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Abstract

This paper concerns the problem of asymptotic compensation for a
class of discrete disturbed systems. It is an extension of previous works
on the problem of finite time space compensation studied for contin-
uous linear systems. In this work, we introduce and we characterize
the asymptotic exact and weak remediability and we study their re-
lationship with the asymptotic notions of controllability, stability and
stabilizability.

The minimum energy problem is studied with an extension to the
case where the observation is affected by a measurement error. The
cases of multi-actuators and multi-sensors are considered. An applica-
tion with illustrative examples is given and various other situations are
examined. Approximations and numerical results are also presented.

Keywords: Discrete distributed systems, asymptotic remediability, con-
trol, observation, actuators, sensors
1 Introduction

In this paper which concerns the asymptotic analysis of a class of discrete linear
distributed systems, we study the possibility to compensate asymptotically the
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effect of a known or unknown disturbance. This problem, particularly moti-
vated by pollution problems and so-called space compensation or remediability
problem, has been studied in previous works [1,2,3,4] for finite time continuous
systems. It consists to study, with respect to the observation, the possibility
of finite time compensation of the effect of a known or unknown disturbance.
In these works, various systems and situations are considered and studied.

One know the great importance of the asymptotic analysis in systems the-
ory. It is then natural to consider an extension to the asymptotic discrete case
of this problem. In this paper, we give characterization results and we show
that also in the asymptotic discrete case, the remediability remain weaker than
the controllability. The corresponding minimum energy problem is examined
and the relationship with the notions of stability and stabilizability is studied.
We particularly show that a discrete system can be asymptotically remediable
without being stable or stabilizable. Various other problems and situations are
considered, illustrative examples and numerical results are also presented.

This paper is organized as follows:

In the second paragraph, we introduce the notions of weak and exact re-
mediability in the case of a finite time horizon.

In the third paragraph, and under convenient hypothesis, we define and
we characterize the notions of weak and exact asymptotic remediability. We
show how to find an input operator with respect to the output one ensuring
the asymptotic compensation of any disturbance on the system. The cases of
multi-sensors and multi-actuators are also examined. Then, we introduce and
we characterize the notion of asymptotically efficient actuators.

The paragraph 4 is consecrated to the problem of asymptotic remediability
with minimal energy in the case where the observation is exact or affected by
a measurement error. We show how to find the optimal control ensuring the
asymptotic compensation of a disturbance, and then, we characterize the set
of disturbances which are exactly remediable asymptotically.

In the fifth paragraph, we define the notions of asymptotic weak and exact
controllabilty and we give their characterization. We study the relationship
between the asymptotic remediability and the asymptotic controllability, and
hence between asymptotic strategic actuators and asymptotic efficient actua-
tors.

Then, we examine by the same the nature of its relation with the notions
of stability and stabilizability. Hence, we show that a discrete linear system
can be remediable asymptotically but not stable or even stabilizable. Other
situations are also considered.

In paragraph 6, we examine the case of a discrete version of a diffusion
process with a Dirichlet or Neuman boundary conditions.
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In the last paragraph, we present illustrative examples as well as approxi-
mations and numerical results.

2 Finite time case

We consider, without loss of generality, a class of linear distributed systems
described by the following discrete equation:

(1)

21 = ¢ze+ Bupg + fr ;0<E<N-—1
(Sa)
20 € Z

where ¢ € L(Z); B € L(U,Z); zk, fr € Z and uy, € U are respectively the
state, the disturbance, the control at step k; N is an integer, N > 1; Z and U
are supposed to be Hilbert spaces.

The system (S4) is augmented by the output equation :

(Ea) y=Cz (2)

where C' € L(Z,Y) , 2 = (21,0, 20)7, ¥ = (Y1, ooy yn)7" with yp = Czg
for k =1,...., N; Y is the observation space, a Hilbert space.

Let f® = (fo, ..., fi)™, u® = (ug, .., up_1)", f = f™ and u = u™).
The state of system (Sy) and the observation at step N are respectively given
by:

N-1 N-1
v =020+ Y 6N+ Y oV Bu (3)
=0 1=0
and
N-1 N-1
yn =CoNzg+ > CON T Bu; + Y CoN T (4)
=0 =0

In the case without disturbance and without control, the observation at
the final step is given by:

yn = CopNz
But if u # 0 and f # 0, generally yn # Co™ 2.
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The problem consists to study the existence of an input operator, with
respect to the output one, ensuring at the last step, the compensation of any
disturbance on the system, i.e.

For any f = (fo, f1,-., fv—1) € Z¥, there exists u = (ug, U1, ..., uny_1) €
UN such that:

N-1 N-1
> CONTBui+ Y OV =0 (5)
=0 =0

Let us consider the following operators:

Hy : UV — Z
«— (6)
u — HNUZZ¢N_1_iBui
=0
Hy : 2V — Z
N—-1 (7)
fo— Hyf=)Y_o"f,
=0

The equality (5) becomes

CHyu+ Ryf=0 (8)
with

Ry =CHy (9)
This leads to the following definitions:
Definition 2.1 (S;) + (Eq4) is said to be

i) exactly remediable, if for any f € ZN, there exists u € UYN such that

CHyu+ Ryf =0

i1) weakly remediable, if for any f € ZV and any e > 0, there exists u € UN
such that:

|ICHyu+ Ry f|| < e

The characterization results are similar to those established in the finite
time case for continuous linear systems [1,2,3,4]
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3 Asymptotic case

3.1 Problem statement

In this part, we consider the following system, also noted (S;)

Zrp1 = Oz + Buyg + fi
(Sd>{z0€Z; k>0 (10)

augmented by the output equation, also noted (Ey)

(Ea) yo =Cz; k>0 (11)

and the operators H* and H = defined by:

H> r>U) — Z
U= (Ugy oy Uy o) — H”u:z¢k3uk

k=0

H>® >z — Z

f=for fn )T — HXf=> ¢"fi
k=0
and R* defined by
R* =CH> (14)

The problem consists to study, with respect to the output of the system,
the existence of an input operator B ensuring the asymptotic compensation of
any disturbance, i.e.

