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1. Introduction

Conservation laws for nonlinear hyperbolic problems rise in applied science as
fluid mechanics ([8], [12]), electrochemical engineeringg, semi-conductors theory,...
Systems of hyperbolic equations are systems of partial differential equations which
govern a large classes of applied problems among these last appear the most fun-
damental problems. For example, wave equations, Euler equations of gas dynamics
(18], [12])...

Several Studies ([1], [2], [10]) have been doing on the conservation law problems
where outside forces are zeros (particles motion of uniform fluid).
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Consider the following problem:

ou  10(u?) 0?%u
o toor ~ St

It is well known that this problem admits an unique solution ([3], [5], [7]) u, €

C3(Ja, b[ x |0, T[). When 7 — 0, we arrive to study the following Biirgers equation:
2

where u denotes velocity of particule and f is source function (outside force). This
problem does not admit an unique solution. Beyond some critical time ¢y , the
classical solution does not exist. There exists at least a weak solution defined for
the time ¢t > ;. Nevertheless, the class of weak solutions is very large to ensure
the uniqueness solution. We will choose an entropy unique solution among all weak
solutions.

This paper is concerned with the proof of the existence and uniqueness of an
entropy solution for Burgers equation with additive source term (outside forces act
on fluid particles). Some estimations are given.

2. Existence and Uniqueness of an Entropy Solution

We will prove the existence and uniqueness of an entropy solution of Burgers
equation for = € Ja, b[ and ¢ > 0. Find u defined on |a, b[ x |0, co[ and verified

2 3—? + 58(522) = f(x, t), (z, t) € a, b] x ]0, 00|

2.1) u(z,0) = up(x), x € la, b|
w(z, T) =ur(x), = €la, b
u(a, t) =ui(t), te€]o, oof
L | u(b, t) =us(t), te]0, oof
Suppose

f € C%*(a, b] x 10, co[) N L(Ja, b] x 10, oo[), ue € C*(]a, b]),

up and uy € C?(]0, o) N L>=(]0, oof), u1(0) = ug(a) and wua(0) = ue(b).

To prove the existence theorem, we use a viscosity method ([1], [6]) based on the
following equation:

ou; 10(u.) 0%*u,
o T3 ar WP TTEE

with 7 > 0, 7 tends to zero, and same initial and boundary data.

(2.2)
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By an argument of compactness, we will obtain the convergence (in L') of an
extract sequence {u, }. This last tends to a solution u of (2.1) as 7, — 0,and
characterized by a particular formulation which assure the uniqueness of solution.

Notations:

e We will use the bounded variation functions space on an open set €2, denoted
BV(€) ([11]) defined by

u € BV(Q) < ||ul| = sup(/udiv¢ dzr) < 400
$eA
0

where
A={p€eD(Q): ¢, <1}.

e We take () = I in a space of dimension 1. We have

1 [
we BV(Q) & [uf = (liné)(;/ u(z + 1) — u(@)| de) < +o0.
H— a

Denote A([) the set of discrete subdivisions of I, namely the set of creasing

finite sequences {z¢ = a, 21, ..., zx = b} . Then
N
weBV(Q) & |lul = sup (O |ul@i) —ul;)]) < +oo.

{z:}eAI) i=1

e ||u|| is a semi norm on the space of BV (Q) called total variation of w.
e BV(Q) is a Banach space in adding |u/_.
e Put Q = Ja, b[ x ]0, T, with T" > 0, we have
W (Ja, B[ x 10, T) € BV (Ja, b x |0, T]).
For a space of dimension 1, we have
BV (Ja, b]) < L>*(Ja, b]).
e A function u of BV (Ja, b[) admits in any point a right and left limits.
e Let u € BV(Q); for almost any ¢ € |0, T'[, u(., t) € BV (]a, b[) and so admits
left and right limits in all point. This enables to prove existence of traces at
a and b. (these points are achieved for a convergence almost every where) and
thus in L'(]0, T[) by dominated Lebesgue theorem of convergence.
e In the same way, for almost any x € |a, b[, u(t, .) € BV(]0, T[) and admits

left and right limits in all point. Then u admits a trace at ¢t = 0, achieved for
a convergence almost every where and thus in L'(Ja, b[) as t — 0.

Theorem 1. ([1])(Riesz-Tamakin) The injection of Wh1(Q) in L1(Q) is relatively
compact.
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Theorem 2. ([1], [10])(Helly) The injection of BV (2) N L>(Q2) in LY(Q) is rela-
tively compact.

So, We will extract a convergente sequence in L'(Q) from all bounded family of
WH1(Q). Moreover, a limit of this sequence is an element of BV (2) N L>(1).

Lemma 3. ([9], [1])(Saks) Let Q be an open set of R", and v € C*(2). Then

lim / |Vu|dx = 0.
(=0m>0) - Szl <n}

We introduce the sign function for n > 0, z € R,as

1 if z>n
sgn(z) = % if —n< z<ny
-1 if z< —n,
moreover
1 if z>n
lim sg,(2) = sgo(2) =< 0 if z2=0
(n—0) .
-1 if z<—y

and a function ab, defined on R by
z) = [sgy(x)dx
0

daby(x
a’;( ) = sgn()

Oaby(y(x)) _ Oab z)) oy __ 9
Do = vgz( 2 or = 9059n(Y)

approachs the absolute value under limit

lim ab = aby(x) = |z|.

