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Abstract

In this paper, we formulate a delayed IS-LM model of business cycle.
This model is represented by the Gabisch model [2] in considering the
Kalecki assumption on time lag investment [5], i.e. there is a time shift
after which capital equipment is available for production. A similar
idea has been proposed by J. Cai [1], but the main difference with our
model is the inclusion of the time delay into capital stock in capital
accumulation equation. The dynamics are studied in terms of local
stability and of the description of local Hopf bifurcation, that is proven
to exist as the delay (taken as a parameter of bifurcation) cross some
critical value. Additionally we conclude with an application.
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1 Introduction

Kalecki (in 1935, [5]) was probably the first economist to introduce time delay
in business cycle model, which is the result of time interval required between
investment decision and installation of investment capital.

Besides the influence of Kyenes (in 1936, [10]) and Kalecki (in 1937, [6]), Kaldor
(in 1940, [4]) proposed his first nonlinear business cycle model by an ordinary
differential equations as follows

dt

{ D o[I(Y (1), K(t)) — S(Y(t), K(1))],
t
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where Y is the gross product, K is the capital stock, « is the adjustment
coefficient in the goods market, I(Y, K) is the investment function and S(Y, K)
is the saving function.

In (1977, [12]) Torre revised and updated this model by replacing the capital
stock K (t) with the interest rate R(t) to formulate the following standard
IS-LM business cycle model

{ ay _ a[I(Y(t), R(t)) — S(Y (1), R(1))],
BIL(Y (1), R(t)) — M],

where M is the constant money supply, 3 is the adjustment coefficient in
money market and L is the demand for money.

In (1989, [2]), Gabisch and Lorenz considered an augmented IS-LM business
cycle model as follows

where ¢ is the depreciation rate of capital stock.
Based on the Kalecki’s idea of time delay (see [5, 8] for more information), Cai
(in 2005, [1]) presented the following delayed IS-LM model:

(Y (1), K(1), B(t)) = S(Y (t), R(1))],
G =1 (t—7), K(t),R(t) — 0K(t), (1)
4 = BILY (1), R(1)) — M],

dY
G =oll

with 7 is the time delay needed for new capital to be installed, and he inves-
tigated the local stability and the local Hopf bifurcation for (1) in the linear
case.

In this paper, we think that it’s more interesting to introduce the delay 7 into
gross product, capital stock and interest rate, because the change in the cap-
ital stock is due to the past investment decisions (see [9], p103). Thus in the
following analysis we will consider the following delayed IS-LM business cycle

model:

alI(Y (1), K(t), R(t)) — S(Y(¢), (t))],

( (t—=7),K(t—7),R(t—T)) = dK(t), (2)
4B — BIL(Y (), R(t)) — M],

dt

The dynamics are studied in terms of local stability and of the description of
the Hopf bifurcation, that is proven to exist as the delay (taken as a parameter
of bifurcation) cross some critical value. In the end, we give some numerical
simulations which show the existence and the nature of the periodic solutions.
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2 Steady state and local stability analysis

As in Cai (2005, [1]), we assume that the investment function I, the saving
function S, and the demand for money L are given by

[(Y7K7 R) = 77Y_51K _ﬂlRa

S(Y,R) = 1,Y + R,

and
L(Y,R) =LY — B3R,

with 01,11, ls, 01, B2, P35 are positive constants. Then system (2) becomes:

D —al(n—L)Y(t) — 6K — (B + B)R(t))],
{ W —nY(t—7)— 6 K(t—7)—0K(t) = BiR(t—7), (3)

4t — Y (t) — B3R(t) — M].

dt

In the following proposition, we give a sufficient conditions for the existence
and uniqueness of positive equilibrium E* of the system (3).

Proposition 2.1 Define

© = 0(Bsn — Pila) — (6 + 01)(Balz + Bsly),
and suppose that
(H1): © < 0;
(H2): (6 4 61)l1 — on < 0.
Then there exists a unique positive equilibrium E* = (Y*, K*, R*) of system
(3), where Y*, K*, R* are given by

vr_ —((B1 + 2)8 + Bad1) M

- , @
K* _ _<61l1 + ﬁ277)M’ (5>
©
and —
©
Proof.