For any f = (fo, ..., fn,....)"" € £2(Z), there exists u = (ug, ..., un, .....) " €
(%(U) such that

CH>®u+ R®f =0 (15)

Let us note that if

([[@*[Dr=0 € €2(IR) (16)
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then the operators H* and H  are well defined, this is also the case for
CH®> and R*. Hence, if ¢ is contraction operator, i.e.

I ll<1

or if (Sy) is exponentially stable:

l¢" e k=1 (a>0)

then (16) is satisfied. In fact, we are concerned by the operators HZ and
R% defined by

+oo
HEFu=Y C¢*Bup=CH™u
k=o

and

+o0
REf=> C¢*fi
k=0

then one can consider a weaker hypothesis. Indeed, we assume that

([[Co*|Dr=0 € C(IR) (17)

In this case, H¥ and R are well defined and (15) becomes

HZu+REf =0 (18)

Under hypothesis (17), the notions of weak and exact asymptotic remedi-
ability can be formulated as follows:

Definition 3.1 We say that
1)(Sa)+(Eq) is exactly remediable asymptotically if for any f = (fr)r>0 €
(*(Z), there exists u = (ug)r>o0 € (*(U) such that:
HZu+ RZf=0
2) (Sa) + (Eaq) is weakly remediable asymptotically, if for any f = (fr)k>0 €
(*(Z) and any € > 0, there exists u = (uy)k>0 € (2(U) such that:

| Heu+ REfl| < e
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Let us note that for an integer M > 1, the operators HM and RM defined
by:

M—-1

HM =" ¢*Buy,

k=0
and

M—-1
RMf =" Co*fy
k=0

are such that:

HMy = Hyv and RM f = Rug

where v and g are defined by vy = upr_1_r and gr = far—1-x; Hy and Ry,
are given respectively by (6) and (9). Moreover, we have

+oo +oo
o0 00 M M k k
H¥u+ RX f CHMy+ R f+kZMC¢Buk+kZMC¢fk 19)
(CHyw + Rusg] + [ (M) + ex (M),
with
i 6(0) + (M) =0
then

lim [CHyv+ Rygl = HXu+ RY f

M —+oc0
3.2 Characterization
First, let us remark that for f, = —Buy, we have R¥ f = —HZu, then

Im(HZ) € Im(R%) (20)

We have the following characterization result where in the general case, P*
and W' are respectively the adjoint operator of P and the dual space of .

Proposition 3.2 Under hypothesis (17):

(i) (Sa) + (Eq) is exactly remediable asymptotically if and only if
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Im(R) C Im(HE)

this is equivalent to :

(i1) 3y > 0 such that:

2 /
| VoeY (21)

S l@rero|l, <+ S || B (¢ e

Proof:
(i) derives from the definition.
(ii) derives from the following lemma [5,6,7]

Lemma 3.3 Let X,Y,Z be reflexive Banach spaces, P € L(X,Z) and Q €
L(Y,Z). There is equivalence between:

Im(P) C Im(Q)

and

vy > 0 such that for any z* € Z', we have |P*2*||y, < v[|Q" 2"y

Concerning the weak asymptotic remediability, we have the following result.

Proposition 3.4 Under hypothesis (17):

(i) (Sa) + (Eaq) is weakly remediable asymptotically if and only if

Im(RZ) C Im(HE) (22)
this is equivalent to
(i)
Ker[B*(RZ)"] = Ker|(RZ)] (23)
() Ker [B*(¢7)"C*] = Ker [C] (24)

k>0



Asymptotic compensation in discrete distributed systems 107

Proof: (i) derives immediately from the definition.
(i) equivalent to (ii) derives from (22) by considering the orthogonal space
and using (20) to deduce that:

Ker[(RZ)"] = Ker[(HZ)"]
Since
(R¥B)(u) = RF(Bu) = > C¢*Buy, = HFu
k>0

then RYB = HZ and hence (HZ)* = B*(RY)*, we then have the result.

On the other hand, we have (R®)* = (C*, ¢*C*, ......, (¢*)*C*, ......)™", then
Ker(C*) = Ker [(RY)"] .

It is easy to show that:

Ker [B*(R)" = (] Ker [B*(¢")"C"]

k>0

then we have (24). O

We examine hereafter the case where the system is excited by actuators
and where the output is given by sensors [7].

3.3 Case of multi-actuators and multi-sensors

In the case of p actuators (€, gi)1<i<p, we have U = IRP, Z = L*(Q) and

B: [R?P — LQ(Q)

P
i—1
where uy = (uj, - -, uf)" € RP, g; € L*(); 4 = supp(g:) C .
We have
Bz = (<glaz>""7<gp7z>)tT (26)

In this case, the characterization results becomes:
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Proposition 3.5 (Sy) + (E,) is exactly remediable asymptotically if and only
if, there exists v > 0 such that:

>_l@)cro }Z/<VZZ kg1, C*0))* V0 € Y (27)

k>0 i=1 k>0

Proof: derives from (21) and (26). O
Moreover, if the output is given by ¢ zone sensors (D;, h;)i1<i<q, Where

h; € L*(D;); D; = supp(h;) and for i # j, D; N D; = 0, the operator C is
defined by:

C: L2(Q) — R4

e o= (b, 2 (g 2 (28)

and its adjoint by

q
C*0 = 0:h; for 0 = (0y,......0,) € IR* (29)

We also have the following characterization result.

