dsa
1
fom1(t) = /o st(fim(8) + fom(s))ds, m=0,1,2,....
For the first iteration, we have:
L(s+1t) 25 103
t) = ds = —t +— ~0.3472¢ 1
fult) = [ (Fols) + Faols)ds = S+ T2 = 034720 + 01590,
1 103
for(t) = /0 st(f10(s) + faols))ds = =t = 0.4T691,

Considering (7), the approximated solutions with two terms are:

©oa(t) = foo(t) + for(t) = t* — 1.1065¢ + 1.

Next terms are:

L(s+t 185 17
fm(t):/o ( 5 )(f11(8)+f21(8))ds:ﬁt+m:0.1903t+0.1181,

Faalt) = /O LSt () + for(s))ds = i—;t ~ 0.3549¢.
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Solutions with three terms are:

©13(t) = fio(t) + f11(t) + fia(t) == 0.5931¢ + 0.7492,

©a3(t) = fao(t) + for(t) + fao(t) = t* — 0.7523¢ + 1.
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In the same way, the components ¢1;(t) and ¢o(t) can be calculated for

k = 3,4, .... The solutions with eleven terms are given as:

()01’11(75) = fl(](t) + fll(t) + ... + fl,lO(t) ~ ().9813t + 09885,

0o11(t) = faolt) + for(t) + ... + far0(t) =~ t* —0.0345¢ + 1.

Approximated solutions for some values of ¢ and the corresponding absolute
errors are presented in Table 3.1.

i1) The successive approximations method

t L A®) | eraat) | elprn(t) | fa(t) | w2u1(t) | elw211(h))
0 1 [0.988498 [ 1.15x 107 2| 1 1 0

0.1] 1.1 | 1.086632 | 1.33 x 1072 | 1.01 | 1.006549 | 3.45 x 10~3
0.2 1.2 | 1.184766 | 1.52 x 1072 | 1.04 | 1.033099 | 6.90 x 10~3
0.3| 1.3 |1.282899 | 1.71 x 1072 | 1.09 | 1.079648 | 1.03 x 10~2
04| 1.4 |1.381033 | 1.89 x 1072 | 1.16 | 1.146198 | 1.38 x 10~2
05| 1.5 | 1.479167 | 2.08 x 1072 | 1.25 | 1.232747 | 1.72 x 10~2
0.6 1.6 |1.577301 | 2.26 x 1072 | 1.36 | 1.339296 | 2.07 x 102
0.7| 1.7 | 1.675435 | 2.45 x 1072 | 1.49 | 1.465846 | 2.41 x 102
0.8| 1.8 | 1.773569 | 2.64 x 102 | 1.64 | 1.612695 | 2.76 x 102
09| 1.9 | 1.871702 | 2.82 x 1072 | 1.81 | 1.778945 | 3.10 x 10~2
1 2 | 1.969836 | 3.02 x 1071 | 2 | 1.965494 | 3.45 x 1072

Table 3.1

Clearly, in this method by choosing the initial approximation of fi(t) =0
and f3(t) = 0 and considering (21), in the first iteration, we will get the
initial approximation of the Adomian decomposition method that is fio(¢) and

fao(t).

In the second iteration f](t) and f](t) approximations for fi(t) and

fo(t) are derived. And subsequently in the third iteration, we get fZ(t) and
f3(t) approximations for fi(t) and f(¢). Hence, if the initial approximation
for fi(t) and fo(t) are respectively chosen as g¢;(¢) and g¢o(t), the Adomian
decomposition method and successive approximations method will be exactly

the same.
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Conclusion

This paper presents the use of the Adomian decomposition method, for the
system of linear Fredholm integral equations. As it can be seen, the Adomian
decomposition method for a system of linear Fredholm integral equations is
equivalent to successive approximations method. Although, the Adomian de-
composition method is a very powerful device for solving the functional equa-
tions, this method for a system of linear Fredholm integral equations of the
second kind is not a new method.
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