(Y, K, R) is a steady-state of (3) if

v _dK _dRr_
at  dt  dt
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that is
(n—=0)Y —6K — (61 + )R =0,
nY — (04 01)K — AR =0, (7)
LY —3R— M = 0.
We have

n—1h —01 —(B1 + B2)
det n  —(0+6) — = §(0sn — Bila) — (0 + 01)(Bala + Bslh)
ly 0 —03
(8)

= 0.

In view of hypotheses (H1) and (H2) of proposition 2.1 it’s clear that system
(7) has a unique positive solution given by (4), (5) and (6).

In the next, we will study the stability of the positive equilibrium E* with
respect to the time delay.
The characteristic equation associated to system (9) takes the general form

P(A) + Q(Nexp(—=AT) =0 (9)
with
POA) =X+ AN+ B A+ C
and
Q(\) = DX+ EX+ F,
where
A=0+0B—aln—1),
B = afla(Bi + B2) + BB36 — a6 + BB3)(n — 1),
C = aB6[(B1 + B2)la — Bs(n — 11)],
D= 517
E= 51(&53 + O[ll),
and

F = af6,(52la + Bsly).

Recall that the equilibrium of (3) is asymptotically stable if all roots of (9)
have negative real parts, and the stability is lost only if characteristic roots
cross the imaginary axis, that is if pure imaginary roots appear. In order
to investigate the local stability of the steady state, we begin by considering
the case without delay 7 = 0. This case is of importance, because it can be
necessary that the nontrivial positive equilibrium of (3) is stable when 7 = 0
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to be able to obtain the local stability for all nonnegative values of the delay,
or to find a critical values which could destabilize the equilibrium.
When 7 = 0 the characteristic equation (9) reads as

N+ (A+ D)V + (B+E\+(C+F)=0. (10)

From (H1) we have C'+ F' > 0. Hence, according to the Routh-Hurwitz crite-
rion, we have the following,

Proposition 2.2 For 7 = 0, the equilibrium E* is locally asymptotically
stable if and only if
(H3): A+ D > 0;
(H}): (A+D)(B+E)—(C+F)>0;
where A, B,C, D, E, are defined in (9).

We assume in the sequel, that hypotheses (H1), (H2), (H3) and (H4) are
true, and we return to the study of equation (9) with 7 > 0. Clearly, \(7) =
u(T) + iv(7) is a root of equation (9) if and only if

u® — 3uv® + Au® — Av? + Bu + C = — exp(—ut){Du? cos(vT)

—Dv? cos(vT) + Bu cos(vr) + F cos(vr) + 2Duv sin(vr) + Evsin(vr)}, (11)

and
3u?v — v 4+ 2Auv + Bv = — exp(—u7){2Duw cos(vT)

+Evcos(vr) — Du?sin(vr) + Dv?sin(vr) — Eusin(vr) — Fsin(vr)}, (12)
We set u = 0 into the two equation (11) and (12) to get

—Av? + C = (Dv? — F) cos(vr) — Evsin(vr), (13)

and
v® — Bv = Bv cos(vr) + (Dv® — F) sin(vT). (14)

Squaring and adding the squares together, we obtain
08 + avt + bv? 4+ ¢ =0, (15)
with a = A> — D? - 2B, b= B? —2AC — E? + 2DF, ¢ = C*? — F?,

where A; B; C'; D; E are given by (9).
Letting z = v?, equation (15) becomes the following cubic equation

h(z) = 2> +az* + bz +c=0, (16)
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Lemma 2.3 [11] Define
A = a® — 3b, (17)

(i) If ¢ < 0, then equation (16) has at least one positive root.

(i1) If ¢ > 0 and A <0, then equation (16) has no positive roots.

(ii) If ¢ > 0 and A > 0, then equation (16) has positive roots if and only if
z:=L(—a+VA) >0 and h(z) < 0.

Suppose that equation (16) has positive roots. Without loss of generality, we
assume that it has three positive roots, denoted by 2, 25 and z3, respectively.
Then equation (15) has three positive roots, say

U1 :\/Z_1;U2:\/Z_2;U3:\/%
Let

5~ L arccos( (A C)F = Do) + (17 — Buy B

2y, 1=1,2,3;7=0,1....
(% (Dvl_F)2+E20l2 )+ ]ﬂ-]7 y 4y 905 ] 5

Then +iv; is a pair of purely imaginary roots of equation (9) with 7 = le ,
1=1,2,3; j=0,1.... Clearly,

lim 77 = 00,l =1,2,3.