Corollary 3.6 (Sg) + (Ey) is exactly remediable asymptotically if and only if,
there exists v > 0 such that ¥V 0 = (04,--,60,) € IR :

> jiej(¢*>khj 2 <722<29 “gih )

k>0 P >0 i=1 \j=1

In the case of one sensor (D, h) and one actuator (2, g), the previous in-
equality becomes

ST R, <9 (kg h))? (30)

k>0 k>0

3.4 Notion of asymptotic efficient actuators

We introduce hereafter the notion of asymptotic efficient actuators and we give
their characterization in the case of a class of linear systems.
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Definition 3.7 Actuators (S, gi)1<i<p are said to be asymptotically efficient,
or just efficient, if the corresponding system (Sq) + (Eq) is weakly remediable
asymptotically.

Proposition 3.8 (€, gi)i<i<p are efficient if and only if
(¢, C*0) = 0¥k > 0,Yi = 1,.....p = C* =

Proof: Derives from (24) and the fact that:

B*(¢")"C*0 = ((¢*g1,C*0) , ..., (87, C*0)) " (31)

We consider, without loss of generality, the system (S;) with ¢ defined by:

Tn

¢z =Y M (2, 0n;)0n (32)

n>1 j=1
where 7 > 0 (generally small); A, Ao, ..... are real numbers such that
A > A > A3 > o, {pn,n > 157 = 1,...,1r,} is an orthonormal basis of

Z constituted by eigenfunctions of the operator A defined by

Tn

Az = Z A Z(z, Onj)Pnj (33)

n>1  j=1

r, is the multiplicity of the eigenvalue \,. We suppose that:
sup A, = A1 <0 (34)
n>1

¢ is a self-adjoint operator and

Tn

#2 = TS (2, 005)0n (35)

n>1 j=1

The system (S;) can be considered as a discrete version of a diffusion
process. It is augmented by the output equation:
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(Ed) Y = Czk; k Z 0 (36)

and the operator B is given by (25) , i.e.

p
Buy, = E giuy,
i=1

where ug = (uj,, ....., u}).

For n > 1, let f,, be the function defined by

fo: Y — IR™

0 Fa(0) = (< C0,om >, < C0, 0y, > 1)
where Y* is the dual space of Y and let M,, be the matrix
My = ((9i; Pnj) )1<i<pii<jsr, (38)

We have the following characterization result.
Proposition 3.9 Actuators (2, g;)i=1,, are asymptotically efficient if and only
of
ker(C*) = (1) ker(Myf,) (39)
n>1

Proof: (S4) + (E4) is weakly remediable asymptotically if and only if

ker|B*(RG)"] = ker[(RZ)"] (40)
For 6 € Y*, we have:
(RX)0 =0+= (¢")fC*"0=0; Vk>0 <= C"0=0

Then

ker[(RE )] = ker(C™) (41)
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Moreover, we have

B*(R¥)*0 = 0 <= B*(¢")*C*0 = 0; ¥k >0
Indeed

B*(RX)*0 =0 <= B*(¢*)*C*0=0; Yk >0
({g1, (@)FC0) s oovvvss (Gps (7)FC0))" = 05 Yk > 0
(gi, (6")FC*0) = 0; VE>0andi=1,...,p

Since

<gi’ (¢*>k0*9> _ ZekAnr 271(9“ SOnj> <90n]-: C*9>

n>1 j=1

and

Zek/\m Z<9i7¢nj> {¢n;,C*0) =0 for k>0 and 7> 0

n>1 j=1
is equivalent to

Tn

Z(giagpnj> <g0n].,0*9> =0; Vn>1

j=1

then, we have the result.

Now, if the output is given by ¢ zone sensors (D, h;)i1<i<, Wwith h; €
L*(D;), D; = supp(h;) C Q and C is defined by (28), we have the following
result.

Proposition 3.10 Actuators (S, ¢;)i=1, are efficient if and only if

ﬂ ker(M,G!) = {0} (42)

n>1

where G, is the matriz defined by

Gn = (< hi:gpnj >) i=1,

q
J=Lrn
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Proof:
Since D; N D; = O for i # j, and measure(D;) > 0, then the functions
(hi)i=1,4 are linearly independent and hence

ker(C*) = {0}

using (41), we have

ker[(RE)'] = {0}

On the other hand, we have seen that B*(R)*0 = 0 is equivalent to

(g, (¢")FC*0) =0; Vk>0and VI =1,....., p

Since

<917 (¢*>k0*0> = ZekAnT Z < gi, Pnj > Z < @n]aC*e >

n>1

= Ze’“”2<gl,%]>20 < ujy i >

n>1

we have

(g1, (¢ k0*9>—0<:>26k’\”2<g1,g0n]>Z€ < Pnj hi >=0

n>1 j=1

We obtain by the same

Z<gl,g0n]>29 < Onj hi >=0;¥n>1, ¥l =1,.....,p

7=1

1.e.
MRGZH =0; Vn>1
Consequently
ker(B*(RE)") = () ker(M.GY)
n>1
and then we have the result. O

From the previous proposition, it is easy to deduce the following corollary.
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Corollary 3.11 If there exists ng > 1 such that:

rank(M,,G)) = q (43)
or such that
rank(G)) = q (44)
and
rank(Mp,) = Tn, (45)

then the actuators (€2, g;)i=1, are efficient.

The proof derive immediately from the fact that the conditions (44) and
(45) imply (43).

4 Minimum energy problem: The optimal
control

Under the condition (17) and the weak asymptotic remediability hypothesis,
we study in this section the problem of exact asymptotic compensation with
minimal energy in the case where the output is exact or affected by an obser-
vation error.

