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Abstract

In this paper, we study the properties of 70-metrics introduced and
studied by Du [1], and establish a new fixed point theorem and conver-
gence theorem for 7°-metrics.
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1. Introduction and preliminaries

Throughout this paper we denote by R and N the set of real numbers
and the set of positive integers, respectively. Let (X, d) be a metric space.
We denote by CB(X) the class of all nonempty closed bounded subsets of X
and P(X) the family of all nonempty subsets of X. For each z € X and
A C X, let d(xz, A) = inf c 4 d(x,y), the distance between z and A. For any
A, B € CB(X), define a function H : CB(X) x CB(X) — [0, 00) by

H(A, B) = max {sup d(z, A), sup d(z, B)} ,

zeB TEA

then H is said to be the Hausdorff metric on CB(X) induced by the metric
don X. Let T : X — P(X) be a multivalued map. A point p in X is a
fixed point of T if p € T'p. The set of fixed points of T is denoted by F(T).
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A multivalued map 7 from X into CB(X) is said to be k-contractive if there
exists a nonnegative real number k with & < 1 such that H(Tz, Ty) < kd(z,y)
for all z, y € X. A function p : X x X — [0,00) is said to be a 7-function
[4,5] if the following conditions hold:

(11) p(z,2) < p(z,y) + ply, ) for all z,y, z € X;

(12) If x € X and {y,} in X with lim,, . y, = y such that p(z,y,) < M for
some M = M (x) > 0, then p(z,y) < M;

(73) For any sequence {x,} in X with lim,_ sup{p(z,, zmn) : m >n} =0, if
there exists a sequence {y,} in X such that lim,, . p(zn,y,) = 0, then

(t4) For z, y, z € X, p(z,y) = 0 and p(z,z) = 0 imply y = z.
It is known that any w-distance [2] is a 7-function; see [4, Remark 2.1].

Let p: X x X — [0,00) be a 7-function. For each z € X and A C X, let
p(z,A) = infyecap(z,y). If A € CB(X), then the (p,d)-neighborhood A, s of
A is defined by A5y = {x € X : p(x, A) < 6} and the d-neighborhood As of
A is defined by As = {x € X : d(x, A) < ¢} for each § > 0, respectively.

2. Generalized Hausdorff metrics

Very recently, Du [1] first introduce the concepts of 7°-functions and 7°-
metrics as follows.

Definition 2.1. [1] Let (X,d) be a metric space. A function p: X x X —
[0,00) is called a 79%-function (resp. w-distance) if it is a 7-function (resp.
w-distance) on X with p(z,x) =0 for all x € X.

Example. Let X = R with the metric d(z,y) = |z —y| and 0 < a < b.
Define the function p : X x X — [0, 00) by

p(z,y) = max{a(y — z),b(z — y)}.
Then p is nonsymmetric and hence p is not a metric. It is easy to see that p
is a 7°-function.
The following two Lemmas are needed.

Lemma 2.1. [1,4,5] Let (X,d) be a metric space and p: X x X — [0, 00)
be any function. If p satisfies (73) and there exists a sequence {x,} in X with
limy, 0o sSUp{p(xp, Tm) : m > n} = 0, then {z,} is a Cauchy sequence in X.
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Lemma 2.2. [1] Let A be a closed subset of a metric space (X,d) and
p: X x X — [0,00) be any function. Suppose that p satisfies (73) and there
exists u € X such that p(u,u) = 0. Then p(u, A) =0 if and only if u € A.
From Lemma 2.2 and the definition of 7°-function, we obtain the following
property.
Lemma 2.3. Let (X, d) be a metric space and p be a 7°-function. For any
A, B € CB(X), define 6,(A, B) = sup,c 4 p(z, B). Then for A, B, C € CB(X),
the following hold:

(i
(ii

»,(A,B)=0<= ACB;
L(A, B) < 6,(A,C)+6,(C, B);
f A C B, then 6,(A4,C) < 6,(B,0);

(iii

=9

(v A, BNC) > max{d,(A, B),0,(A,C)};

(vi

p

A, BUC) < min{0,(A, B),d,(A,C)};

'qu

(vii

,_80’2

) o
) 0
) if
(iv) if B C C, then 6,(A, C) < §,(A, B);
)
)
)
)

( )
( )
(AN B,C) < min{d,(A,C),6,(B,C)};
( ) =

=9

(viil) 0,(AU B,C) = max{d,(A,C),,(B,C)}.