J—00
Thus, we can define

T =T = _min 23(7'1]'),1)0 = Uy, (18)

From proposition 2.2 and lemma 2.3, we have the following lemma.

Lemma 2.4 Suppose that (H1)-(H4) hold.
(i) If one of the following:
(N1) ¢ >0 and A < 0;
(N2)c>0A >0, and Z < 0;
(N3)c>0A>0,Z>0, and h(Z) < 0;
is true, then all roots of equation (9) have negative real parts for all T > 0.
(i) If c <0, 0orc>0, A >0,Z>0 and h(z) < 0, then all roots of equation
(9) have negative real parts when T € [0, 79),
where A and Z > 0 are defined in lemma 2.1.

Next we need to guarantee the transversality condition of the Hopf bifurcation
theorem (see [3]). Let A(7) = u(7)+iv(7) be the root of equation (9) satisfying
u(my) = 0, and v(7y) = vp.
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Lemma 2.5 Suppose that (H1)-(H4) hold.
If one of the following:
(S1) ¢ <0, and I (v3) # 0;
(S2) ¢ >0, A>0,Z>0 and h(z) < 0;
18 true, then

dRe(1p)
dr

where 1y, and vy are defined in (18).

Proof
By differentiating equations (11) and (12) with respect to 7 and then set
T = Ty. Doing this, we get

>0,

dU(To) dv (7'0)

G Gy = Hy, (19)
du<7'0) d'U(To) .
~G o+ G = (20)

where
G1 = —3v3 + B+ (E + Dvity — Fry) cos(vemo) + (2Dvy — Evgry) sin(veTo),
Gy = —2Avy + (—2Dvy + Evgrg) cos(vemo) + (E + Dvgmy — F'1o) sin(vomo),
H, = (—Dv3 + Fuy) sin(voTy) — Evg cos(voTo),

and
Hy = (—Dv3 + Fug) cos(vom) + Evg sin(vgTg).

Solving for % we get
du () _ G H, — GyH, (21)
dr G2 +G%
Therefore, we have
du(m) _ o3 () )

dr — G2+ G3
Note that if h(Z) < 0, then 1/(v3) # 0, because h(+o0) = +o0 and h(0) = ¢ >
0.
Thus, if A'(v3) # 0 we have the transversality condition:

du(To)

dr
If % < 0 for 7 < 79 and close to 7, then equation (9) has a root A(7) =

u(T) + tv(7) satisfying u(7) > 0, which contradicts (ii) of lemma 2.4. This
completes the proof.

£ 0.

By lemmas 2.4 and 2.5, we obtain the following theorem.
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Theorem 2.6 Assume that (H1)-(H4) hold,
(a) If (i) of lemma 2.4 holds, then, the equilibrium E* of system (3) is locally
asymptotically stable for all T > 0.
(b) If (S1) or (S2) in lemma 2.5 holds. then there exists a positive Ty such
that, when T € [0,79) the steady state E* is locally asymptotically stable, and
a Hopf bifurcation occurs as T passes through o, where 1y is given by

o 1 Arecos (AvZ — C)(F — Dvd) + (v3 — BUO)EUO’

23
Vo (Dvg — F)? + E?03 (23)

and vy is the least simple positive root of equation (12), with A, B,C, D, E, are
defined in (9).
3 Application

Proposition 3.1 If
a=0.96;8=26=0206 =050 =F= ;=021 =l = 0.1; = 0.4; M = 0.05.
Then systems (4) have the following positive equilibrium

E* = (0.5624,0.3125,0.03125).

Furthermore, the critical delay corresponding to (3) is 1o = 2.437523028.

By theorem 2.1 and proposition 3.1, we have if 7 < 2.437523028, then E* is
locally asymptotically stable (see Fig.1). If we increase the value of 7, then
a periodic solution occurs at 7y = 2.437523028 (see Fig.2) and E* becomes
unstable for 7 > 2.437523028 (see Fig.3).
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Figure 1: For 7 = 2 solutions Y(¢) (blue line), R(t) (green line), K(t) (red
line) of (3) are asymptotically stable and converge to the equilibrium E*.
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Figure 2: When 7 = 2.4375, a Hopf bifurcation occurs and periodic solutions
appear, with same period for the three solutions Y (¢) (blue line), R(t) (green
line), K(t) (red line) of (3).
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Figure 3: The steady state E* of (3) is unstable when 7 = 3.
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