4.1 Case of an observation without error

In this paragraph, we suppose that there exists a control u € [*(U) such that:

HZXu+ RZf =0 (46)
We consider the following optimal control problem:

For f € 13(Z), does a minimum energy control u € (?(U) satisfying (46)?
Let

Dy = {u € I*(U) such that H¥u + R¥ f =0}
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D, is not empty. We consider the following function:

00 o) 2 2
Ja(u) = [[HZu+ RE flly + l[ullzqr

The considered problem becomes

min Jy(u)

ueD

For its resolution, we will use an extension of the Hilbert Uniqueness
Method (H.U.M.). For 0 € Y' =Y, let

1

161, = Q_ 1B7(9)*C6|[)>

k>0

}U/

|/, is a semi-norm. We suppose that it is a norm, this is equivalent to
assume that (S;) + (Ey) is weakly remediable asymptotically. Let us consider

Fy is a Hilbert space with the inner product

= (B*(¢")"C*0, B*(¢")FC*0); 0,6 € F,

k>0

We consider the operator A defined by

AZ = HZ(HE)
We have the following result:

Proposition 4.1 A has a unique extension as an isomorphism Fy; — F)
such that :

(AE?@, (5>y = <676>Fd ; VG,(S € Fd

and

HA%’OOHF; = HeHFd VO € Fy
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Proof:
Let 6 € F,;. We consider the linear mapping

AZO:6€Y — (AZ0,0)y € IR
we have

(AZ0)(0) = (AF0.6) = (> C¢*BB*(¢")"C"0.6)

k>0

= ) (B (¢")"C*0, B*(¢")"C*5) = (0,0)F,

k>0

consequently

((AZ0) ()] = €0, 9) ru| < [0l 101l s,

then A0 is continuous on Y for the topology of F,; and can be prolonged
continuously and in a unique way to Fy, then AX¥60 € F; and we have

(AZO,0)y =(0,0)p;VO €Y

then [AZ0]l, = 9],

The operator A : F; — FC; is linear. Using the Rietz theorem, it is easy
to show that it is surjective.
A% is also injective. Indeed, for § € F}; such that A%60 = 0, we have (A%0, 0) =
0, ie. [[0]7 =0, then 6 =0.
A% is an isomorphism F; — F)). O

We show hereafter how to find the optimal control ensuring the asymptotic
compensation of a disturbance f.

Proposition 4.2 If RY f € F, then there exists a unique 05 in FC; such that:

AZ0; = —REf

and the control up, = (HE)*0; satisfy

HZug, + R f =0
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Moreover, ug, is optimal and

Hu9sz2(U) - HefHF;

Proof: We have

AXG; = Z Co"BB*(¢")"C*0; = HFug, = —RE f

k>0

Dy is closed, convex and not empty. For v € Dy, we have:

2
Ja(w) = |[ullg,

Jy is strictly convex on Dy, and then has a unique minimum at u* € Dy,
characterized by:

(u,v—u*) > 0;Yv € Dy

For v € Dy, we have

(ug;, v —ug,) = ((HEF)Op,v— (HZ) 0p)
= (0, HZv — AZ0;) =0

Since u* is unique, then u* = ug, and uy, is optimal with

o, ||* = I1CHE) 017 = (87, AZ65) = (16712,

O

We give hereafter a characterization of the set of disturbances f which are
exactly remediable asymptotically. If Ej; is the set of such disturbances, i.e.

Eg={f €l*(Z): 3u € *(U) such that HXu + Ry f =0}
we have the following result.

Proposition 4.3 E; is the reciprocal image of FC; by RY, t.e.

/

RE(Ea) = Fy
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Proof:
Let y € FC; , there exists a unique 6 in FC; such that AF0 =y, then

HE(HE)0 =y

Let u be the control defined by:

u=(HX)"0

we have y = HZ¥u, and for f = —Bu € [*(Z), we have HXu = —RF f = vy,
then y € R¥ (Ey) .

Conversely, let y € RX(E,) , there exists f € (*(Z) such that y = RY f
and H¥u + R f = 0 with u € I>(U).

If we identify HZu with the linear map:

Ly 06Y—>(H8°u,9>

we have:

La(0) = (HZu,0)

= <Z C¢kBuk,9>

k>0

= 3 (u, BX(¢")"C0)

k>0

Then [La(0)] < [[ull2) - 101l 5,» consequently Lq is continuous on Y for the
topology of Fy and hence can be extended continuously, and in unique way,
to the space Fy. Then Ly € Fj and HX¥u = —RY [ = —y € F}, consequently
y € L, m

4.2 Case of an observation error

In this part, we assume that the system (S;) given by (10) is augmented by
the following output equation:

w=y+e (47)

where y = (yr)r>0 is the exact observation given by (11) and e = (ex)>0
is an observation error generally unknown.
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In the normal case where f = 0 and u = 0, the 'normal’ observation 6 = (0;) x>0
is given by

Ok = C¢k33'0 + ek
But in the case of a disturbance f # 0 and without control (u = 0), the

term corresponding in the observation to the disturbance f = (fx)r>0, is given
by

Rif = wy, — 0y

Moreover, if a control term Buy is introduced, the observation becomes

k k
wr = O+ Z CoF' f; + Z C¢*~ Bu,
=0 i=0

= O+ Rif + CHyu

Then, in this case (i.e. where the observation is not exact), the problem
of asymptotic compensation is similar to that considered for an observation
without error. It consists to study the existence of an input operator B such
that:

Vf e f € 1*Z): 3u € I*(U) such that the corresponding observation,
noted w(u), satisfies the asymptotic condition

wg(u) — 0, — 0 when k — +o00
With the same notations and as indicated in paragraph 3 about the rela-

tion between the finite time and the asymptotic cases, this problem can be
formulated as follows:

For f € f € 1*(Z), does exists a control u € [*(U) such that

REf+KZu=0 7

The results are similar, under hypothesis (17), and also in this case, the
optimal control ensuring the asymptotic compensation of a disturbance f =
(fx)k>0 is given by proposition 4.2 .
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5 Asymptotic remediability, asymptotic
controllability, stability and stabilizability

5.1 Asymptotic remediability and asymptotic control-
lability

In this part, we introduce the asymptotic controllability (which can be also
considered as a stabilizability problem), and we study its relationship with the
asymptotic remediability.

