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Abstract

In this paper, the concepts of compatible mappings of type (A) and
type (P) are introduced in an induced metric space, two common fixed
point theorems for two pairs of compatible mappings of type (A) and
type (P) in an induced complete metric space are established, and the
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existence and uniqueness results of common solution for a system of
functional equations arising in dynamic programming as applications of
these common fixed point theorems presented are discussed.
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1 Introduction and Preliminaries

Contractive type mappings and corresponding fixed or common fixed point
theorems and their applications have been studied and discussed during the
past decades, see [1-17] and the references therein. In particular, Huang, Lee
and Kang [4] established a common fixed point theorems for two pairs of
compatible mappings A, S and B, T in a complete metric space (X, d) which
satisfy the following condition

d(Az, By) < ¢(max {d(Sx, Ty),d(Sx, Ax),d(Ty, By), (1.1)

%[d(Sx, By) +d(Ty, Az)]}), Vr,y€ X,

where ¢ : [0, 00) — [0, 00) is nondecreasing, upper semi-continuous and ¢(t) <
t for all ¢ > 0. Moreover, Pathak, Cho, Kang and Lee [17] produced several
common fixed point theorems for two pairs of compatible mappings of type
(P) satisfying (1.1).

As proposed in Bellman and Lee [1], the essential form of the functional
equation in dynamic programming is

f(z) =opt H(z,y, f(T(x,y))), Vo, (1.2)

yeD

where x and y denote the state and decision vectors, respectively. T" denotes
the transformation of the process, f(x) denotes the optimal return function
with the initial state =, and the opt represents sup or inf.

Bhakta and Mitra [3], Huang, Lee and Kang [4], Liu [5-7], Liu, Agarwal
and Kang [9], Liu and Kang [10-11], Liu and Kim [12], Liu and Ume [13],
Liu, Ume and Kang [14], Liu, Xu, Ume and Kang [15], Pathak and Fisher
[16], Pathak, Cho, Kang and Lee [17] and others established the existence and
uniqueness of solutions or common solutions for several classes of functional
equations or systems of functional equations arising in dynamic programming
by means of various fixed and common fixed point theorems. Bhakta and
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Choudhury [2] obtained two fixed point theorems by using countable family of
pseudometrics and discussed also the existence of solutions for the following
functional equation:

f(z) = inf G(z,y, ), VreS. (1.3)
yeD

Aroused and motivated by the above achievements in [1-17], we introduce
the following contractive type mappings and system of functional equations
arising in dynamic programming, respectively,

i (f, gy) (1.4)
< o(max {{p°¢" : p,q € {dr(lz, hy), di(fz,lx), d\(gy, hy),

ae g o (o (2) 0 (8)" v e fdetia ),

dk(fxa lx)adk(gy> hy)adk(f$>gy)}a
q € {dr(fz, hy), dr(gy,l2)}}}), Ve,ye X, k>1,

where s and t are some nonnegative numbers with s+¢ > 0 and ¢ € ®, where
® = {p: p: Rt - Rt is a continuous nondecreasing function satisfying
o(t) <t, Vt>0}, and

filz) = ;Jgg{U(rc, y)+ Hi(zy, i(T(z,9)))}, Vo els, (1.5)
fa(z) = ZCB;{U(% y)+ Hy(z,y, fo(T(x,9)}, Vo ebs,
g1(z) = Sff.g{u(x’ y)+Gi(z,y, 01(T(2,y)))}, Vo els,
g2(z) = Sff.g{u(x’ y) + Ga(z,y, 92(T'(2,y)))}, Vo €8S

The main aim in this paper is to study the existence and uniqueness of common
fixed point for the contractive type mappings (1.4) in an induced complete met-
ric space, which is generated by a countable family of pseudometrics {dj }r>1.
Under certain conditions, we prove two common fixed point theorems for the
contractive type mappings (1.4). As applications, we use the common fixed
point theorems presented to establish the existence and uniqueness results of
common solutions for the system of functional equations (1.5).