T aby () = abo(z) = |
Theorem 4. The problem (2.1) admits an unique solution u € BV (Ja, b[ x 0, T[) N
L>(]a, b] x 10, T'[) characterized by

Tb
JJ (lu = & 52 + sgo(u — k) (“525) 52 + f (2, t)))dwdt + } |uo() — k[ o (z, 0)dx

0a

T
> [sgo(ua(t) — k)(“20=2e % o, )dt — fsgo ) (a2 o ) dt
0
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Lemma 5. We have

’UT’Lw(}a, vixjo, ) < Mo = Mal’(\“l’mo(}o,T[) ) ’u2’L°°(}O,T[) ) ’“0’Lw(}a,b[) ) ’uT’Loo(}a, b[))'

Proof. If u, appears as maximum at (xq, to) € ]a, b[ x 0, T'[, we will have in this
point
au’?’ 32u7

am (.I'(), to) = 0, W(l’o, to) S 0

then (by (2.2))

ou,
ot

(.I'(), tO) < f(xoa tO)

a) If

f(xo, to) <0 = aa? (0, to) < 0.

Such maximum does not appear therefore inside of |a, b[x]0, T'[. It appears therefore
at t = a, at x = b or at t = 0. Thus we have an estimate

(2.3) |tr] poo a,pixgo, 7 < Max(|ual poo go, 7 > 12l oo go, ) » [0] oo 14, 0p))
b) I

ou,
0< 5 (xo, to) < f(wo, to),

such maximum does not appear therefore inside of |a, b[x]0, T[. It appears therefore

at t = a, at x =bor at t =T. Thus we have an estimate

’uT’Loo(}a, b[x]0, T)) < Maz(Jus ’LOO(}O, T ’U2’Loo(}o, T[) > ’uT’Loo(}a, b[))

In any case we have the following estimate:

’UT’Lw(}a, bixJ0, T]) = My = Mal’(\“l’mo(}o,T[) ) ’u2’L°°(}O,T[) ) ’“0’Lw(}a,b[) ) ’uT’Loo(}a, b[))'

3. Priori Estimates

Let 7 > 0(r — 0), T > 0 (T — o0). Consider the problem (2.2) with same
initial and boundary conditions for (x, t) € |a, b[ x ]0, T'[. We know such problem
admits an unique solution u, € C3(Ja, b x ]0, T).

Theorem 6. (estimate of 2= in L*(Ja, b[x]0, T[)) We have the following estimate:

Ou, (., t) < My(T).
9T | L1a,0)
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Proof. For t €10, T, (t fixe), we derive (2.2) relate to x, multiply by sg,(%<) and

integrate on |a, b[. We obtain

b
auT 6 GuT 18(u72) _ ou,. 0 0%u,
/ s G 5+ 5 s = [(san( G0 () +

a

b b
U Ur 82 uT _ Ut o) z, SUT
= ,{(Sgn(a )Gz + §555)) A = [ (sgy(%) (P42t + 72t ))da

:>ng77 8x>gtg;dx+ fsgn 8x>8(u7 dx—fsgn 871/7' 8f(1‘tdx+7_fsgn )87”dx
Put
92 1 2 (2 82(u 2)
fsgn 5 ) i AT = 5./ 590 () 5 dx
fsg?7 87” 8f(2 t)dx, I, = 7'fsg?7 )8 Ur .
We have
8 Ur _ 8u7-
f son( 55 ) e = f at - )dw
b o f o 5 d
= [2(% m)a = [ £ (aby(%=))dx = 5 [ab, (5= )da
b
Iy = § ['sg,(%) 25 du = (sg,(%) f%;”sgn e Yy, e
d af( t) ¢ af( t)
13| = fsgn uT f
I = Tf sgn(5) Gl da = (rsgy(2) )| — 7[5 %g;)(% da
b

2
= (Ts9,(%5) 5% )

" {xla—“tkn}
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Then

fo Ur 7' aUT —
f Ox? Sgﬂ T Oz dr =

b

a

b
gf 81” )dx + (5977(
(z,

(s9(2) f(z, 1)) — [ 2% f(a, t)dx+(fsgn(8“7)%;‘;)a
{m G |<n}
: (9% )2da
{=:] %= [<n}
o] ’ o Our 0?2 b
= & Jaby(G2)dr + (s,(%) (ur 5 — fa, 6) = T52)]
b
= [rso (G urde =5 [ GEf(e de -] (G5 ) de
‘ e 8—“£!<n} {2 <}
b
i%fabn(agg)dx— (sgn( a“T . sgl (%) a“de
L Tefe t)de - [ (5%)%da,
{mla—“tkn} { o[ %F|<n}
Since
Pur
| Garazo
{ @[ % |<n}
then
b
(3.1) = 2 [ab,(Z=)dr < (—sg,(%e i faa;”sgn e oy, Qe gy
1 82u7-
- 8{ < f(x, t)dx
{ -!—t!<n}
Moreover,

dur
ngn S ) Gur Grda| < f S| |2 Jur| da

{ @ % |<n}
Pur % dxr < M, ur
Ox2 n L = 0 f oz2

f dx
{ o5 |<n} { @] % |<n}
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Qur

since |-2=-| <1 and J ’dd;” dx — 0 as n — 0 (by Saks lemma),
{ @] %] <n}
ou, Ou, Ouy (t) Ous(t)
—s5q, (== <
95| < |"a | T o
We take a limit as n — 0, then
b Pa
(3.1) :>(hm 9 [ab,(%=)dx <
n—0)7"",
BN R e KR NN SR S I (G0
! { @] % |<n} { @] %[ <n}
b
0 ou, Ouy (t) Ous(t) 0 | Ou, Ouy (t) Ous(t)
= — dx < = — <
ot) [oe | = "o | T ot |7 0t 0 ey | 0t || ot
It holds the following estimate:
t
dur(..1) < |ous(.0) 4 f(lem@]  oww |y g,
% Aprgasp =1 % loiga ~£ (o ezl
du- (,,0 o )
<125 Ly (78 + |75 < ().
Lt(Jab) o
Therefore
Our(., t
(3.2) url., ) < My(T)
0 {11gap
|

Theorem 7. (estimate of %% in L*(]a, b[x]0, T[)) We have the following estimate:

ou,
ot

L1 (Ja, b))

< My(T).