We consider the system described by the following equation

(50701) { Zk+1 ¢Zk + Buy, ; k>0

20 e 7 (48)

We suppose that ¢ satisfy the condition (16). In this case, the operator
H*> is well defined.

Definition 5.1 The system (Soq) is said to be exactly ( resp. weakly ) con-
trollable asymptotically if

Im(H™) =27 (resp. Im(H*®) =2 )
For the exact asymptotic controllability, we have the following result.

Proposition 5.2 The system (Soq) is exactly controllable asymptotically if
and only if

3y > 0 such that || z* ||z2< 7~

k>0

2
2 ’
U/] Ve Z

The proof derive from lemma 3.3.
Concerning the weak asymptotic controllability, we have the following char-
acterization.

Proposition 5.3 There is equivalence between
i) The system (So,q4) is weakly controllable asymptotically
ii)
Ker[(H*)"] = {0}
iii)

A = H*®(H>™)* is positive definite
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Proof:
i) equivalent to ii) derives from the definition and from the fact that:

ImH> = [Ker(H®)*|*
The equivalence between ii) and iii) derive from the fact that

< A®0,0 >=< H®(H®)*0,0 >=|| (H*)*0 |*

then we have

< A®0.0 >= 0 if and only if § € Ker[(H*)"]
O

We show hereafter that the remediability remain weaker than the control-
lability in the asymptotic case.

Proposition 5.4 If (Spq) is exactly controllable asymptotically, then (Si) +
(Eq) is exactly remediable asymptotically.

Proof: For # € Y’, we have

M@ colz = D @) IPIcHo
k>0 k>0
< M| C*0 % with M >0

using (16). Since (Sp4) is exactly controllable asymptotically, there exists
~v > 0 such that:

I C 015 < 7?0 | B (@) C8 |z

k>0

consequently, there exists n = M~? such that:

Y@ Colz<nd | B (@) Co |,

k>0 k>0

The result is then given by proposition 3.2. O
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Remark 5.5 The converse is not true.

We also have the following analogous result.

Proposition 5.6 If (So4) is weakly controllable asymptotically, then (Sq) +
(Eq) is weakly remediable asymptotically.

Proof:
(S4) + (E4) weakly remediable asymptotically is equivalent to

ker[B*(RX)*)] = ker[(R%)"]

1.e.

ker[B*(R¥)*] C ker[(R¥)]

or equivalently

ker[(H*>)*C*] C ker[(RZ)"]

because (H>®)*C* = B*(RY)*. Let 0 € ker[(H>)*C*|, we have
[(H*)*C*]0 = 0, then (C*)§ = 0 because ker[(H*)*] = {0}, then 0 €
ker(C™).

Since ker(C*) C ker[(Rg)*], we have the result. O

We introduce hereafter the notion of strategic actuators in the asymptotic
case.

Definition 5.7 Actuators are said to be strategic asymptotically if the corre-
sponding system (So,q4) is weakly controllable asymptotically.

From proposition 5.6, we deduce that also in the asymptotic case, strategic
actuators are efficient.

As it will be seen hereafter, the converse is not true. Let us note that in
the case of a discrete version of a diffusion process, i.e. where the operator ¢ is
defined by (32), the results are similar to those obtained in the finite horizon
case, using the analyticity property. In this case:

i) Actuators (£, ¢;)i=1, are strategic if and only if

rankM, = rp;Vn > 1 (49)
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In the case where all the eigenvalues are simple, i.e.

rm=1;Vn>1 (50)
then (€2, g;)i=1, are strategic asymptotically if and only if

rank(M,) =1;Vn > 1
For p =1, (21, g1) is asymptotically strategic if and only if

(91,0n5) # 05 Vn > 1 (51)

ii) The rank condition (49) is not necessary to have efficient actuators. For
example, in a two dimension case where the domain is a disk [4,5,6,7], one need
at least p = 2 to have strategic actuators, but one actuator can be efficient.
Moreover, in the case where the domain is a square, any finite number of
actuators can not be strategic, but here also, one actuator can be efficient.

iii) Actuators can be efficient without being strategic. Indeed, in the case of
a one dimension system with Q =|0, 1[, then for example g = ¢,,,, the actuator
(€2, g) is not strategic, using (51). But if the sensor (D, h) is such that

(hy Pno) # 0
the actuator (£, g) is strategic using proposition 3.10.

In the general case, and for p zone actuators (£, gi)1<i<p, We have the
following characterization result:

Proposition 5.8 Actuators (2, ¢;) 1<i<p are strategic asymptotically if and
only if

(g, 2) =0; Yk >0, Vi=1,.,p = 2 =
Proof: Derives from the fact that

(H®)* = (B*, B*¢", ..., B*(¢")F.oo )V

5.2 Asymptotic remediability and stabilizability

In this section, we study the relationship between the notions of stabilizability
and asymptotic remediability. This relation depend on the choice of the sensors
and is not so clear than the previous one with the asymptotic controllability.
Let us note that the problem of asymptotic remediability can be considered
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and solved for non stable systems, and as it will be shown, a non stable system
may be asymptotically remediable without being stabilizable.
We recall hereafter the notion of stabilizability.

Definition 5.9
The system (So.q) given by (48) is said to be exponentially stabilizable if there
exists a sequence of feedback controls

up =—Fz, with F € L(Z,U) andk >0
such that the system

{xk—i—l Z (¢—BK).I'k; kZO (52)

o 7
18 exponentially stable.