Throughout this paper, let Rt = [0,4+00) and {di}r>1 be a countable
family of pseudometrics on a nonempty set X such that for any distinct z,y €
X, di(z,y) # 0 for some k > 1. Define

> di(z, )
o~k TP Wi,y e X.
Zl 1+ di(z,y) Y
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It is clear that d is a metric on X and the metric d and the metric space (X, d)
are called, respectively, an induced metric and induced metric space by the
countable pseudometircs family {dy}r>1, respectively. A sequence {z,},>1 C
X converges to a point x € X if and only if di(z,,x) — 0 as n — oo for each
k> 1, and {z,},>1 C X is a Cauchy sequence if and only if dg(x,, x,,) — 0 as
n, m — oo for each k > 1. The induced metric space (X, d) is called complete if
each Cauchy sequence in X converges to some point in X. A self mapping f on
(X, d) is said to be continuousin X iflim,,_, fz, = fx whenever {z, },>1 C X
such that {z,},>1 converges to z € X.

2 Unique Common Fixed Point Theorems

Throughout this section, we assume that (X, d) is the induced metric space by
the countable pseudometrics family {dj},>1 such that for any distinct z,y €
X, di(z,y) # 0 for some k > 1.

Firstly, we introduce the concepts of compatible mappings of type (A) and
type (P) in the induced metric space (X, d).

Definition 2.1. The mappings g, h : (X,d) — (X, d) are said to be com-
patible of type (A) if

lim di(ghz,, hhz,) =0 and lim dg(hgx,,gg9z,) =0, Vk>1,

whenever {x,},>1 is a sequence in X such that lim,,_, gz, = lim, o hz, = z
for some z € X.

Definition 2.2. The mappings g, h : (X,d) — (X, d) are said to be com-
patible of type (P) if

lim di(ggx,, hhx,) =0, Vk>1,

whenever {x,},>1 is a sequence in X such that lim,,_, gz, = lim, o hz, = z
for some z € X.

Secondly, we establish two common fixed point theorems for contractive
type mappings (1.4) in the induced complete metric spaces (X, d).

Theorem 2.3. Let the induced metric space (X,d) be complete and f, g,
h and 1 be four self mappings of (X,d) such that

(B1) one of f, g, h and l is continuous;

(B2) the pairs f,1 and g, h are compatible of type (A);

(B3) f(X) C h(X),g(X) C UX);
(B4) there exist some ¢ € ®,s5,t € R with s+t > 0 satisfying (1.4),
then f, g, h and | have a unique common fixed point in X .
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Proof. Let xy be an arbitrary point in X. In terms of (B3) there exist two
sequences {$n}n20 - Xa {yn}nzl C X such that fon = hx2n+1 = Y2n+1,
9Toni1 = Topio = Yanie for n > 0. Define dy, = di(Yn, Yns1) for n > 1 and
k > 1. We firstly demonstrate that

ditt < e(dilh), V=1 k> 1 (2.1)
In view of (1.4), we acquire that, Vk > 1

i3n 11 (2.2)

= dZth(fflfzn, 9$2n+1)
S 90( max {{psqt 'D,q € {dk(l'r2nu hx2n+l)7 dk(f-r?m l$2n)7
di(9Ton+41, hooni1), di(f2an, 9Tons1)}}

U{Ps<g>t:pt<g>s 1 p € {di (2, haon 1),

dk(fona len): dk(g$2n+17 hx2n+1)7 dk(fona gx2n+1)}7
q € {dp(fron, hronir), di(gTon+1, len)}}})
q

s s q t S
< p(max {{p°¢" : p.q € {dy2n, dians1}} U {p <§> ,pt<§> :
P € {dran, drany1},q € {0, dion + dk2n+1}}})
=¥ ( max {diﬁfw di;iﬂ: dz2nd§€2n+17 d}thndZ%H»la

5 dron + dront1\? g dron + diong1\®
k2n # y Ukon f )

< dron + dront1\t 4 dron + diong1\*
s (52 ) sl (F25) )
Suppose that dga,+1 > dgap, for somen > 1 and k > 1. It follows from (2.2) that
digt o < oldist, ) < dizt.,, which is a contradiction. Hence dyzpi1 < dyon
for any n > 1 and & > 1. Thus (2.2) means that dj5' , < @(d;i.) for any
n > 1 and k > 1. Similarly we conclude that dj}! < p(dj3! ) for each n > 1
and k > 1. It follows that (2.1) holds.
Now we demonstrate that
lim dg, =0, Vk>1. (2.3)

n—oo

In view of (2.1) and the continuity of ¢, we deduce that

0 <dpity <oldih) <dplt < o(dpfty)

