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Abstract 

 
In this paper, we give some results of the oscillations criteria of the solution 

for some higher - order equations with deviating arguments , and note of the 
impulsive hyperbolic equations.We get some new conclusions,  which generalize 
the results in [4] and [5].  
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1 Introduction and Lemma 
 
  Recently, the oscillation of solutions for higher-order partial differential 
equations with deviating arguments is widely usually discussed (see [2]-[4]etc), 
Aside from their intrinsic interest, oscillation of solutions is very important in the 
domain of physics(this things are interesting with some example). In this paper, 
we  consider a more generalized higher –order equation  
  Now in the direction of [2], our conclusions extend and complete the previous 
results in [1]-[5] . 

Let Ω  be a bounded domain of NR  having sufficiently smooth boundary 

Ω∂ ,and n be an even positive integer number , ),( tx ),0[ ∞×Ω∈ ΔG, Let  
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),(3 txP == ia (t) ),( txuiΔ + ),()( 2 txutb ii Δ + ),()( 3 txutc ii Δ .We consider the  

oscillation of solutions of systems: 
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a  non-negative continuous function in ),0[ ∞×Ω∂ , and satisfying two 
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∂ ),( txui + ),(),( txutxg ii =0,
γ∂

Δ∂ ).( txui + ),(),( txutxg ii =0, 
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 0),( =txui , ),( txuiΔ =0, ),(2 txuiΔ =0, (x, t) ),0[ ∞×Ω∂∈ ( mi ,,2,1 L= ). (Q 2 ) 

By the definition and some prescribe in [2] , we assume that it  
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(G 3 ) .,,2,1)),,0[),,0([, skCaa iki L=∞∞∈  

We will give two theorems to extend some results which are similar to in [2]. 

   Remark  If we take )(),( tctb ii
0≡  in (*),then we get theorem 1 in [2],and 

From the last part of proof of theorem 1 in [2],we have the following two lemmas 
(lemma 1 and lemma 2 ) . 

  Now we list following lemma (by iV  (t) = ∫Ω dxtxZi ),( , and V (t)=∑
=

m

i
i tV

1

)( ) 

  Lemma 1 If  

n
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then   

V )(n (t)+V )1( −n (t)+Q(t)V(t- ))(tσ ,0≤  t 1t≥  . 

  Proof From V i (t) = ∫Ω dxtxZi ),( , and V (t)=∑
=

m

i
i tV

1

)( ,and the last part of proof   

of theorem 1 in [2] ,it is easy to get it, So the proof of the lemma is omitted.   
 
Lemma 2 If  

V )(n (t) + V )1( −n (t)+Q(t)V (t- ))(tσ 0≤ ,  t 1t≥           (2) 

then ∫
∞

1

)(
t

dttQ <∞  

  Proof It is as same as the last part of proof of theorem 2 in [2]  
In the following part, we will give out oscillation criteria of theorems for 

system (*)-(Q1 ). 

 

2 Several theorems  
 

Theorem 1 If ∫
∞

∞=
0

)(
t

dttQ ,  t 0 > 0 ,then all solutions of the system (*)-(Q1 ) 

are oscillation in G . 
  Proof We suppose to the contrary there exists a non-oscillation solution  
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),( txu = ( )),(),...,,(),,( 21 txutxutxu m  of the system (*)-( )1Q for some  

0≤ t 0 t≤ , ),( txui > 0.Let iδ = mitxsignui ,,2,1),,( L= and Z i (x, t)= iδ ),( txui . 

Then we have Z i (x, t)>0, where  (x ,t) ),[ 0 ∞×Ω∈ t .  