Let us note that the considered system can be a discrete version of a con-
tinuous time one. Indeed, if we consider the system described by the following
linear state equation

2(t) = Az(t) + Bu(t) + g(t) ; t>0
(53)
2(0) = 2
augmented by the following output equation:
y(t)=Cxz(t) ; t>0 (54)

where A generates a strongly continuous semi-group (s.c.s.g) (S(t))>0, B €
LU, Z), C € L(Z,)Y), g € L*(0,+00; Z); u € L*(0,+oc0;U). For 7 > 0
sufficiently small, the corresponding discrete version is as follows

2kl = Oz + Bug + fi
{zer; k>0 (55)
augmented by the output equation, also noted (Ey)
yp=Cz; k>0 (56)

where z; = z(k7); up = u(k7) and
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¢=S8(1) ; Bup= /OT S(t — s)Bug(s)ds ; fr= /OT S(T —s)gr(s)ds (57)

u and g, are respectively the restrictions of v and ¢ to the time interval
[k7, (k + 1)7[. If 7 is small, u;, and g can be assumed to be constant on the
interval [k7, (k + 1)7[.

Concerning the stability, if ¢ is defined by (32), i.e. A given by (33), then
the system

21 = Q2
{ 20 € 4 k>0 (58)

is exponentially stable if and only if

sup Re(\,) <0 (59)

n>1

For a non stable system, we have the following result [8,9]

Proposition 5.10

We assume that there exist a finite number ng > 1 of non negative eigenvalues
noted Ai, ..., \n,. Then the system (Soq) excited by p actuators (S, gi)iz=1p 1S
stabilizable if and only if

i)p> sup 7,
1<n<ng

i) rank M, = r, for 1 <n < mng, with M,, defined in (38).

The proof is similar to that established in the continuous case.

As it will be shown in the following paragraph, a system may be remediable
asymptotically but not stabilizable.
But for a non convenient choice of sensors and actuators, the system may be
stabilizable without being remediable asymptotically. Various other situations
are also examined.

6 Case of a discrete version of a diffusion
process

In this part, we examine the case of discrete version of a diffusion system
respectively with a Dirichlet and a Neumann boundary conditions [5,6, ...,11].
We consider without loss of generality a one dimension, the results are similar
in a higher space dimension (for example if €2 is rectangle or a disk).
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6.1 Dirichlet case

We consider the system excited by p zone actuators

P

wgﬁ _ xt+§:% t) + G(x,t) in Qx]0, +oo]
(Stie) 2(z,0) = z(z)in Q
| z(z,t) = 0on 0Qx]0,+oo]

with G € L*(0,+00; Z) ; u € L*(0,+o0; U).
The discrete version of (6.1) is as follows

(SLd) { Zk+1 = ¢Zk + Buk + fk

weZ : k>0 (60)

It is augmented by the discrete output equation given by ¢ zone sensors

(El,d> Y= (<h17 Z>7 T <hQ7 z>)tT

For Q@ = |0, 1], the Laplacian operator A admits an orthonormal basis of
eigenfunctions defined by

©n(€) = V2sin(nmé);n > 1

The associated eigenvalues are simple (r, = 1 for n > 1) and given by
A, = —n’1%n>1

A generates a s.c.s.g. (S(t))t>o defined by:

z—Ze””tzgangpn (61)

which is self-adjoint and exponentially stable. In this case, the operator ¢
is given by

+o0
Oz = Ze_” Tz, On)Pn (62)
n=1
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and the system (60), with u = 0 and f = 0, is exponentially stable. The
operators H>* and H®® defined respectively on ¢*(U) and ¢*(Z) by

+00 +oo
H*u = Y ¢"Buy and Hf = > ¢*fi (63)
k=0 k=0

are well defined. The asymptotic controllability is then well defined. On
the other hand

(S1,4) + (E1,4) is exactly remediable asymptotically if and only if, there
exists v > 0 such that: for all § = (6, - -, 6,) € IR?, we have using corollary
3.6

Z 277,277'2 Ze 173071 < P)/ZZ Ze—n " kT 93,9071> Zez<hzagpn>)2

=1 k>1 n>1 =1

In the case of one sensor and one actuator (p = ¢ = 1), this inequality
becomes

> ﬁ[ﬂh, )2 <D 1D e TR (g, 00)0(h, o))

n>1 k>1 n>1
or

1
Z 2n27r2 2 < 72 Ze itk 9790%><h790n>]2

n>1 k>1 n>1

(S1,4) + (E1,4) is exactly remediable asymptotically for example if g = h =
©¥n, With ng > 1. But the corresponding system (S 4) is not exactly control-
lable asymptotically because it is not weakly controllable asymptotically.

Now, in the case of one actuator (€2, ¢1) and one sensor (D, h), consider

ng > 1 such that (h, ¢n,) # 0, we have rank(G} ) =1
(Q4, g1) is then efficient if (g1, @n,) # 0, or equivalently

/Q g1(&§)sin(nm&)d # 0

For example, if g1 = ¢y, (€1,91) is efficient (using (42)), but it is not
strategic because the condition

1
/ g1(§)sin(nm&)d{ #0; n > 1
0

is not satisfied.



Asymptotic compensation in discrete distributed systems 127

Remark 6.1 In the Dirichlet case, the s.c.s.g. (S(t))i>o is exponentially sta-
ble, the problem of stabilizability is not posed, but it will be considered in the
Neumann case where (S(t))i>o is not stable.