<dpit < <e(dih) < ditt, V> k>,



2178 Zeqing Liu, Min Liu, Chahn Yong Jung and Shin Min Kang

which deduces that lim,, ., d;* = a for some a € RT. Thus a = lim,,_ @(dj1") =
¢(a), therefore a = 0. It follows that (2.3) holds.

For the sake of showing that {y,},>1 is a Cauchy sequence, in view of
(2.3), it is sufficient to show that {ys,},>1 is a Cauchy sequence. Suppose that
{y2n}n>1 is not a Cauchy sequence. Hence there exists a positive number
and k£ > 1 on condition that for each even integer 2r, there are even integers
2m(r) and 2n(r) such that 2m(r) > 2n(r) > 2r, and

dk(y2m(r)7 y2n(r)) > €.

For each even integer 2r, let 2m(r) be the least even integer exceeding 2n(r)
satisfying the above inequality, therefore we obtain that

dk(me(r)f% an(r)) <e¢ and dk (me(r)a y2n(r)) > €. (24>

It follows that for each even integer 2r,

dy, (me(r)a y2n(r)) < dem(T)*l + dem(T)72 + dy, (me(T)727 an(r))

According to (2.3), (2.4) and the above inequality we conclude that

lim dk(y2m(r)7 y2n(r)) =E&. (25>

r—00

It is apparent that for any r» > 1,
|dk(y2m(r)u an(r)—‘rl) - dk(me(r)a an(r))| S dk?n(r)?

|k (Y2m(r)+1, Y2n(r)+1) — Ak (Y2m(r)s Yan(r)+1)| < dram(r
and
i (Yom(r)+15 Yon)+2) — Qe (Yom@)+1, Yanr)+1)| < droangy+1-
In light of (2.3), (2.5) and the above inequalities we draw that

€= rliglo dy, (me(T)a an(r)+1> = 7‘h—>rgo dy, (y2m(r)+1: y2n(r‘)+1>

= lim dk(y2m(r)+17y2n(r)+2)'

r—00

By (1.4), we arrive at
d2+t(fx2m(r) ) gx?n(r)-‘rl)

< (,O(HlaX {{psqt HY/N/S {dk(lem(r)a hx2n(7’)+1)7 dk(fom(T)a lx?m(r))7
dk(ngn(r)—&-ly hx?n(r)—‘rl)) dk(fom(r)y gx2n(7’)+1)}}

q

(1) ’
U{p <§) ’pt<§) pE {dk(lem(r)athH(T)+1>’
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dk(fom(T): Z.sz(r)), dk(gx2n(r)+1a thn(r)+1)a dk(f];2m(r): ngn(r)Jrl)}a
q € {dk(fom(r)a hx?n(r)—‘rl): dk(g$2n(r)+la l$2m(r))}} }) .
Letting » — oo, we get that

t s
e5tt < go(max {€s+t’0’€s<%> ’€t<%> }) — p(e5Tt) < &5,

which is a contradiction. Thus {y,},>1 is a Cauchy sequence and it converges
to a point u € X by completeness of X. Suppose that [ is continuous. Conse-
quently, we have that

lim llxy, = lim lys, = lu.

n—oo

In light of (B2), we obtain that
lim fyo, = lim flx,, = lu.