Proof. We introduce the following function:

o(z, t) = uy(t)

and put
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to obtain homogeneous boundary conditions. Then, a function v, (z, t) verifies equa-

tion
d(vr + @) (v, + ¢)? (v, + ¢)
ot +2 G A e
and since
0%
— =0
0x?
then we have
ov,  10(vy+0)*  9¢ 0%v,
(33) at -+ 576(% = —a + f(l', t) + T 6952
with initial and boundary conditions
vr(a, t) =0
vr(b, t) =0
Ur(xa 0) = UO(.T) - ¢($7 0)

we derive (3.3) relate to ¢, multiply by sg,(%%) and integrate on ]a, b[. We obtain

b b
il vy 81)7— 0% (vr+9¢)? _
a1J aby (57 )dx + 5 [59, (%) (8x8t¢) dr =

a

(3.4)
of (z, v

—fsg77 )&tgalac—l—fsgq7 ) I talac—l—Tfsg?7 )gxgatdx

Put
b 2 ) 2 2

Iny = 5 [sgy (881}[)8 (8;;t¢) dr,  Iny= f5977 aatfdx

I — vy Md I — 37)7— vy d

n3 fSQn( Bt ) ot AL, N4 = Tngﬂ >8x28t xr
We have

b
_ 1 v 02 (vr+9)?
Iny = 3 [sgy (5F) (gxat) dx
a

8(v7-+¢)2 82117- A(vr+¢)? dx

8t8x ot

= (%5977( ot z)

N[
S \@
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b
and since v;(a, t) = 0 and v, (b, t) = 0 then (3 sgn(avT)W) = 0. Therefore,

one has

3 7- 92 78(U7+¢)
In, = fsgn ) oms A

Ovr \ Ovr 03vr vz \ O%vr o]
= —fsgn (% )aat gt&r (vr + @)dax — fsgn (% )gt&r (vr + ¢)a—fdx

—— [ B0m0(y 4 g)dr— (sg,(25) (0, + 0) L)

{ =% [ <n}

+f5977 )8x((07+¢>8_¢)

dur 2’1} 2
== ?%gtag(07+¢d$+f5977 50 (vr + A5 + (v + 0) 3 ) de

{ =% [<n}

S 0vr 020, .0 o2
=— - O G (vr + ¢)da + fsgn B (5 58 + Ur s )

{ . 8ur’<n}

since

fsg77 (2 (ur) 22 + (uf)gf—a‘i)dx < Z Bur 06 UT%’ dx
Sz}%ﬂ || + lur] | 52| o
o gté’; 8(”T+¢) dx — 0 asn — 0 (by Saks Lemma),
{ &% |<n}
Ing = 7'fsg?7 )aaxg’gtdx
~ (ran 50|~ foon(se) |2 o = —r fogy(se) |2 0 <
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and
y Ov, Of(x Of (x
vy
T1a| —
sl = | [0 2L /' e
¢’ ’ 82¢ ¢ dgul(t)ac b uz(t) T—a
[Ing| = f5977 . d_ T < f 812 f a2 o T or ol
< [(|Zmwams| | [P emalyg, < (2= [ |20 0Pus (1)
—f( o2 ﬂ"" o2 b—a|/0T } }f Ot2 x—i_} }f at2
b 82uy (t) 0%uy (t)
<[ ot2 f gz | dr

We take a limit as 7 — 0 in equation (3.4), then

lim dtfab = Vdr = dtf d“T

(n—0)
b , ”» )
< U315+ ool [ o + 252 o 4 ] |Z50 -+ f |2389 a0 < )
Or for any t € ]0,T[, we have
b ¢ b )
/ aUT .I' t 'd < /M / UT x, 0
It holds that
v (x, 0) 13(u0)2 O¢(x, 0) 02
a9 - 0
ot T2 Ox 5 T /(@0 + 7o

where
0¢(x,0)  Oui(t)x —b N Jus(t) x — a
o 0t a—1b ot b—a

is bounded independently of 7. Then we can bounded d¢ = 0) by a constant cste.

Therefore we obtain
t b T b

] te < [t [ do < [y [ seldo < 31

a 0 a 0 a

Ov,(x, t)
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and thus
ur(x, t) = v.(z, t) + oz, t)
Our(z,t) _ Ovr(z,t) Op(z, 1) Our(z,t) dw—(z t) d(b z,t)
= ot - ot + ot = ot — +’
ba(t) ba(t) d(bt d(t d¢t
if#dxﬁf#dx—i—f dx:>f r dz
It holds
ou,
(3.5) o < My(T)
L'(Ja,b])
|

4. Passage to a Limit and Characterization

Estimates (2.3),(3.2) and (3.5) ensure that for all 7 > 0, solution u, remains in
a bounded set of W' !(Ja, b[ x ]0, T'[). Then we can apply Riesz-Tamakin Theorem
2.1 and conclude that there exists a sequence u,, convergente in L'(Ja, b[ x ]0, T']).
We denote v € BV (Ja, b x 0, T'[) a limit of this sequence.

