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Abstract

This paper presents reliability and availability analysis of a k-out-of-(M+S): G warm
standby system with time varying failure and repair rates in presence of common-
cause failure. The system composed of two categories of components. One category
of the components is of type 1 has M components and the other is of type 2 has S
components. Type 1 have a lower failure rate. Markov method is used to obtain the
system reliability and availability. A numerical example is given to illustrate the
theoretical results obtained. Selective plots are shown to demonstrate the effects of
common-cause failures, number of repairmen and number of components of type 1
on system reliability and availability.

Keywords: k-out-of-( M+S):G system, time varying failure and repair rates, r
repair facilities , generalized transition probability, availability, reliability

1. Introduction

Standby systems often find applications in various industrial and other setups.
The system reliability and availability are increased considerably by the use of this
form of redundancy. However, the type of redundancy application is dictated by the
circumstances under consideration and various other factors. The standby redundancy
represents a situation with one unit operating and a number of on standby. In general,
there are three types in standby, i.e. cold, hot and warm standby. Cold standby
implies that the inactive components have a zero failure rate and cannot fail while in
standby state. Hot standby implies that an inactive component has the same failure
rate as when it is in operation. Warm standby is an intermediate case and it implies
that an inactive component has a failure rate between that for the cold and hot
standby. It is also called dormant failure in some papers.
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In usual reliability and availability analysis of standby systems, the occurrence of
common-cause failures is overlooked and only the general failures are considered. In
recent years, it has been realized that in order to predict realistic reliability and
availability of standby systems, the occurrence of common-cause failures must be
considered. A common-cause failure is defined as any instance where multiple units
or components fail due to a single cause.

Here we study a general k-out-of-n: G warm standby system with time
varying failure and repair rates subject to common-cause failure. Many articles
concerning the reliability and availability of k-out-of-n warm standby systems have
been published. Among them, 1-out-of-2 warm standby systems have been studied in
detail by considering different conditions, such as those cases with or by considering
general distributions [1], different types of repair facilities [2], correlated failures and
repairs [3].

An algorithm and its computer program for calculating fail-safe and fail-
danger probabilities of k-out-of-n: G system with non identical components is
presented [4]. Goel et al. [5] analyzed a 1-out-of-3 warm standby system with two
types of spare units a warm and a cold standby unit, and inspection. A general closed-
form equation was developed for system reliability of a k-out-of-n warm standby
system where components in k-out-of-n: G standby systems were assumed to be
statistically identical. In addition, as a general case, system availability of m-out-of-n:
G warm standby system with identical components was studied [6].

Zhang [7] dealt with a repairable standby system consisting of (N+1) units
and a single repair facility, in which unit 1 has preemptive priority both in getting
operation and in getting repaired. Chryssaphinou et al. [8] considered a 1-out-of-
(m+1) warm standby system with non-identical units. Zhang and Horigome [9]
derived the availability of a specific warm standby system with two kinds of
components where priority-standby for one kind of components applies. The
reliability of a k-out-of-(m+w) warm standby system with m operating units, w warm
standby and R repairmen in which the balking and reneging of units are considered is
studied [10]. Zhang et al [11] studied systems with two categories of components
named k-out-of-(M+N): G warm standby system. It is assumed that the failure and
repair rates of each component in the system are constants.

The results mentioned above are limited to 1-out-of-n: G warm standby
systems or a general m-out-of-n: G warm standby one with identical components or a
specific system with two kinds of units or a general systems in which the failure and
repair rates are assumed to be constant.

In the current paper we study the availability and reliability of a general k-out-
of-(M+S): G warm standby repairable system with time varying failure and repair
rates in presence of common-cause failures. Such a system is composed of two
categories of components, one of which is named type 1 and the other type 2. Type 1
has M components and type 2 has S components. Here, type 1 components have
priority of operation and repair over type 2, which means that type 1 components are
desired to perform system function whenever available for use. Type 2 components
operate if the number of type 1 in operation is not sufficient for the system to function
normally. By using Markov model, the system state transition process can be clearly
illustrated, and furthermore, the solutions of system availability and reliability are
obtained based on this. Some special models are studied to illustrate the solutions of
the system availability and reliability and the effect of common-cause failure on
them. The system under consideration fails when there is either a common-cause
failure or when there are only (k-1) good components.