6.2 Neumann case

In this par, we consider the following one dimension system with a Neumann
boundary condition

LD At G+ > (et in 10,1610, o0
(Sa.c) z(x,0) = zo(x) in 0, 1]

0z(0,t)  0z(1,t) .
| 5, = =0 in ]0, 40|

In this case, we have

S(t)z=>Y e (2, 0n) on

n>0

with

Pn(§) = \@COS(an);n > 1land pyg =1

The eigenvalues are given by

)\n:—n27r2;n21and)\0:0

(S(t))>0 is not exponentially stable. The operator ¢ is given by

+oo
Oz = Ze_” T2, OnYPn (64)
n=0

In this case, the corresponding discrete system

Zg+1 = Oz + Bug + fi
(S2.) { weZ; k20 (65)

with u = 0 and f = 0, is not exponentially stable and the number of
non negative eigenvalues is ng = 1. The operators H>* and H> defined by
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+o0o +o0o
H*u = Y ¢"Buy and Hf = > ¢*fi (66)
k=0 k=0

are not generally well defined respectively on ¢*(U) and ¢*(Z). Conse-
quently, the asymptotic controllability is not well defined.
The system (S2,4) is augmented by the output equation:

(Ba,a) yr = ((has2k) 5o (hgy 21))" 5 k>0
with hy, - - -, hy orthogonal to ¢ , i.e. to the unstable part:
(hispo) =0; 1 <i<gq

The operators HZ® and R are then well defined and the characterization
results are similar to those obtained in the Dirichlet case.

Concerning the stabilizability, in the case of one actuator and using propo-
sition 5.10, the system is stabilizable if and only if

rankMy =1y =1

this is equivalent to

<97900> 7& 0

As seen, the stability condition is not necessary for considering the asymp-
totic remediability. Moreover a system may be remediable asymptotically with-
out being stabilizable. Indeed, for g = ¢,, with ng > 1, we have (g, o) = 0
and then the system is not stabilizable. But if also h = ¢,,,, we have

<h7 900> =0

The problem of asymptotic compensation is well posed. We have

(9, no) (hypny) =1 #0
The system is then remediable asymptotically.
Conversely, the system may be stabilizable but not remediable asymptoti-

cally. Hence, if g = g, we have (g, po) # 0 and then the system is stabilizable.
But for h = ¢,,, with ny > 1, we have

(g,00)(h, o) =0; ¥n >1
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and then the system is not asymptotically remediable.

Let us note that with a convenient choice of actuators and sensors, a non
stable system may be stabilizable and remediable asymptotically. But it may
be also non stabilizable and non remediable asymptotically. These situations
are illustrated here after:

- For g = 1, the system is not stabilizable because (g, o) = 0. On the
other hand, if h = ¢y, we have

(g, 0n)(h,0,) =0; ¥n >1

then, the system is not also asymptotically remediable.

- For g(z) = 2z, we have (g, o) = 1. consequently, the system is stabiliz-
able. But if h = ¢, we have

<ha 900> =0

The problem of asymptotic compensation is well posed. We have

(g9, p1)(h, 1) #0

and hence, the system is also asymptotically remediable.

7 Approximations and numerical simulations

This section is consecrated to numerical approximations and simulations of
the asymptotic compensation problem. We give an approximation of 0 as
a solution of a finite dimension linear system Ax = b, and then the optimal
control ug,, with a comparison between the corresponding observation noted
Y(ug,.f); the normal one (i.e. y,0)) and yo,5))-

7.1 Approximations

e Coefficients of the system :

For 7,7 > 1, let

+oo
aj; = < ZQ([>Q*(I>€“€J >
I=0

Ra
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where (1) is the operator

QI): RF — RY
r — C¢*Bx

and (e;)1<i<q is the canonical basis of RY. We have

Q(Ix=C®'Bx=C Z efAmT Z < Bz, i >12(Q) P

m>1 =1
and
Q*(I): R — RP
Yy - Z elAmT Z < Vmi, C*y >12(Q) B*Spml
m>1 =1
then
QUQ*(I)e; =

cy. Zm > ZneumTeunT < BB 0uk, Pmi >12@)< Pnk, C7€i >12(Q) Pmi

m>1 =1 n>1 k=1

and

P

Qij = Z anznz m < Gs) Pnk > L2(Q)< Jss Pml > L2(Q) -

m>1 =1 n>1 k=1 s=1
< Onks Ni >12(0)< @mi, 1y >12(D;)

M 7 N 7 P

Z ZZZZ 1_6(,\%"1)7— < Gs, Pnk >L2(QS)< Gs; Pmi >L2(Q) .

m=1 =1 n=1 k=1 s=1

12

< Pnks hi >p2(0)< Ymi, b >12(D;)

for M, N sufficiently large, and

bj = —< R%of, €; >Ra

— _ZZZ (ep\nT < f[(-),SOnk >r2o)< hj, onk >L2(D]-))

n>1 k=1 I=0

Tn o0

N
— Z Z (6”‘"7— < fl(')a Pnk > 12(Q)< hj,SOnk >L2(Dj))

n>1 k=1 I=0

12
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e Optimal control :
In this part, we give an approximation of the optimal control ug,, we have

uwf = B*(CI)*)IC*Qf

The function coordinates of u;g,(.) are given by

Tn q
, N
ujfﬁf - Z Z Zel Tei,f < his onk >r2(Q)>< Gj; Pnk > L2(Q;)

n>1 k=1 i=1

12

Tn q
Z Z Z eD\nTei,f < hi7 Pnk >L2(Q)>< 9js Pnk >L2(Qj)

n>1 k=1 i=1

for a large integer V.

e Cost: The minimum energy (cost) is defined by || ug, |2

1
2

| wo, |lizen= (Z |B™(® C*efHRp>

[N

2
p
= Z ( Z Oi.r < his Onk >12(0)< 95> Pk >12(9; ))
7=1 n>1 k=1

[N

12

2
Z (Z f < hu%pnk >2(Q) < Gj; Pnk >L2(Q ))
n>1 k=1 i=1

7=1

for N sufficiently large.
e The corresponding observation :

The corresponding observation is given by

I I
Yrus, = C1g, = C (cbfzo +Y _®'Buyy, +>_ @'B fJ(.)>
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Its coordinates ((y} o ) ) are obtained as follows:
Yor )10/
="/ j=lq