Moreover, one has

Pur  Our  10(u,?)

it e A
integrating on |a, b[, for all ¢ € |0, T'[ then
' A L icd I
0% | aga,eny ~ | Ot 111ga,0p 0102 | 11 ga,up e
- ’Tdd;; L1 (Ja, b)) B ey < 15 ey + (0 liogen + 15 11gas

+ ’f(l', t)|L1(}a,bD S Mg(t) + (T + M())Ml(t) + cste = M*(t)

We have
T

M) <r=M@)?*<r= /M*(t)2dt < /r%lt =r’T
0

A function M*(¢t) € L*(]0, T[). This estimate lets through to a weak limit on

Our(a, t)
eXpreSSIOHS TT .
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Let o(t) € L?(]0,T) , we prolonge a function o(t) on Ja, b]

et)H =2 fa<z<a+T
prlw, 1) = { PO
0 if >a+71

x 10, T'[ by putting

Remark that
O, (x, t
% —p(t) fa<z<a+7 and
x

pr(a, t) = ()
Then we integrate by parts

Tb b Tb
"5 (z, t)dwdt = f (5 @ Oerle, )dt)| =] [5G (@ 12500t
T
f dt—l—Tffa“T (z, t)p(t)dt
It holds

Tb

T{f%ﬁ” (x, )or(z, t dxdt'

:fT = (a, t)go(t)dt' <

TffauT (x, t)p(t)dxdt

T
STff’auT (z,t ’](pTx t)|dxdt—i—7'ff}8“7 (z, t)| [o(t)| dzdt
0a

T
< [le(®)] f , 1)])ddt
0
T
< { ()] M*(t)dzdt < ’(P(t)‘m(}o,T[) | M ()] 20 T[)
So, 79 (a, t) remains bounded in L?(]0, T[), and from this sequence we can
extract a subsequence 7, Our

2z (a, t) which converges for a weak topology of L* (]0, T7).
Suppose a limit of this sequence is~,

We proceed in the same way at x = b consider the prolongement of a function
©(t) on |a, b[ x |0, T[ taking

(2, 1) = 0, if x<b-—71
Pridh 8= e(t)=m2 ifb—T <z <b
Remark that
oo, (x, t
orb )= —p(t) and  22B0

5 = ¢
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Then we integrate by parts

T b T b T
(¢, t)dedt = ([T (x, )p-(x, )dr)| —7[ [ Gz (w, )220
0 a 0 a 04

|
o~—"

Tb
— 7% (b, t)p(t)dt — r{f%ﬂ; (z, t)p(t)dt.

It holds that

T

{r

Tb
Buz (b, t)gp(t)dt' < r{f% e (1, 1), (2, tdwdt' rffauT (z, t)p(t)dzdt

<r[[|5E(

)’ lor(z, t)| dedt + TZ} }88“; (, t)} lo(t)| dadt

, t)|)dadt

SZ \f

<

o~—"

()| M*(t)dxdt < ’(P(t)‘L?(}o,T[) | M~ (t)|L2(}0,T[) :

So, 7%= (b, t) remains bounded in L*(J0, T'[), and from this sequence we can

Our

extract a subsequence 7, 5= (b, t) which converges for a weak topology of L? (]0, T[) .
Suppose its limit is ;.
For any 7 > 0 let {u,,} be the previous extract sequence. Now, we will prove u,

is a global solution to problem (2.2).

Theorem 8. We have

Tb

JS (= kDG + sg0(u — k) (“55) 52 + f(w, O)p))dadt + [ |uo(x) — k| p(w, 0)dx

0a

T
> [sgo(ua(t) — k) (20O o 1)t — p% ) (=@ o g, 1)t
0

which gives a characterization of inquired solution of (2.1) in BV (]a, b[ x 0, T'[) N
L*>(Ja, b x |0, T[) and where s,,(t) is a trace of u(., t) at a.
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Proof. Let k € R, ¢ € C?([a, b] x [0, T]) such that ¢(z,T) = 0 for all x € ]a, b[ and
verified

V(z, t) € [a, b] x [0, T], @(z,t) > 0.

Let n > 0. We multiply (2.2) by sg,(u, —k). Introducing a function G, j(u.) defined
by

oG Ur Uy
) = sy (ur — k)ur G
Gy k(k) =0,

then
6u7’ 6u7’ 62u7
sgn(ur — k) 5 T Sgn(ur — k)uT% = sgn(ur — k) f(x, t) + 7sg,(u, — k) 52
and
daby(ur — k) 0Gy k(ur) 0?u,
(4.1) 5 + 5 = sgy(ur — k) f(x, t) + 7sg,(u, — k) 52

We multiply again by ¢(x, t) and we integrate by parts on ]a, b[ x |0, T'[ to obtain

T Tb Tb
J 2B it + [ [P pdadt = [ [sg,(ur — k) f(x, O)pdadt
0a 0a 0a

[ [ (rsgn(ur — k)p) S dudt
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b Tb
= — [aby(uo(z) — k)p(z,0)dx — {fabn(uT — k)22 dxdt

a

_Z}Gn,k(ur)g—fdxdt + ZGn,k(U2(t))tp(b, t) — Gy x(ur(t))o(a, t)dt
— Zfngn(uQ(t) — k) 20D o, 1) — rsgy(un (t) — k) 222D o(a, t)dt