Proof. We first prove (i). If ,(A, B) = 0 then p(a,B) = 0 for all a € A.
By Lemma 2.2, we have A C B. Conversely, if A C B, then 9,(A, B) = 0 by
Lemma 2.2 again. Therefore 0,(A, B) = 0 <= A C B. The proofs of (ii),
(iii) and (iv) are straightfoward. Using (iii) and (iv), it is easy to verify that
the conclusions of (v), (vi) and (vii) hold. To show (viii), since A C AU B
and B C AU B, using (iii), we have max{d,(A4,C),0,(B,C)} < 6,(AU B,C).
Conversely, given ¢ > 0, there exists u € AU B such that §,(AU B,C) <
p(u,C) +¢e. Then 6,(AU B,C) < max{d,(4,C),0,(B,C)} +¢e. Since ¢ is
arbitrary, we obtain J§,(AU B, C) < max{d,(A4,C),0,(B,C)} and hence (viii)
holds. O

Definition 2.2. [1] Let (X, d) be a metric space and p be a 7°-function.
For any A, B € CB(X), define a function D, : CB(X) x CB(X) — [0,00) by

D,(A, B) = max{6,(A, B),0,(B,A)},

where 0,(A, B) = sup,. 4 p(z, B), then D, is said to be the 7°-metric on CB(X)
induced by p.

Clearly, any Hausdorff metric is a 7°-metric, but the reverse is not true.
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The following theorem is one of the main results in [1].

Theorem 2.1. [1] Every 7’-metric D, defined as in Def. 2.2 is a metric on

CB(X).

Theorem 2.2. Let (X, d) be a metric space and D,, be a 7°-metric on CB(X)
induced by a 7%-function p. Then for any A, B € CB(X),

Dy(A,B) = sup|p(z,A) — p(z, B)|

zeX
= inf{6>0:AC B.s), B C A(p,é)}'

Proof. It is easy to verify that the conclusion follows from Lemma 2.2 and
Lemma 2.3, so we omit the proof. a

Applying Lemma 2.3, we can easy prove the following theorem.

Theorem 2.3. Let (X, d) be a metric space and D, be a 7°-metric on CB(X)
induced by a 7°-function p. Then for any A, B, C', D € CB(X), D,(AUB,CU
D) S maX{Dp(Av C)? Dp(Bv D)}

3. A new fixed point theorem and convergence theorem

Definition 3.1. A multivalued map 7' : X — CB(X) is said to be (7°, k)-
contractive or a (79, k)-contraction if there exists a constant 0 < k < 1 such
that D,(Tx, Ty) < kp(x,y) for all z, y € X.

The following result is a new fixed point theorem and inequality in complete
metric spaces.

Theorem 3.1.  Let (X, d) be a complete metric space and D,, be a 7%-metric

on CB(X) induced by a 79-function p. For eachi € {1, 2},let T; : X — CB(X)
be a (7°, k)-contractive multivalued map. Then the following hold:

(i) F(T;) # 0 for each 7 € {1, 2};

(i) If p(x,-) is Ls.c. for all z € F(T;), i € {1, 2}, then

Dy(F(T), F(T3)) < T sup D, (T3 (2), T(x)).

zeX



Convergence theorem 1397

Proof. Without loss of generality, we only prove F(T1) # 0. Let A € (k,1).
Take zg € X and x; € Tixg. If p(zo,x1) = 0, since p(zg, x9) = 0, by (74), we
have zg = 21 € Tizg. So xg € F(T1). If p(xg,x1) > 0, since

p(.ﬁlﬁ'l,Tll'l) < Dp(Tll'o,Tll'l) < )\p(l'o,l'l)

there exists o € Ty such that p(zq, x2) < Ap(zo,x1). If p(x1,22) = 0, then
x1 € F(T1). Otherwise, there exists x3 € Tz such that p(xq, x3) < Ap(x1, 22).
Continuing this process, we can obtain a sequence {x,}>2, in X satisfying
xn € Ty (Tp—1), p(Tp_1,2,) > 0 and p(z,, Tpi1) < Ap(zp_1,x,) for each n € N.
Hence

P(@n; Tni1) < AP(Tn-1, ) <o+ < X"p(x0, 71)

for each n € N. We claim that lim,,_ sup{p(x,, x,n) : m > n} = 0. Let
ay, = %p(wo,xl), n € N. For any m,n € N with m > n, we have

m—1

P( T, Tn) < Zp(xj,xjH) < ay,. (3.1)

j=n

Since 0 < A < 1, lim,, .o, a;, = 0 and hence lim,, o, sup{p(zn, xy) : m > n} =
0. By Lemma 2.1, {z,} is a Cauchy sequence. By the completeness of X,
there exists £ € X such that x, — £ as n — oco. From (72) and (3.1), we have

p(2n, &) < o, forall n € N,

Since zp41 € Th(xn), P(Tpi1, ThE) < Ap(xp, &) for each n € N. So there exists
{an} C Ti€ such that p(z,i1,ant1) < Ap(zn,§) < a, for each n € N. Tt
follows that lim, .. p(x,,a,) = 0. By (73), lim,_ d(zpn,a,) = 0. Since
d(an, &) < d(an,z,) + d(z,,§), we obtain a, — £ as n — oo. Since Ti is
closed and {a,} C T, we have £ € Ti€ or £ € F(T). Hence the conclusion
(i) holds.