We subsequently produce that u is a common fixed point of f, g, h and [. It
follows from (1.4) that

dz+t(fy2na gx?n-l—l)

S ()0( max {{Psqt D, q € {dk(ly2na thnJrl)a dk(nyna ly2n>7 dk(g$2n+17 hx2n+1)7

q

t s
A fyns grans) U {p*(5) 2 (3) 2 P € {dulyons hvsnsn).

dk(nyna ly2n>7 dk(g$2n+17 hx2n+1)7 dk(nyna gx2n+1)}7
qec {dk(nyna hx2n+1)7 dk(g$2n+17 lan)}}})a Vk > 1.
As n — oo in above inequality, we infer that

dfrt(lu,u) < gp(dert(lu,u)) < di“(lu,u), Vk > 1,

which signifies that di(lu,u) = 0 for any k& > 1, that is, lu = u. By (1.4) we
get that

dz+t(fu7 gx?n-l—l)
< ()0( max {{psqt ‘pqE {dk(lua hx2n+1)7 dk(fuv ZU), dk(g$2n+1a hx2n+1)7

di(fu, groni1) U {ps<%)t,pt<%)s :p € {di(lu, hroyyq),

dk(fu7 ZU), dk(g$2n+17 thnJrl)a dk(fua g$2n+1)}7
qc {dk(fua hx2n+1)7 dk(ngn-‘rlu lu)}}})a vk > L
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As n — oo in the above inequality, we gain that
&t (fu,u) < o(d(fu,w) < &7 (fu,u), Ve =1,

which implies that dp(fu,u) = 0 for any k > 1. Therefore fu = u. In view
of (B3), there exists a point w € X such that u = fu = hw. Using (1.4), we
conclude that

;" (u, gw) = ;' (fu, gw)
< gp(max {{psqt 0, q € {di(lu, hw), di(fu, lu), dp(gw, hw),

di(fu, gw)}} U {ps<%)t,pt<%)s :p € {di(lu, hw),

di(fu, lu), di(gw, hw), dp(fu, gw)},
q € {di(fu, hw), dp(gw,lu)}}})
= @(d™ (u, gw)) < di™(u, gw), Yk = 1,
which implies that dy(u, gw) = 0 for each & > 1. Thereupon u = gw. By means
of (B2) and gw = hw = u, we come into di(gu, hu) = d(ghw, hhw) = 0 for

any k > 1, which means that gu = hu. In a similar manner, by (1.4) we know
that

dz+t(fu7 gU) S 90( max {{psqt - p,q S {dk(lua hU), dk(fuv ZU), dk(gu> hU),
di(fu, gu)}} U {ps<%)t,pt<%)s 2 p € {di(lu, hu),
di(fu, lu), di(gu, hu), di(fu, gu)},
qc {dk(fu7 hu)7dk(gu7 lu)}}})a Vk > 17
which deduces that

A7 (fu, gu) < o(diT(fu, gu)) < dit(fu, gu), Vk > 1,

which implies that dy(fu,gu) = 0 for each k > 1. Therefore, fu = gu. Hence
we come to a conclusion that fu = gu = hu = lu = w. Similarly, we can
obtain this result in the case of the continuity of f or g or h.

We finally demonstrate that u is a unique common fixed point of f, g, h
and [. If v € X \ {u} is another common fixed point of f, g, h and [, it is easy
to see that from (1.4)

A5 (u,v) = A5 (fu, gv) < e(dit (u,0)) < d5FH(u,v), Yk > 1,

which implies that di(u,v) = 0 for all & > 1. That is, v = v, which is a
contradiction. This completes the proof. O
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Theorem 2.4. Let the induced metric space (X,d) be complete and f, g,
h and l be four self mappings of (X,d) such that (B1),(B3), (B4) and

(B5) the pairs f,1 and g, h are compatible mappings of type (P),

then f, g, h and | have a unique common fixed point in X.

Proof. As in the proof of Theorem 2.3, we arrive at {y,},>1 is a Cauchy
sequence and it converges to a point ©w € X by completeness of X. Suppose
that [ is continuous. It follows that

lim Uz, = hm lyan = lu.

n—oo

In view of (B5), we obtain that
lim fy2n+1 = lim ff'IZn = lu.

The rest of the proof is the similar as that of Theorem 2.3. This completes the
proof. O

Remark 2.5. The conditions (B1) and (B4) in Theorem 2.3 and 2.4 weaken
and improve the corresponding conditions in Theorem 3.1 of Pathak, Cho,
Kang and Lee [17].