From condition (G 1 ), we easily know that there exists t 1 0t≥  such that when 

t 1t≥ , we have ,0),( >txZi Z i (x, t- ))(tkρ >0 ,Z i (x, t- ))(tσ >0. where (x, 

t) ),[ 1 ∞×Ω∈ t , mi ,,2,1 L= ; .,,2,1 sk L=  

  Integrating both side of (*) for x  overΩ , we have that  
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1
σ , t≥ t 1 ,  mi ,,2,1 L= .               (3) 

Similar to the proof of theorem 1 , by Green identity and boundary value 

conditions (Q1 ),we have that  

dxtxZi ),(3∫ΩΔ = ds
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dxttxZ ki ))(,(2 ρ−Δ∫Ω = ∫ Ω∂ ∂
−Δ∂

ds
n

ttxZ ki ))(,( ρ
 

=- dsttxZttxg kiki ))(,())(,( ρρ −−∫ Ω∂ .0≤  

and ∫ΩΔ dxtxZi ),( = ds
n

txZi∫ Ω∂ ∂
∂ ),(

= - ∫ Ω∂ dstxZtxg ii ),(),( 0≤ , mi ,,2,1 L= .  

 ∫Ω −Δ dxttxZ ki ))(,( ρ = ds
n

ttxZ ki∫ Ω∂ ∂
−∂ ))(,( ρ

 

=- dsttxZttxg kki ))(,())(,( ρρ −−∫ Ω∂ .0≤  

Thus from above stating and combing conditions (G 2 ), (3) holds. Now by lemma 

1 and lemma 2, we have ∫
∞

∞<
1

)(
t

dttQ , which is contradictory to the condition of 

theorem .Then this theorem is proved. 
 
 
 Corollary If the differential inequality (2) has no eventually positive solution, 

then all solution of (*)-(Q1 ) are oscillation in G (the same as corollary 2 in [2] ). 

  It is well known that the first eigenvalue 0λ  of the problem  

              0=+Δ λϕϕ  in Ω ,  0=ϕ  on Ω∂  

is positive and the corresponding eigenfunction ϕ  is positive inΩ . 

 
   Lemma 3 (see the proof of theorem 2 in [2] ) Assume that  
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  Theorem 2 If ∫
∞

>∞=
0

,0,)( 0t
tdttQ then all solutions of the systems (*)-(Q 2 ) 

are oscillation in .G   
  Proof . Suppose to the contrary .Then there exists a non-oscillation solution :  

)),(,),,(),,((),( 21 txutxutxutxu mL=  of system (*)- )( 2Q in the domain  

),[ 0 +∞×Ω t for some 00 >t .For convenience and simplicity, we may take as 

0 0t≤ t≤ , ),( txui >0, ( mi ,,2,1 L=  ) and Z i (x, t) = iδ ),( txui , 

and iδ =sign ),( txui .Then we have ),( txZi >0. From  (G1 ) there exists t1 0t≥ ,such 

that when t 1t≥ , we have Z i (x, t)>0, Z i (x, t- kρ (t))>0, mi ,,2,1 L= . 

 sk ,,2,1 L= . (x, t) ),[ 1 ∞×Ω∈ t . 

  Multiplying both sides of (*) by ),(xϕ and integrating for x onΩ , we get 
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From Green identity and boundary value conditions (Q 2 ) we obtain that  

   dxxtxZi )(),( ϕ∫ΩΔ =- ,,0)(),(0 L≤∫Ω dxxtxZi ϕλ ,0≤  
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,,0)())(,( L≤−Δ∫Ω dxxttxZ kj ϕρ  

and  

,,0)())(,(2 L≤−Δ∫Ω dxxttxZ kj ϕρ ∫Ω ≤−Δ ,0)())(,(3 dxxttxZ kj ϕρ  

t 1t≥ , mi ,,2,1 L= . 

Then (3)’ holds .By lemma 3 and lemma 2, we have ∫
∞

∞<
1

)(
t

dttQ , which is 

contradictory to the condition of the theorem.Then all solutions of (*),(Q 2 ) are 

oscillation in .G The  proof of theorem 2 is therefore completed . 
 
 

3 Some Note of Several Oscillation Criteria  
 
  We may extend the results of the impulsive hyperbolic equations for (2r+1) 
order case by using some definitions and some stating results in [3] .When r=0 or 
r=1 we will give out some results in [3]-[4] respectively , which are is also new 
 things for this direction . 
  In this section, let Ω  also be a bounded domain in nR with a piecewise 

smooth boundary Ω∂ , and )(,:)({),( txRRtxRRPC ++++ →= is piecewise 

continuous for t ,, kttR ≠∈ + )(),( _
kk txtx + exist and },2,1),()( L== + ktxtx kk , 

<<<<<∞=
∞→ kkk

tttt L210,lim  , etc. 

