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Abstract

Coefficient inequalities, distortion theorems and class preserving in-
tegral operators are obtained for p-valent meromorphic starlike func-
tions of order @ (0 < v < p) with negative coefficients.
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1. Introduction
Let X, denote the class of the form

o9
a_

f(z):—p+ akzk(a—p%o; pEN:{sz'”}) (11>

zp
k=1
which are regular in the punctured disc U* = {2 : 0 < |z| < 1}. Define
Df(z) = f(2) (1.2)
("1 £(2))

zp

ai x
DOf(z) =P+ D (0 +k+ Dt =
k=1

D*f(z) = D' f(2)) (1.4)
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and forn=1,2,---.

(71 D" ()

P

D"f(z) = D(D" f(2)) = L4 Y_(p+k+1)"a" = - (15)

k=1

In [1] the authers obtained new criteria for meromorphic p-valent starlike
functions of order v (0 < o < p) via the basic inclusion relationship B, 11 (a) C
B.(a) C By(a),0 < a < p,n € Ny =N — {0} where B,(«) is the class
consisting of functions in X, satisfying

Dn+1f(z)
Re§ ————~" — 1), < — U,0<a< Np). 1.6
e{ D77 (2) (p+ )} alzeU*,0< a<p,ne Ny) (1.6)
We note that B(a) = X5 (a) (the class of p-valent meromorphic starlike func-
tions of order «).

Let 0, be the subclass of ¥, which consisting of functions of the form

a_ o0
f(z):Z—;’—Zakzk(a_p>0;ak20;p€]\f). (1.7)
k=1
Further let
op(n,a, B) = By(a, B) N oy. (1.8)

Definition : Let f(z) € ¥5(a) be defined by (1.7). Then f(2) € o,(n, o, 3) if
and only if

D"Hlf(z) 1
CEVE DrEf(2)

for|z|<1,0§oz<p,§<ﬁ§1.

In the present paper coefficient inequalities, distortion theorem and closure
theorms for the class o,(n, a, 3) are obtainted. Techniques used are similar to
those Silverman [2]. Finally, the class preserving integrators of form

1
ferp-1(2) = C/o P fuz)du (0 <u<1,0<c<o0) (1.9)

is considered.
2. Coefficient Inequalities
Throrem 1 : Let the function f(z) be defined by (1.7). If

Sk DB 1) — (1— )l < (Bp— 1)+ 1—alasy  (21)

then f(z) € B,(a, ).
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Proof : It suffuces to show that

Dn+1f(z) o 1
D f(2) D"f(2) P <1,]z| < 1. (2.2)
We have
g,
ity 1
28 [ 2o — p| - [Zpnst +1 - 24]

S (p+k+1)"(p+ k)agzPtr
k=1

~2(Bp = 1)+ 1= @)lapl = 3 (- +1)"[(k+1)(26 +1)(28 ~ 1) ~p 1+ 2ala+ ket

8

S (p+k+1D)"(p+k)|ag|
< k=1

T 1)+ 1= oyl = 35 0+ k4 D4 D) —p 1+ 2a]jar]

The last expression is bounded by 1 if

(p+k+1)"(p+k)ax] <2(8(p— 1) + 1 — a)|a_,|

NE

i

1

S5 ok 1)k 4 D@8 1) — p— 14 20][al

which reduces to

NE

P+E+1)"[Bk+1) = (A -a)lfa| < (Blp—1) +1—a)layl  (2.3)

i
I

But (2.3) is true by hypothesis. Hence the result follows.
Theorem 2 : Let the function f(z) be defined by (1.7) then f(2) € o,(n, o, )
if and only if

NE

P+E+1)"[Bk+1) - (A -a)lja| < (Blp—1) +1—-a)layl  (2.4)

i
I

Proof : In view of Theorem 1, it is sufficient to prove the “ only if” part. Let

us assume that f(z) defined by (1.7) is in 0,(n, o, 5). Then

D"f(z) 1
D" f(z)

DG 1 [De g
25[ D7I(2) p} [D"f(z) +1 20‘]

<1,
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reduces to

S (p+k+1)"(p+ k)agzPtk
k=

) ! < 1.
—2(8(p-1)+1-0a)lap| - k;(p +k+1)7[(k+1)(28+1)(28 — 1) — p — 1 + 2a]a + kzPtk