}}ai (759, (ur — k)(, ) %erdudt + }}sgn(uT — k) f(z, t)pdzdt

0a 0a

T b T

= [ab,(uo(z) — k)p(z,0)dz + [ [ab,(u, — k)%2dzdt + [ [sg,(u, — k) f(z, t)pdzdt

0a 0a

T T
—i—ffGn,k(uT)g—‘;dxdt — [Gy,k(u2(t)p(b, t)dt + [Gy x(ui(t))e(a, t)dt

0a 0 0

- —z (rsga(ua(t) = k)b, 1) 2520t + szgn(ul(t) — k)pla, ) e

TbY
+ff Prhoo, ) ededt + | [ (rsgy(ur — k) 2550 e dudt

Tb Tb
= [ faby(u, — k)22dxdt + [ [sg,(u- — k) f(z, t)pdrdt + [ [ Gy p(u)22dudt
0a 0a

TbY
ff 859n(u7——k (.T t auq—dxdt ff ngﬁ k) (x ))&”dxdt
0a

O%’ﬂ

(Tsgn(ui(t) — k)p(a, t))%ﬂf’“dt — Z(ngn(m(t) — k)p(b, t))auT(b ) gt

T

+{Gn,k(u2( (b, t)dt — fGnkm (t)p(a, t)dt — fab (uo(x) — k)p(x, 0)dz.
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= ?}(abn(uT — k) Ldxdt + sg,(ur — k) f(z, t)p + Gy, k(uT)g
0a

—T5gy(ur — k)—a‘péx

Tb 5
— [ [roomle=h) o (g, ¢)( 2 2dadt
0a

O%’ﬂ

(rsgn(ua(t) = kwwwnwﬁﬁﬁ—fvww@@—w>wt»%ﬂﬁﬁ

0
T T
+ [ Gy, k(u2(t)p(b, t)dt — [Gy k(ui(t))e(a, t)dt — fab up(x) — k)p(x,0)dz
0 0
and since
v 0 0
Dsgy(u — k) du., -
[ [ =R o, )G panar > 0,
a 0

we have inequality

{f(abn(uT — k)22dzdt + sgy(ur — k) f(2, 1) + Gy x(ur) 22 — 75g, (ur — k)%agg)dxdt
" 0 t Our (b, 1)
> [Tsgy(ur(t) — k)22 @D o(a, t)dt — fngn (ua(t) — k) 20D (b, 1)dt
0

+szk(u2 () (b, t)dt — fGnkul (t)e(a, t)dt — fab (uo(z) — k)gp(z, 0)dx

for fixed 7, we take a limit as 7 — 0 (because strongly convergence of u, to u) and
since

ou,

Ou,
5 (a,t) = v, and T7—— 5 Z(b, t) — W (weak convergence),
x
then
b T Dol 1).0
t), Odu
li —dxdt =0
O i
a 0O
because
Th
[ [ (rsgy(u— k)22 )8“dxdt' Bu | dxdt
0a
Op(x,t) u dp(z, t)
ST T Lo (Ja b{x]0. T 8x}L1(}a,b[><]0,T[) ST

My (T).
0% | [0o(Ja, b[x]0, T]) o(T)
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We have

(aby(ur — k)%2dadt + sg,(ur — k) f(z, ) + Gy x(ur)22)drdt

o~~~
Q — =

T

2 ~£ sgn(ur(t) = k)p(a, 1)vadl = sgy(ua(t) = k)p(b, 1)y + Gy, (u2(t)) (b, t)dt

T

—{Gmk(ul(t)) o(a, t)dt — fab up(z) — k)p(x,0)dz.

We take a limit as n — 0, we remark that

U
9Go, k()

e = sgo(u — k)u Ou

dr = sgo(u — k) [uStda
k

au:>faGO & (u)

= Go,r(u) — Go,x(k) = 22U (2 — k2) = Gy (u) = 228 (42 — §2).
We obtain
(4 2)
b
ff (lu — k)22 + sgo(u — k) ((“5E) 22 + f(x,t)p))dwdt + [ |uo(z) — k| p(z, 0)dx

T 2_ 1.2 uZ—k2
> [sgolus(t) — k) ("5~ = w)e(b, t)dt — fsgo wr = k) (M5 = a)p(a, t)dt
0

It remains to identify v, and v,. To do this, we take a particular function ¢ defined
by

p(e, 1) =w(t)0,(x) (2, 1) €la, o[ x]0,T]

with @ (t) € C?(]0,T[) and w(t) > 0 such that @w(0) = 0,w(T) = 0 and J,(z) €
C?*(Ja,b]), 9,(z) > 0and % < 0 such that

O0<p<b—a, 9,(a) =1, J,(a+p) =0,

and (hrré)ﬁ (x) = 0 almost every where for x € |a, b[. Denote s,,(t) a trace ofu(.,
p—

t) at a, we take a limit as p — 0

// — k! X + sgo(u — k) f(z, t)w(t))d,(x)dzdt — 0
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and
b
J uo(z) — k| @w(0)3,(z)dx = 0
and
[sgo(ua(t) - B) (U — )@ ()9, (b)dt = 0
Therefore
ffSQO u— d)dﬁgf)w(t)dxdt = z (sgo(u — k)(#)ﬁp(av)w(t)) Zdt
Tb
{ [ 2 (sgo(u — k) (52 ) ()0, (x)dadt.
Or
T b a 9 k2
//% sgo(u — k) (= S (1) (x)dwdt — 0,
hence

Tb .
[ [5g0(u — k) (255 229 o5 (1) dedt —
0a
T 2_ 1.2
—{ 590(5ua(t) — k) (2209 (a) oo (t)dt.