We make it satisfy following conditions:                                                 

)( 1H  

),,()(),( 1 ++∈ RRPCtata ),,()( 2
++∈ RRPCtiλ );,,2,1( mi L= ),(tσ ∈)(tjρ PC  

),( ++ RR , and ,)(lim)(lim ∞==
∞→∞→

tt jtt
ρσ  and ,: RRRI →××Ω + ).,( RGPCf ∈  

)( 2H ),,(),,,( RRRGPCtxc ××∈ηξ )()(),,,( ξηξ htptxc ≥  for all 

,),,,( ++ ××∈ RRGtx ηξ ,ktt ≠  where ),()( ++∈ RRPCtp and that his 

continuous ,positive and convex function in .+R  
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  We assume that they are left continuous, at the moments of impulse ,the 

following relations ),(),( kk txutxu =− ,and )),(,,(),(),( kkkk txutxItxutxu +=+ , 

are satisfied.  
  We consider the systems: 

)],()([
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∂
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with boundary condition: 
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=
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Δ∂ u , r

ru
2
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ψ
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=
∂
Δ∂  on +×Ω∂ R , ktt ≠ , )(B  

  Theorem 3 Assume that )()( 21 HH − hold, and satisfy )(A  for any function 

),,( +×Ω∈ RRPCu and constant 0>kα  those  

L,2,1,),()),(,,( =≤ ∫∫ ΩΩ
kdxtxudxtxutxI kkkk α   

hold. . 

If ),( txu is a positive solution of the problem (4)-(B) in the domain 

),[ 0 ∞×Ω t  for some 00 >t , then the impulsive differential inequalities of neutral 

type                                                              

')]'()()([
1

i

m

i
i tWttW τλ −= ∑
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+ ),())((()( tHtWhtp ≤σ  ),,[),( 0 ∞×Ω∈ ttx ktt ≠  , 
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 have an eventually positive solution  

∫ΩΩ
= dxtxutW ),(1)(  
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where ∫ΩΩ
= ),()([{1)( 2 txtatH rψ + dstxta jr

k

j
j ))](,()( 2

1
ρψ∑

=

+ },),(∫Ω dxtxf  

,ktt ≠  

  Proof Let ),( txu be a positive solution of problem (4)-(B) in the domain 

),[ 0 +∞×Ω t for some .0.0 >t  

     For ,ktt ≠  it follows from )( 1H  that there exists a 01 tt ≥  such that  

,0),( >− itxu τ ,0))(,( >txu jρ 0))(,( >txu σ  in ),,[ 1 ∞×Ω t ,,,2,1 mi L=  

.,,2,1 kj L=  
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),,())(,(()( txftxuhtp +− σ ),[),( 1 ∞×Ω∈ ttx , .ktt ≠      (6)  

From condition (B), Green identity and Jensen’s inequality, it follows that  

dsuudx∫ ∫Ω Ω∂ ∂
∂
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∂

∫ Ω∂= dstx j ))(,( ρψ ,and by similar  

calculating this integration we have that 
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1 dstxdxtxu jrj
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Therefore integrating (6) for x over ,Ω we obtain  
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udxta r∫Ω
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Δ+ ))(,()( 12

1
ρ dxtxuhtp )))(,(()( ∫Ω− σ + 

∫Ω dxtxf ),(  
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2 ))(,()( ρψ )))(,(1()( ∫ΩΩ

Ω− dxtxuhtp σ  

  ∫Ω+ ,),( dxtxf  ,ktt ≠ .1tt ≥  

where ∫Ω=Ω dx .Set ∫ΩΩ
= dxtxutW ),(1)( , Thus we have  

')}'()()({
1

j

m

j
j tWttW τλ −+∑

=

+ ))}(({)( tWhtp σ  

≤ ∫ Ω∂Ω
),()([{1

2 txta rψ dstxta jr

k

j
j ))}](,()( 2

1
ρψ∑

=

+ + ∫Ω }),( dxtxf  

= ),(tH ),[),( 1 ∞×Ω∈ ttx , ,ktt ≠                            (7) 