Hence

(e 9]

Y k1B +1) — (1= )] < (Bp— 1) + 1 = a)layl.

k=1

Thus the result follows.
Corollary 1: Let the function f(z) defined by (1.7) be in the class o,(n, a, ).

e (Bo-1+1-a)
p— —a)a_y
U= Gk B+ D) — (=) 20
Then result is sharp for the function
fo) =t Bl +1-aa, (k> 1). (2.7)

2 (p+k+1)BE+1)—(1—a)

Distortion Theorem
Theorem 3 : Let the function f(z) defined by (1.7) be in the class 0,(n, «, 3).
Then 0 < |z| =7 <1

ﬂ_(ﬁ(p —1)+1-a)a,
™ (p+2)"(26 -1+ «)

ﬂ_i_(ﬁ(p —1)+1—-a)a,
o (p+2)M(28 -1+ )

r<|f(2)] <

r, (3.1)

where equality holds for the function

¢y (Blp—1)+1-aja, z (z=1ir7) (3.2)

&) == (P +2)7(26— —1+a)

and

payp (Blp—1)+1-a)a,
et (p2)" (26 -1+ a)

ayp  Blp—1)+1-a)a,
i oI 1ha)

<|f(x) < (3.3)

where equality holds for the function f(z) given by (3.3) at z = Fir, Fr.
Proof : In view of Theorem 2, we have

Bp—1)+1—-a)a,
(p+2"(26—1+a)

NE

ap <

i

1

Thus, for 0 < |z| =7 < 1,

a—p - ap  Blp—1)+1-a)a,
|f(z‘§rp1+T;akgrp1+(p+2)"(25—1—|—a) T (3.5)
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and
G—p S ap,  Blp—1)+1-—a)a,
V@“37F_T;;W93w4*_@+2w@6—1+a) (36)

Thus (3.1) follows.
Since

@+2VW%+Dﬁ—1+M§iHmJ§§§@+k+UW%+1W—1+@WM

< (Blp—1)+1-a)a,

where
p+k+1D)"k+1)—-1+a

k

is an increasing function of k, from Theorem 2 it follows that

S Blp—1)+1-a)a,
; b= (p+2"(260—1+a) (3.7)

Hence,

a_ o0
< B2 e ST kaglt!
k=1

rp

o0
pa_
2>
k=1

pay , (Blp—1)+1- ),
T (2RI 1+ a)

IN

IN

and

1f(2)]

v

pa S

—p k—1

rp—1 o Z k’ak’T
k=1

00
pa_
Z rp*f o Z k|ak|
k=1

S Pay (é(p -1)+1—-a)a,

rp—1 (p+2)"(26 -1+ «)

Thus (3.3) follows. It can be easily seen that the function f(z) defined by (3.2)
is extremal for the theorem.
4. Closure Theorems
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Let the functions f;(z) be defined for j =1,2,---,m, by

fi(z) =% (a_py > 0; ap; >0) (4.1)

for z € U*.

We shall prove the following closure theorems for the class o,(n, a, 3).
Theorem 4 : Let the functions f(z) defined by (4.1) be in the class o,(n, o, 8)
for every j =1,2,---  m. Then the function F(z) defined by

by

zP

— ) bezF (b, > 0;0x > 0;p € N) (4.2)

k=1

F(z) =

is a memebr of the class 0,(n, o, 3), where

Proof : Since f;(z) € o,(n, o, 3) it follows from Theorem 2 that
D p+E+D)"BR+1) = (1= a)la < (Blp—1)+1—a)la,| (44)
k=1

for every j =1,2,---,m. Hence,

p+k+1D)"Bk+1)— (1 —a)lb

NE

i

1

ip+k+1 B(k+1) = (1—a) < Z%;)
iy (Zuo PR 1B+ 1) — (1 a)]ak,])
i=1 \k=1

m

Br-1)+1-a) (% Za—m) =Bp—-1)+1-a),

j=1

IN

which (in view of Theorem 2) implies that F'z) € o,(n, o, ).