3 Applications

In this section, we assume that (X, || - ||) and (Y,|| - |l1) be both real Banach
spaces, S C X be the state space, and D C Y be the decision space. Denote by
BB(S) the set of all real-value mappings on S that are bounded on bounded
subsets of S. It is easy to verify that BB(S) is a linear space over R under
usual definitions of addition and multiplication by scalars. For £ > 1 and

f,9 € BB(S), let

di(f.g) = sup{|f(z) — g(z)| : 2 € B(0, k)},

—1 1+ dk fa )
where B(0,k) = {z : x € S and ||a:|| < k}. Clearly, {di}r>1 is a countable
family of pseudometrics on BB(S) and (BB(S), d) is a complete metric space.

Now we study the existence and uniqueness of common solutions for the
systems of functional equations (1.5) in the deduced complete metric space
(BB(S),qd).
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Theorem 3.1. Let u: Sx D — ST :SxD — S and Hy, Hy, G1,G5 :
S x D xR — R satisfy the following conditions:

(C1) for given k > 1 and a € BB(S), there exists r(k,a) > 0 such that
u(z, y)| + max{[Hi(x, y, a(T (z,y)))|, |Gi(2,y,a(T(2,y)))] i € {1,2}}

<r(k,a), Y(z,y) € B(0,k) x D;
(C2) there exists p € ®,s,t € RT and s+t > 1 such that

[Hi(,y, a(w)) — Ha(z, y, b(w))|"™ (3-2)
S QD( max {{psqt p,qE {dk.(Jla, ng), dk(Al&, Jla), dk(AQb, ng),

AT
di(Ara, Ab)}} U {p (2) D (2) . p € {du(J1a, Job),
dk(Ala, Jla), dk(Agb, ng), dk(Ala, Agb)}, qc {dk(A16L7 ng),
de(Asb, Jia)}}}), V(z,y,w) € B(0,k) x D x S, k> 1,
where Ay, As, J1 and Jo are defined as follows:
Aia(z) = opt{u(z,y) + Hi(z,y,a(T(z,y)))},

yeD

Jia(z) = opt{u(z,y) + Gi(z,y, a(T(x,y)))},

yeD

for all (z,a) € S x BB(S), i € {1,2}; (C3) either there exists A; € {A;, Ax}
such that for any sequence {an}n>1 C BB(S),a € BB(S) and k > 1,

lim sup |a,(x) —a(z)]=0= lim sup |Aja,(z)— A;a(z)|=0
0 2eB(0,k) 0 2eB(0,k)

or there exists J; € {J1, Jo} such that for any sequence {a,}n>1 C BB(S),a €
BB(S) and k > 1,

lim sup |a,(z) —a(z)]=0= lim sup |Ja,(z)— Ja(x)| =0;
0 2€B(0,k) 0 eB(0,k)

(C4) A1(BB(S)) C Jo(BB(S)) and As(BB(S)) C Ji(BB(S));
(C5) for any k> 1 and i € {1,2}

lim sup |Aszan(x) - Jszan(IM

0 2eB(0,k)

0 2eB(0,k)
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whenever {a,}n>1 C BB(S) is a sequence in BB(S) such that

lim sup |Aan(z) —a(x)| = lim sup |Ja,(x) —a(z) =0
0 2eB(0,k) 0 2eB(0,k)

for some a € BB(S5),
then the system of functional equations (1.5) possesses a unique common
solution in BB(S).

Proof. Tt follows from (C1) and (C2) that Ay, Ay J; and Jy are self mappings
in BB(S). Clearly, (C3) implies that one of Ay, Ay, J; and J, is continuous,
and (C5) means that Ay, J; and A,, J, are compatible mappings of type (A).