Next we verify (ii). Clearly, if 71 = T5, then we are done. So we assume
that 77 # T5. Let v = sup,cxy Dp(T1(z), To(x)). Without loss of generality,
we may assume that v < co. Let ¢ > 0 be arbitrary. Since Y 7, nk™ < oo,
we can choose ¢ > 0 such that ¢} nk™ < 1 and take g9 = 5¢. Let
ug € F(T1). Then uy € Tiug. Since

pug, Toug) < Dy(Thug, Toug) < v <vy+¢

there exists u; € Thug such that p(ug,u;) < v+ e. By our assumption,
Dp(TQUO,Tgul) S kp(uo,ul). Since

plur, Touy) < Dy(Toug, Tour) < kp(ug, ur) + keg
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there exists ug € Thuy such that p(uy,us) < kp(ug,ur) + keo. Continuing in
this way, we can construct a sequence {u,} in X such that u,; € T5(u,) and
P(Un, Upi1) < kp(Upn_1,u,) +k"eo for each n € N. Tt follows that

P(Un, Upy1) < kp(Up_1,u,) + k"eqg < - < E"p(ug, ur) + nk"eg

for each n € N. Let 3, = %p(uo,ul), n € N. For any m, n € N with m > n,
we have

m—1
p(umum) < Zp(ujvuj-i-l)

j=n

< p(uo, ul) Z kj + €0 Z]k]

j=n j=n
€

< Pn

It 1
Since ¢ is arbitrary, we have
sup{p(un, Um) : m >n} < 3, for each n € N. (3.2)

Since 0 < k < 1, lim,, o sup{p(un,, u,,) : m > n} = 0. Applying Lemma 2.1
again, {u,} is a Cauchy sequence in X. By the completeness of X, there exists
0 € X such that u, — ¥ as n — co. From (72) and (3.2), we have

p(un,0) < B, foralln e N. (3.3)

Since 41 € To(uy,), by (3.3), we have p(u,11, T20) < kp(u,,0) < 3, for each
n € N. So there exists {w,} C T»0 such that p(upi1, wer1) < 5, for each
n € N. It follows that lim,, . p(ty, w,) = 0. By (73), lim, o d(u,, w,) = 0.
Since d(wy,, ) < d(wp, u,) + d(u,, 0), it follows w, — v as n — oo. By the
closedness of To0 and {w,, } C 150, we obtain © € F(T3). Furthermore, if p(z, -)
is L.s.c. for all z € F(T;), i € {1, 2}, then

p(u07 @) < lim infp(u(b un)
n—o0
n—1

< liminf > puj,ujp)
=0

< p(“Oyul)ij+5Oijj
j=0 j=1
< L Ip(ug,uw) + €]
1_kpu07u1 9
1
< (y+20).

1—k
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Since ¢ is arbitrary, we have p(ug, ) < 2. Note that ug € F(T}) is arbitrary,
it follows that sup,czi)p(@, F(T2)) < 5 Similarly, for any (, € F(13),
following the same argument, there exists Z € F(11) such that p((o, 2) < 175
) < t55. Therefore we obtain that

Also it implies that sup,c ) p(, F(11)

D(F(Ty), F(T3)) = max{ sup p(x,F(T»)), sup p(z,F(T1))}

x€F(Ty) z€F(Tn)
< sup D, (T1(z), To(z)).
1 -k zeX
This completes the proof. O

Corollary 3.1. (Nadler [6]) Let (X,d) be a complete metric space and
T : X — CB(X) be a k-contraction. Then 7T has a fixed point in X.

The following conclusion is the well-known Banach contraction principle.

Corollary 3.2. [6] Let (X,d) be a complete metric space and T': X — X
be a k-contraction. Then T has a unique fixed point in X.

Corollary 3.3. [3] Let (X,d) be a complete metric space. If T} and T, are
k-contractive multivalued maps from X into CB(X), then

H(F(Th), F(Tz)) < sup H(T1(x), Tz(z)).

zeX

Applying Theorem 3.1, we obtain the following convergence theorem.

Theorem 3.2. Let (X,d) be a complete metric space and D, be a 7%-metric
on CB(X) induced by a 7°-function p. For each i € NU {0}, suppose that T;
is a (79, k)-contractive multivalued map from X into CB(X) such that p(z,-)
is Ls.c. for all x € F(T;) and lim, o Dy(T,(z), To(z)) = 0 uniformly for all
xz € X. Then lim,_.o D,(F(T,), F(Tp)) = 0.

Proof. Given ¢ > 0. Since lim,,_,o D,(T,,(x), To(x)) = 0 uniformly for all
x € X, there exists ng € N such that sup,.y D,(T,,(z), To(z)) < (1 — k)e for
all n > ng. By Theorem 3.1,

D (F(T,), F(Ty)) < ﬁ sup D, (Ty(x), To(x)) <

— hgeX

for all n > ng. Hence lim,,_,o D,(F(T,), F(Tp)) = 0. O

Corollary 3.4. [3] Let (X,d) be a complete metric space and T; be a k-
contractive multivalued mappings from X into CB(X) for i =0, 1, 2, --- such
that lim,, ... H(T,(z), To(x)) = 0 uniformly for all z € X. Then lim,,_,., H(F(T,),
F(Ty)) = 0.
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