Theorem 5 : The class 0,(n, «, 3) is closed under convex linear combination.
Proof : Let the function f;(z) (j = 1,2) defined by (4.1) be in the class
op(n, a, (), it is sufficient to prove that the function

H(z) = Mi(2) + (1= N falz) (0<A< 1)
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is also in the class o0,(n, a, ). Since, for 0 < A <1,

)\&,pJ + (1 — )\ A_p2
zP

H(z) = Z{)\akl + (1= Naga}2*  (4.6)

we observe that

> p+k+1)"Bk+1) = (1— a){Aaps + (1 — Nag}

k=1

=AY (p+E+1D)"Bk+1) = (1—a)lap,
k=1

PNk DB — (1 aacs
<(@Bp-1D+1-a) (47)

with the aid of Theorem 2. Hence H(z) € o,(n,«,3). This completes the
proof of Theorem 5.
Theorem 6 : Let

fo(z) = = (4.8)

P

ap  (Blp-1+1-0a)ay, J
fi(z) = 2P (p+2)"(26 -1+ «) (k=1). (49)

Then f(z) € 0,(n, o, B) if and only if it can be expressed in the form

and

z) = Z Ak fi(2), (4.10)
k=0
where .
A >0 (k>0) and > Ao=1
k=0
Proof : Let
z) = Z)\kfk(z) where A\, >0 (k>0) and Z)\k = 1.
— k=1
Then

flz) = Zxkfk( = Nofo(z +2Akfk

_ - a—p Blp =1 +1—-a)ay, k
- (1_2Ak>—+ZA {?_ p+k+1>[ﬁ(k+1>—(1—a)]z}
—1)+1—-a)a, k

_ G _ (8( .
= o Zl(p+k+1>n[ﬁ(k+1)—(1—@)] (4-11)

Jk=
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Since

Blp—1) +1—ajayh
(p+k+1)m[Bk+1)— (1—a)

ip+k+1 Bk+1)—(1—-a)-

Mg

Bp—-1)+1—-a)a, p—1)+1—a)a_,(1—N)

s(ﬁ@—1»+1—amﬂn: (112)

by Theorem 2, f(z) € o,(n, a, 3).
Conversely, we suppose that f(z) defined by (1.7) is in the class 0, (n, o, 3).
Then by using (2.6), we get

Bp—-1)+1—-a)a_

R SV e e vy B
e ( Bk + 1) — (1 - )]
k"Bl ) - (1-a)
M), e EED G
and -
Ao=1- N (4.15)
k=1

we have (4.10). this completes the proof of Theorem 6.
5. Integral Operators

In this section we consider integral transforms of fucntions in the class

Up(nv Oé, 5) .
Theorem 7 : Let the function f(z) defined by (1.7) be in the class o,(n, o, 3),
then the integral transforms.

1
Foipi(z) = c/ utP T f(uz)du (0 <u<1,0<c<o0) (5.1)
0

are in o,(n,d, 3), where
(c+p+D2-(1-)]-268-1)(Blp—1)+1—a)c

(c+p+1)26—1—-a)+08(p—-1)+1—a)
The result is sharp for the function

(e Bl F1l-dla, ;
he = (P+2)"26-1+a) (5.3)

da, B, e,p) = . (5.2)

Proof : Let

1 00
c+p— a— c
Fc+p_1(2’) = C/O' u P lf(U/Z)du = Z—pp — 2 makzk. (54)



Multivalent meromorphic starlike functions 1201

In view of Theorem 2, it is sufficient to show that

Z(p+k+ DBk +1) - (1-9)

P T e )
Since f(z) € o,(n,d,3), we have

i prh+ DR+ —A-a)]

1 Blp—1) +1-a)ay
Thus (5.4) will be satisfied if

[B(E+1) — (1 —9d)]e [B(k+1) — (1 - o)

< for each k.
Bp—1)+1=0)(ct+p+k) = (Bp-1+1-0a)
Solving for §, we obtain
5o P RIAE+1) = (1= )] = B+ ) = YAV +1=a)e _ . .

- (c+p+R)BE+1)-1-a)]+B-1)+1-a)c

for each a, (4, p and c fixed.
Then F(k + 1) — F(k) > 0 for each k.
Hence F(k) is an increasing function of k. Since

(c+p+1)28-(1-a)]=28-1(B(p—-1)+1-a)c
(c+p+128-(1-a)]+(BEP—-1)+1-a)

F(1) =

the result follows.
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