Tn

] I\
y}ﬂief = elAnT 20, Pnk >L2(Q) < hj, Onk >L2(D]-)
n>1 k=1

o

1
T
Z < i ook >r2@)< by Pk >r2(py) Y€ Ul
i=1 J=0

Tn

+

I
Thn
< hj, ok >12(D;) E e < f1(), nk > 120
n>1 k=1 J=0

Tn

I\,
e "< 20, Pk >r2(0) < Ry, Pnk >12(D))

[
WE

n=1 k=1

bS]

N 1 I

TAn

3 NN < g ok 1@< By Pk >12(py) D €Uy,
n=1 k=1 i=1 J=0

N 1 I
+ Z Z < Ry, Pnk >12(D;) Z‘?J/\"T < f1(.), onk >r2(0)
J=0

n=1 j=1

for N sufficiently large.

7.2 Numerical simulations
7.2.1 Dirichlet case

We consider the discrete version (S4) of system (S;.) in the one dimension
case with Q =]0,1[ and a Dirichlet boundary condition. In this case, the
functions ¢, (.) are defined by

©n(€) = V2sin(nm€) ; n>1

The associated eigenvalues are simple and given by

Then for
* an initial state: 29(.) =0,
* a sensor (D;h) with D =]0,1[ and h(¢) = V2€2 (¢ =1)
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x an efficient actuator (2,g) with Q =]0,1[ and g(¢) = 2¢*

* a disturbance defined as follows

sin(I)ei!¢ if I =0,1,...100
f(1,€) =

Il e ml¢ if T > 100

* M =N =10
* 7 =0,02

we obtain numerical results which illustrate those established previously.

To simplify the notations, let us note y(u, f) = (yr(u, f))r>o the discrete ob-
servation corresponding to the control u and the disturbance f. Hence y(0, f)
(respectively y(0,0)) will represent the observation for u = 0 (respectively the
normal observation, i.e. v =0 and f = 0).

The figure 1 represents the evolution of the observations y(u, f), y,5) and
Yo, = 0 with respect to I. This figure show that for I sufficiently large
(I > 25), we have

yl(uefaf) ~ y1(0,0)

0.6 T T T T T T T T T

Ohsery ation

0.2 I I I I I I I I I
1] 10 20 30 40 50 60 70 g0 90 100

Time
Figure 1: Representation of Yua,.1)s Y(0,0) and yo,r) n the Dirichlet case.

The optimal control ug, ensuring the asymptotic compensation of the dis-
turbance is represented, with respect to I, in figure 2.
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Y SR S TSSO U SR SRS U RO SN SO

Optirmal control

04 : : : : : : : : :
Y| IS R R O O S S -
O L L U SO SO -

S O AN R Ut S AP S .

P N T R S A R

Time
Figure 2: The optimal control: Dirichlet case.

7.2.2 Neuman case
We consider the system (53 4) with Q =|0, 1] and a Neuman boundary condi-
tion, in this case

©n(€) = V2cos(nm€); n>1 and gy =1

and

Ap=—n’12; n>1 and Ay =0
For
* an initial state: 29(.) =0,
x a sensor: (D,h), with D =]0, 1] and h(§) = &eb
* an efficient actuator (2, g) with Q =]0,1[ and g¢(&) = cos(5€)

* a disturbance function defined by

I+
f(I,¢) = 480_6055 ++1)2) 271618 for I >0

* M =N=10
*7=1073
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we obtain similar numerical results. In figure 3, the observations Yua,.f)>
Y(0,0) and ¥y o,r) are represented. We remark that also in the Neumann case, we
have

yr(u,, ) ~ y1(0,0) for I > 40

Ohsery ation

i G
3%

" h h h
E';‘?!h | | | | | H | H

S, 3 ..m?‘tm-ln—rﬂtmmuﬂtct-im-hauu«{omuaukwmauiuwahouw
h \ \ \ 1 1 ' 1 H
h h h h h h ' h '

PO T T S N S R MRS
1] 10 20 20 40 50 G0 7o 80 a0 100
Tirme

Figure 3: Representation of y(ue,, f)), y(0,0) and y(0, f) in the Neuman
case.

The figure 4 represents the optimal control s, .

2.5 T T T T T T T T T

H H
R e BT R T EEE P —

Optirnal contral

0.5 ' ' ' ' ' ' ' '
P R L A------ Calaiaieieial Fommm-- To----- A------ R Fommmm- F----- —
' ' ' ' ' '

a0 60 70 80 90 100
Time

Figure 4: The optimal control: Neuman case.
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Conclusion

In this papers which is an extension of previous works to the asymptotic dis-
crete case, we have firstly introduced and characterized the notions of asymp-
totic weak and exact remediability as well as asymptotic efficient actuators.
Then, using an extension of the Hilbert Uniqueness Method, we have shown
how to find the optimal control ensuring the asymptotic compensation of a
known or unknown disturbance, and given a characterization of the distur-
bances which are exactly remediable asymptotically.

We have also defined and characterized the controllability and strategic
actuators in the discrete asymptotic case.

We have shown that also in the discrete asymptotic case, the controllability
remain stronger than the remediability, and hence that asymptotic strategic
actuators are asymptotically efficient. The converse is not true.

The relationship between the asymptotic remediability and the stabilizabil-
ity is also studied. This relation depend on the choice of the actuators and
the sensors. The discrete version of diffusion system is examined. Illustrative
examples, numerical approximations and results are also presented.

The results are developed for a class of discrete linear distributed systems
and for zone actuators and sensors, but the considered approach can be ex-
tended to unbounded operators (pointwise sensors and actuators) with a con-
venient choice of spaces, and also to other classes of systems or other similar
problems.
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