Notations
The following symbols are used in the current paper:
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(), Aa(t) time varying failure rates of [type 1, type 2] components in
active mode

A'1(t), Aa(t) time varying failure rates of [type 1, type 2] components in
inactive (standby) mode

e constant common-cause failure rate
pi(t), wo(t)  time varying repair rates of [type 1, type 2] components
r number of repairmen

1,]) represent the state of the system, where i and j represent
the number of failed components of typel and type2 respectively

P ;)(t) probability that the system is in state (i, j) at time t
P'a (1) derivative of P j)(t)

A(t), R(t) availability, reliability of system at time t

2. Assumptions

In order to describe such a kind of systems clearly, the following assumptions are
needed:
1. Common-cause failure and other failures are statistically independent.
2. Common-cause failure rates are constant.
3. Common-cause failures can only occur in a system with more than one good unit.
4. Common-cause failure rates are the same for the partially or fully operating
system.
5. Type 1 components are identical, and each of them has time varying operative
failure rate and standby failure rate.
6. Type 2 components are also identical, and each of them has time varying operative
failure rate and standby failure rate, which different from type 1 components.
7. Repair rates for types 1 and 2 components are different and time varying.
8. The states of all components are statistically independent.
9. There are r repair facilities applied to the system.
10. When one component fails, it is instantaneously replaced by one of the standby
components if there is one.
11. When system fails, no failure will occur for other working components.

3. The general model

The Markov state transition diagram is used in analyzing reliability and
availability of the system. Here, we use the homogenous Markov model to analyze
system state transition process. The system state transition diagram of a repairable
standby redundant system with two categories of components and priority-standby for
one kind can be expressed as one with two dimensions [11].

Where the system state is represented by (i, j) where i, j denotes the number of
types 1 and 2 components in failure. Because type 1 components have priority in
operation and repair, the state transition diagram can be obtained as shown in Figure

(D).
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Figure (1) the state transition diagram.

The state transition rates which are related to the state (i, j) shown in Figure (1)
are given as follows:

A if R=1,i=M
Agisi(D = KA, (O)+(M—k—=i+DAyt), if M-k-i+1>0,
(M—-i+DA (1) otherwise
)]
A if Q=1,j=S

Ay (1) =9(S = J+ DAL (D), if M-k-i>0,
(K—=(M —i)DA,()+(M +S —(k+i+ j—1))A,(t) otherwise

2)
where
R is the number of good components of type 1
Q is the number of good components of type 2
g<i, 0<g<M, and h<j,0<h<S.
Hij i) (t) = 4 (t). min(i, r) (3)
Hijiciy (D) = gy (O). min( j, 1 —1) 4)

In addition, 4 ;;,(1)=0 whenr<i, 4 ;()=0, when i=0,
Aiioi (D) =0, when j=0, and
Aty ioii D= A imii O = 25520 (D = K31 (1) =0, when (i+j) > M+S-k+1 .

4. System availability and reliability

Based on Figure (1), we have the following differential equation:

P'(t) = P(DA 5)
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where

P(t) = (P(O,O) (), P(O,l) ®, ..., P(O,S) (), P(l,O) ®, ..., P(M,(S—l)) (®, P(M,S) )

and A is the transition matrix rate of the system, which can be obtained for a specific
system.