Then it remains inequality

ngowua(t) — k) (220, (a)w (H)dt < [sgo(un — k) (LGS — ) (t)d, (a)dt

T 2 1.2 T 2
:fsgo salt) — B) (22N o (1)dt < [sgo(ur — k) (T — 4, ao(t)dt

0
since a relation is true for all function w(t) > 0, we have almost every where

s (1) — K2 u?(t) — k?

@3 sgolma®) — LTI < gy (LT o)
take k > max(22,,(t), u1(t)) and k < min(se,4(t), ui(t)), it holds
%ua(t)2 —k ul(t)Q— k* = e = ui(t) —Q%ua(t) '
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By the same way using J,(z) > 0, % > 0 such that J,(b) =1, 9,(b — p) = 0.
Denote s,(t) a trace of u(., t) at b we obtain to a limit as p — 0

T T

[santntt) - B = o > [tz - G L ET S
Hence
(44)  sgolan(®) — HC TR S ot — (2R,

2
Take k > max (s, (t), ua(t)) and k < min(se,(t), ua(t)), it results

u% (t) — Zub (t) 2
2

Mo =
Substitute v, and v, in (4.2) we obtain
(4.5)

T ) b
,Of}uu — k| 22+ sgo(u — k) ((Z522) 22 + f(x,t)p))dwdt + [ |ug(z) — k| p(, 0)dz

T 2 2
> [sgo(ua(t) — k) (202220 )o(b, 1)t — ngo F) (0200 o (g, 1)t
0
A formula (4.5) gives a characterization of inquired solution of (2.1) in BV (]a, b] x
10, T) N L*(]a, b[ x |0, T[). Moreover, substitute 7, in (4.3), we obtain inequality

k€ R, sgo(saua(t) — k)2 < sgo(uy — k) (UG — (O
= sg0(ualt) — k) (2 ) < sgo(un (1) — k) (222

= (sgo(ur(t) — k) = sgo(saua(t) — k)) (2K >

sua(t)? — K2
2
Thus introducing interval I(t) = [min(uq(¢), s4a(t)), max(ui(t), >.4(t))], we have

(47) inf (sgo(un(t) — saalt)) (2 =Ry g

kel(t) 2
In the same way, substitute 7, in (4.4), we obtain inequality
%ub(t)2 — k2>
2

(4.6) = 590(ur(t) = #ua(t)) ( ) =0

Vk € R, (sgo(ua(t) — k) — sgo(seuw(t) —k)) ( <0
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Xub (t)2 — k2

<0
2 )=

(4.8) sgo(u2(t) = su(t)) (

Thus introducing interval J(t) = [min(usg(t), 22.(t)), max(us(t), s,(t))], we have

(4.9) 1 (1) = 0 Al 210 o,

Boundary conditions (4.7) and (4.9) are known Bardoux-Leroux-Nedelec conditions
([6], [10]). u

Theorem 9. (uniqueness theorem) Problem (2.1) admits an unique solution.

Proof. Idea proof is based on the doubling of variables technique of S. N. Kruzkhov
([4], [2]). Consider two solutions u and v of (2.1) characterised by (4.5) and belonging
to BV (Ja, b] x 10, T'[) N L*=(]a, b] x ]0, T'[). We take a function

p € C>(]a, b x]a, b x]0, T[x]0, T[) in the form ¢(z, y, t, s) where (z, y) €
(Ja, b[)? and (¢, s) € (]0, T[)? with support enclosed in (Ja, b[ x |0, T[). For fixed
(y, s), we choose u satisfies (4.5) with k = v(y, s). It results that

T b
//uu—vr %0 1 sonlu =) (5D 22 o )p))drat > 0

integrating at y and s, we obtain

T T b b

a 2,2 a
////(!u—v!a—erSgJo(u—v)((u 20 )a—i+f(x, t)p))dxdydtds > 0.
0 0 a a

In the same way, v satisfies (4.5) with k& = u(x, t), it results that

Tb ) .
[ (1o =l 5 + sonfv = u)((5)55 + 1y, 9)¢))dyds > 0

Th
£ 2_ 21 €
=[S (v~ ul 2+ sgo(u—v)((“52) %2 — f(y, 5)p))dyds > 0
because sgo(u — v) = —sgo(v) — u. Integrating at x and ¢, we obtain
T T b b

////(’U—v’g—f+sgo(u—v)((UQ;v2)g—§+f(y, s)p))dxdydtds > 0.
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Summing these two inequalities, it holds that

TTbb

SIS S o =l (22 +22) + sgo(u — v)(U52)(22 + %2)

00aa

+(f(x,t) — f(y, 8))p))dxdydtds > 0.

We take u = u(x, t) and v = v(y, s), we hope estimate a quantity |u(z,t) — v(z,t)|.

Theorem 10. We have the following estimate:

b b
/]v(x, t) —u(z, t)]dx < / |2200(2) — 22u0(z)| dx

where s,0(x) denotes a trace of v(z, t) att = 0 and »,0(x) denotes a trace of u(zx, t)
at t = 0.