Presume that opt,c, = infyep. Let a,b € BB(S), k> 1,7 € B(0,k) and
e > 0. Using (3.2), we deduce that there exist y, z € D such that

Ava(z) > u(z,y) + Hi(z,y, a(T(x,y))) — &, (3.3)
Asb(z) > u(z, z) + Ha(x, 2,0(T (2, 2))) — €. (3.4)

It is easy to see that

Aja(z) <wu(z,z) + Hi(x, z,a(T (2, 2))), (3.5)
Azb(x) < u(w,y) + Ha(z,y, b(T(z,y))). (3.6)

By virtue of (3.4) and (3.5), we infer that
Aja(z) — Agb(z) < Hy(z,2,a(T(x, 2))) — Ho(x, 2,b(T(x,2))) +&  (3.7)

< |[Hi(z,2,a(T(2,2))) = Hy(x, 2,0(T (2, 2)))| + €.
From (3.3) and (3.6) we conclude that

Ala(l‘) - AQb(x) > Hl(x7ya a(T(x,y))) - HQ(I7ya b(T(ZL‘,y))) —¢€ (38>

> —|H1(ZL', Ys CL(T(I, y))) - HQ(xa Ys b<T(I7 y)))| —¢&.
It follows from (3.7) and (3.8) that

|A16L(l’) - Agb($)| < max{|H1(.r, Y, CL(T(ZL’, y))) - HQ(xa Y, b(T(I7 y)))|a
|Hi (2,2, a(T(x, 2))) = Ha(x, 2,0(T (, 2)))[} + &
(3.1), the above inequality and the mean value theorem lead to
|Aja(x) — Agb(z) [P

< (maX{’Hl(l'? Y, &<T(x>y)>> - HQ(x>y? b(T(.I', y)))\,
|H1($,Z,G(T(l‘72))) - H2(x’ Z,b(T(ZL‘, Z)))|} +5)S+t
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< (maX{’Hl(l'? Y &<T(x> y))) - H2(x> Y, b(T(.I', y)))\,
|Hi(2,2,a(T(z, 2))) — Ha(, 2,0(T(x, 2)))| })"
+(s 4+ t)(2r(k,a) + )" e

< ¢(max {{p*¢" : p,q € {dr(J1a, J2b),dr(Ara, J1a), dr(Asb, Job),

s(\® q\°
dk(Ala, Agb)}} U {p <§) ,pt<§) pE {dk(J16L7 JQb),
dk(A16L7 Jla), dk(Agb, ng), dk(A16L7 Agb)},
qc {dk(Ala, ng), dk(Agb, Jla)}}})
+Hs+1)(2r(k a) +2)"" e,
which yields that
dZth(Al&, Agb) (39)
< @(max {{Psqt :p,q € {di(J1a, Job), di(Ara, Jia), dip(Asd, Job),

dp(Ara, Asb)}} U {Ps<g>tapt<g>s 1 p € {dp(J1a, Job),
dp(Ara, Jia), di(Asb, Job), dip(Ara, Asb)},
¢ € {du(Ava, Job), di(Asb, Jia)} D)
s+ 8)(2r(k, a) + £) e,

Similarly we infer that (3.9) also holds for opt,cp = sup,cp - Letting e — 0
in (3.9), we deduce that

dZH(Al@, Azb)
S (p( max {{psqt 'p,qE {dk.(Jla, ng), dk(Al&, Jla), dk(AQb, ng),

d(Ara, Ash)}} U {ps<g>t,pt<g>s  p € {du(Jra, Job),

dk(Al&, Jl&), dk(AQb, ng), dk(Al&, Agb)},
q € {dr(Ara, Job), dp(Asb, J1a)}}}).

Theorem 2.3 ensures that A;, Ay, J; and J, have a unique common fixed point
j € BB(S). That is, j is a unique common solution of the system of functional
equations (1.5). This completes the proof. O
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Theorem 3.2. Let u: Sx D — ST :5xD — S and H, Hy, G1,G5 :
S x D xR — R satisfy (C1),(C2),(C3),(C4) and
(C6) For any k > 1 and i € {1,2}

lim sup |A;Aa,(x) — JiJsa,(x)] =0

0 2eB(0,k)
whenever {a,}n>1 C BB(S) is a sequence in BB(S) such that

lim sup |Aja,(x) —a(x)] = lim sup |Ja,(z) —a(z)| =0
0 e B(0,k) 0 2eB(0,k)

for some a € BB(Y5),
then the system of functional equations in (1.5) possesses a unique common
solution in BB(S).

Proof. Note that (C6) means that A, J; and As, J5 are compatible mappings
of type (P). The rest of the proof is similar to that of Theorem 3.1. This
completes the proof. O
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