Assume that the system is in state (0, 0) at time zero, the initial condition for equation
(5) is:

P(O,O)(O):L P(LJ)(O):O fOF(I+ J)Zl (6)
Then the system availability is given by
A(t)y= > P (1) @
i+j<M +S—-k

Based on the above analysis, if all failure states of the system are regarded as
absorbing states, we can solve equation (5) to obtain |5;i’ j)(t) under the following
conditions

Hii i (t):/uij—>i(j—1)(t) =0 when (i+j) > M+S-k+1.
Then the system reliability is obtained as

R(t) = Z 5(i,j)(t) (8)

i+j<M +S—k

5. Special case models

Availability and reliability of 3-out-of-(4+2): G system

The system state transition diagram for the model is shown in Figure (2) with two
repair facilities applied.
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1,0 Ae
A
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3 [2m >
v Aa(t)+A(t) Aa(t)
2,0 > 2.1 > 22
A A
\
20| |2 2:0) | R
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Mt 2w(t)
\ 4
4,0

Figure (2) state transition diagram of 3-out-of-(4+2): G system
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Assuming that the repair rates follow Weibull distribution and the failure rates
follow Gamma distribution and with the help of equation (5):

P() = (P(O,O) ), P(1,0) (), P(2,0) (), P(Z,l) (), P(z,z) (0, P(3,0) (0, P(3,1) (), P(4,0) )

and A is written as

A=
—E(1) 34,1+ /1/l (t) 0 0 0 0 0 A,
() B 340 0 0 0 0 A
0 2m®  -CH) LO+ALL A 241 0 4
0 0 0 -QAM+ALD) 4O 0 240 0
0 0 0 0 0 0 0 0
0 0 2u® 0 0 -D(t) 24 A()
0 0 0 24, (t) 0 0 -2 O
0 0 0 0 0 2u@t) 0 =2u()
(€))
where

E(t) = 3M(t) + M1(t) + Ao), C(6) = (2M(t) + Ma(t) + Na(t) + 2pu1(t) +200)
B(t) = BM(t) + Ae + (1)), D(t) = (M() + 222(t) + 2u(1)).

)= A o] ﬁlz‘i(t/al)e““l

ﬁlr(ﬂl k=0 ’
tﬁ -1 e ﬁz—] t/a ke—t/a2
ﬂz(t) ﬂz t/ 2 Z( 2) ,
F(,Bz 0

Bl t/oc3
11( ) [ ﬂt}r‘(ﬂ —t/ag Z(t/QS) € .

k=0

tA! ot (t/a) e“"“‘

A= "] :
a/T(B,) Z

H (t)= asﬂsﬂs t/

with the initial conditions
[FRo0)(0):R10(0),R2.6(0),R;.1,(0),R2.5)(0), R, (0,5 1, (0),F4 ) (0)1=[1,0,0,0,0,0,0,0]
The system availability is given by

At) = P(o,()) )+ P(1,0) +FR (2,0) (H+F @ 1)(t) +PR 3 0)(t) (10)

If all failure states of the system are regarded as absorbing states.
Then the system reliability is obtained as

R() = Flo.0)(D) + Rio) (D) + Pl ) (D + B,y (1) + R (1) (11)

For

o= 0= 03= o= 0s= 1, B1=4, B2=2, B3=5, P4=3, Bs=1.2 and Ac=0.25

The system availability and reliability are illustrated in Figure (3) with numerical
solutions based on Runge-Kutta method.
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Figure (3) system reliability and availability versus time

Now we will study the effect of the number of repairmen on system reliability using
equation (9) for =1 as (244 (t) > £4(t) ), and 1=2.

a = 4 Tirme & = 10 1=

Figure (4) system reliability for different values of r

From figure (4) we deduced that the system reliability increases with corresponding
increasing in number of system repairmen.

From the current model and with other two values for M; for example M=2,
M=3 Assume that the failure and repair rates of the system in these cases follow
Weibull distribution. Using the previous values of the parameters we find that the
system reliability increases with corresponding increasing in numbers of components
of type 1 as shown in the following figure.

El.5;
0.4;
03;
0.z

0.1+

T T T T 1
o 0.5 1.0 Time 1.5 zZ0 2.5

Figure (5) system reliability for different values of M

6. Conclusion

A warm standby system with two types of components subjected to common-
cause failure is studied. The system transition diagram for this model is expressed as
one with two dimensions. Markov method is used to obtain the system reliability and
availability with numerical solution. In the future we hope that we can deal with

warm standby systems with three types of components.
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