Proof. We construct a test function ¢ such that (y, s) being near (z, t) (we put
unity approximation at ¢ — s and at # — y in a test function). Let 6, € C2°(]0, a])
and A\ € C*(Ja, a+ B[) be two approximations of unity

«a a+
/Ha(r)dr =1, /)\g(T)dT = 1.
0 a

Let ¢ € C°(]0, T[ % Ja, b]) be positive. Put p(z, y, t, s) = 0.(t —s)\g(z —y)o(z, 1).
Then, we have

Oclols) | Deloaites) — ) (1 — 5)\g(w — y)o(, 1) + Ot — 5) gl — )20

—0l,(t — $)N\s(x — 9)p(, t) = Oa(t — 5)Ag(a — y) 220D
and by the same way

p(x, t)
or

do(x, y, t, s) N op(x,y, t, s)

Then we obtain
TTb b

T 6alt = )Xo = ) (o — ul G2 + sgo(u — 0)((“55) 52
(410) 00aa

+(f(z,t) — f(y, 8))¢))drdydtds > 0
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We verify for each w € LP(]0, T x |a, b[ x |0, T'[ X ]a, b])

T T b b T b
////w(x, y, t, $)(0a(t —s)\g(z — y))dxdydtds — //w x, x, t, t)dzdt
0 0 a a 0 a
and
TTbb
,g{ff ’U)(.Z', Y, t, S)’ (ea(t - 5))\/8(-1' - y))dxdydtds
- ja}ﬂ}} ’U) z,y,t,s ’ (ea(t - 5))\/8(-1' - y))dxdydtds
a Oa
aa+BT b
= { f ,gf ’w - 57 ta t— C)’ (ea(C))\g(ﬁ))dxdydtds
aa+BT b
{ J {f jw(z, z =&, t, t = Q)| (0a(C)As(§))dxdydtds
Tb aa+p
S Sup0<C<a, a<§<a+5({f ’U)(.I', Tr— 57 t? t— C)’ dxdt) = ,g f (604((>)‘/3(€>>dyd8

this last term tends to 0 as « and ( tend to 0 and hence

T T b b T b
[{[Zw(% Y L, S)(Qa(t—S)A,@(x—y))dxdydtds:[[w(x, z, t, t)dwdt + wi (o, B)

where wy(a, ) — 0 as « and [ tend to 0. Expression (4.10) implies
Tb 5
[ J(o(z, t) — u(z, t)| ‘b(xt) + sgo(u(x, t)
(4.11) 0a
—o(a, 0))((HEIHED) 5 ded > 0
Now we choose a function ¢ of the form
¢(x,t) = 0(t)¥s(x)

where 6 € C2(]0, T[), 6 > 0 and Vs € C*(Ja, b]), ¥s >0, zero at x = a and x = b,
equal to 1 on Ja+ 6, b — [ with 0 € }0, b;—“ [, fate tighten to zero. We introduce this
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function ¢ in (4.11), to obtain

Tb
{ [ @, t) — u(z, t)] Vs(x) 20 drdt
Tb 5 9
+£ Jsgo(ul, t) = v(x, £)((HE05E0)0(1) 25ty dadt > 0
T5b
= [[lo(x, t) = u(z, t)| Us(x) 52 dudt
0a T o) o b
= [ (sgo(u — v(w, 1)) (L) (2)60(1)) | dt
0 a
Tb 1/,2(x,t)—v2(ac,t)
ff O(sgo(u(z,t)—v(, 75))8(3672 )e(t))\lfg(x)dxdt
0a
re a0(t
= {f o(, t) — u(z, t)| Us(x) 220 dwdt

= Jsgo(sanlt) - s () (2052220 )y s (b))t

~[sa0(alt) - st (1)) (2207200 ) () ()t

ne sgo(u(z v(x, W@t —v?(2,t)
ff A(sgo (u(z;t)—v( t))a(x > )e(t))Xé(l')dl'dt
0a

where s¢,,(t) denotes a trace of u at x = b. (we have Us(b) = ¥s(a) = 0)

= [[lv(z, t) —u(z, t)] \Ifa(w)%dxdt

e sgo(u(z,t)—v(x (@) v’ (wt)
_ ffa( go(u(z, t)—v( ,t)a)g(c > )e(t))%(x)dxdt,
0a
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We take a limit as 6 — 0, then we obtain

Tb , T oo (ulm ) —v(z. £))( L@ )= (@, 1)
= [ [ (e, ) — (e, )] 24 dudt = [ [ 200l 00 gy
0a 0a

— ﬁ o(x, t) — u(z, t)] 220 drdt = f (sgo(u(z, t) — v(z, t))(@D=2@0)g4)) | gt

0a 0
e 00(t " 2(8) = 22052 (1)

= [[ oz, t) —u(z, t)| 280dzdt = [sgo(sem(t) — (1)) (220520 )g (1) dt
0a 0

T 204)— s 2
—{SQO(%ua(t) — sq (1)) (2o (t)2 wa?() () dt
retake inequality (4.6)
with
( ua(t)  if 52,4(t) is between uq(t) and s,,(t)

k=k(t) =< wui(t) if ui(t) is between s¢,,(t) and s¢,,(t)

| 20a(t) if 2254(t) is between uy(t) and s,4(1).