                                                                                   

For ,ktt =  by (4) we have ),2,1( L=k  

dxxtxutxu kk )()),(),(( ϕ∫Ω
+ − ∫Ω= dxxtxutxI kk )()),(,,( ϕ ,)(),(∫Ω≤ dxxtxu kk ϕα  

So ∫∫ ΩΩ

+ +≤ ,)(),()1()(),( dxxtxudxxtxu kk ϕαϕ ( L,2,1=k )       (8) 

 Hence the inequalities (7)-(8) imply that the function )(tW is a positive solution 

of the impulsive differential inequality of neutral type in (4) for .1tt ≥ Therefore 

this ends the proof .  

Remark.  When r=0 we get the theorem 3.2  in [5] ，and when  r=1 that is a 

sixth-order case . 

  Theorem 4 Assume that same as theorem3 that )()( 21 HH − and )(A hold, 

and that  

)(A ’  ),,,,(),,,( ηξηξ txctxc −=−−  for all ,),,,( RRGtx ××∈ηξ ,ktt ≠  
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      )),,(,,()),(,,( kkkk txutxItxutxI −=−  ,ktt =  ( L,2,1=k ), and both the 

impulsive differential inequalities of neutral type (4) and  

[ )(tV + ')]'()(
1

i

m

i
i tVt τλ −∑

=

+ )()()( 12
0 tVtar+λ ))(()()(

1

12
0 tVta j

k

j
j

r ρλ ∑
=

++  

+ )))((()( tVhtp ο ),(tF−≤  ,ktt ≠  

            ≤+ )( ktV ),()1( kk tVα+  L,2,1=k               (8*) 

have no eventually positive solution. Then there every nonzero solution of the 

problem (4)- )( 1B  is Oscillation in the domain +×Ω= RG . 

  Proof The proof is similar to the theorem 2 in [4], so we omit it . 
Remark When  r=1 we get the theorems 1-2 of [3] ,and When  r=0 we get the 
theorem 2.2 of [5].There is taking L,3,2=r , then now we have more results. 
 

4 Some examples 
 
Example 1 We consider that system (5)-(5)’: 

6
1

6 ),(
t

txu
∂

∂ + 5
1

5 ),(
t

txu
∂

∂ = ),()4( 1
23 txuΔ+Δ+Δ + )

2
3,(

2
1

1
π

−Δ txu  

                     )3,(3 1 π−− txu )3,()
2
3( 2 π−− txu           (9) 

6
2

6 ),(
t

txu
∂

∂ + 5
2

5 ),(
t

txu
∂

∂ ),()4( 2
23 txuΔ+Δ+Δ= + )

2
3,(

2
1

2
π

−Δ txu  

                     ),()
2
3( 1 π−−− txu -3 ),(2 π−txu            (9)’ 

where ),( tx ∈  ( 0, )π ),0[ ∞× . The boundary value condition： 

 ,0),(),0( =
∂
∂

=
∂
∂ tu

x
tu

x ii π ,0),(),0( 2

2

2

2

=
∂
∂

=
∂
∂ tu

x
tu

x ii π t .2,1,0 =≥ i  

Let πσπρ ======== )(,
2

3)(,
2
1)(,4)(.1,2,1,6 1111 tttatasmNn ,   

 
 



 

712                                                      Chen Ning 
 
 
 

3),(,
2
3),(,

2
3),(,3),( 22211211 =−=== txptxptxptxp ; )(2 ta =4, )(21 ta =

2
1 , 

),,0( π=Ω  and Q(t)=
2
3 . 

It satisfy all condition of theorem 1, then all solution .of this system are 

oscillation on (0, ),0[) ∞×π  (In fact, we have that ),(1 txu = tx sincos , 

),(2 txu = xcos cost are oscillation solution of the system (9)-(9)’ ). 
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