It holds for k = uy(t),

ua® (t)—u% (®)

590 (32ua(t) = 7200 () (D220 — g0 (e (1) — st (t)) (2210

u 2 —%1)0,2
+ 590 (Fua(t) — 20 (1)) (L0

%an _%“ag %1/,612 —u?
= 590 (#ua (1) — 520a(£)) (Z570) = 590 (60 (1) — 5500 () (P2 5H0)

%1)0,2 —uqp2
+590(3ua(t) — s2ua(t)) (D)

and since u;(t) between ¢, (t) and s, (t)

590(%ua(t) - %va(t)) = 590(%ua(t) - ul(t))

590(%va(t) - %ua(t)) = 590(%va(t) - ul(t))
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then

J’fuag _%Uag
590(Hualt) — s0a(t)) (Zroza Wy

%an _u2 %1)0,2 —Uu 2
590 (#ua(t) — wr (£)) (22000 4 50 (0,0 (8) — (1)) (ZretZ(l)y

according (4.6), we have

J’fuag _%Uag
590 (Hua(t) — s0a(t)) (ZrOozea Wy —

%an _u2 %1)0,2 —Uu 2
590 (3ua (1) — ur (£)) (Z=U=00) 4500 (50 (1) — g (1)) (ZemZBy <

For k = 5,,(t), we have

%an _%1)0,2 J’fva,g _J’fua2
590 (#ua(t) — %va(t))(w) = 590(2va(t) — %ua(t))(w>

%1)0,2 _J’fua2
= 50 (300a(t) — wi (1)) (2057 0) < 0

For k = 52,,(t), we have

a2 (1) — 26,42 (1)

590(%ua(t) — 224 (t))(
It results

0> (1) — 20042 (t)
5 <

590 (>ua(t) = ua(t))(
In the same way, from (4.8) and with similar choice of k, we obtain

%ub2 (t) — %vb2(t)
9 =

sgo(#eun(t) — 22 ())(

Hence

%ub2 (t) — %vb2 (t)
2

sgo(#eun(t) — 22 (1)) (

and then

T b
//!v(w, t) — u(z, t)|%§tt)dxdt20.
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Let to € 0, T[, t1 € Jto, T'[, & € ]0, 852 [. Now we take a particular function 6
such that

B o outside of |tg, t1]
0(t) = 05(t) = ¢ if t € Jto+ 6, t1 — 9]

monotone if t € Jtg, to + [ and ¢ € ]t1 — 4, t1]

retake

TbY
[ (@, t) —ulz, t)] Zedwdt = ffyv o, 1) — u(z, )] 22D drdt

0a toa

(Jo(e, £) = u(w, £)] 65(1))];} da — HMH (t)ddt.

a

@%@

Since 05(to) = 05(t1) = 0, then

t1 b t1 b
//]v(x, £) — u(z, 1) 695;” v :—//6’“<””’ t)a; U@ Oy ) dwdt,

Taking a limit as  — 0 yields

t1 b

[ o(z, t) — u(z, t)] ZeBdrdt = ffah’(z Du@.Dl gt
to a toa
b t
= —[ (Jv(z, t) —u(z, t)])|;} dx
b b
= [|v(z, to) — u(z, to)| dz — [ |v(x, t1) — u(z, t1)|dz.
Therefore

t1 b
[ o, t) — u(z, t)] 258 dwdt > 0

toa

= } v(z, to) — u(z, to)|dx = }]v(x, t1) —u(z, t1)| dx

a a
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It remains to take a limit as t; tends to zero and to note ¢t = t;, to obtain, for
almost any t € 0,77,

b b
/]v(x, 1) — ulz, 1) d g/]%,,o(av) = ()] da

where s,0(x) denotes a trace of v(z, t) at t = 0 and s¢,0(x) denotes a trace of
u(z, t) at t = 0. It remains to verify that »,0(z) = ug(z) = s60(x) because u and
v satisfy a same initial condition. We take inequality (4.5), a function ¢ of a form
o(z, t) = 05(t)p(x) where § > 0,05(t) € C?(]0,T[),05(0) = 1,05(t) > 0, decreasing
and zero at t =8, p(z) € C*(Ja,b]), p(z) > 0,

Tb

J S (ju = kL Z58 p(a) + sgo(u — k) ((55)05(8) 2522 + f(a, )85(t) () ) dalt

0a

+/ Juo(x) — k| p(a)dx

T 2(H)— 3¢ 2 T w2 ()= 2
> [sgo(uz(t) — k) (L) 05(8) p(b)dt — [[sgo(ur — k) (L2 )d5(t) p(a)dt
0 0

Tb

= ,gf(! — k| Z50p() + sgo(u — k)((“5E)05(1) %52 + f(w, £)05(t)p(x)))derdt

> _ [ luo() — k| p(a)da

bT
f{]u— k| p(2) 2% 0 dtdr = ff]u k| p(2) 2%0 dtda

(Ju — k| p(x)05(t)) [ dz — mu 7205 dbda.

@%@

Then

//ru—kr Lot /r%uo — ] plo)d
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and
[ st = (5205052 + o, 005(0)le)
2} o(u— k)((“55)05(6) 52 + f (x, 0)85(t)p(x))dadt — 0.
Hence

6—0

Zwmmw—mwﬁ%@@wwm@ﬁ:jwmmw—mwﬁ%@@wwm@ﬁ—»o

T 2 () — 3¢ 2 4 w2 (t)— s 2
Jsgolur = k) (0005 (0)p(@)dt = [sgo(ur = B)(HEF=EN5(t)pla)dt = 0

Taking limits as 6 — 0, it holds that

Vk € R,Vp(z) € C*(]a, b)) /y%uo — k| p(x dx</yu0 — k| p(x)dx

we deduce
VE e R: s0(x) — k| < |uo(x) — K for almost any x € |a, b|

Tﬁkﬁ%§k3>InaX(h“ﬂLwQamD:’%ﬂdLuﬂaﬁp) andk?<3Hﬁn(h“ﬂquamD:’%ﬁdeQamD%
we obtain s,0(z) = ug(z) for almost any x € |a, b[, this concludes the proof of the
theorem and the uniqueness of the entropy solution to problem (2.1) is proven.
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