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Abstract

In this paper, we introduce the iterative schemes by using hybrid
methods for finding a common element of the set of an equilibrium
problem and the set of fixed points of asymptotically k-strictly pseudo-
contractive mapping in a Hilbert space. We show that the iterative
sequence converges strongly to a common element of two sets. Our
result combine the ideas of Inchan [Strong convergence theorems of
modified Mann iteration methods for asymptotically nonexpansive map-
pings in Hilbert spaces, Int. Journal of Math. Analysis, Vol 2, 2008,
no. 23, 1135-1145], Kim and Xu [T. H. Kim, H. K. Xu, Conver-
gence of the modified Mann’s iteration method for asymptotically strict
pseudo-contractions, Nonlinear Analysis 68 (2008) 2828-2836] and con-
nected with Ceng et al’s result [L.C. Ceng, S. Al-Homidan, Q.H. Ansari
and J.C. Yao, An iterative scheme for equilibrium problems and xed
point problems of strict pseudo-contraction mappings, J. comput. Appl.
Math. (2008), doi:10.1016/j.cam.2008.03.032.] and other authors.
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1 Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H . Let F be a bifunction of C × C into R, where R is the real numbers.
The equilibrium problem for F : C × C → R is to find x ∈ C such that

F (x, y) ≥ 0 for all y ∈ C. (1)

The set of solutions of (1) is denoted by EP (F ). Given a mapping T : C → H ,
let F (x, y) = 〈Tx, y − x〉 for all x, y ∈ C. Then, z ∈ EP (F ) if and only if
〈Tz, y − z〉 ≥ 0 for all y ∈ C. Numerous problems in physics, optimiza-
tion, and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [3] introduced an iterative scheme of finding the best approximation
to the innitial data when EP (F ) is nonempty and proved a strong convergence
theorem.

We know that a Hilbert space H satisfies Opial’s condition [13], that is, for
any sequence {xn} ⊂ H with xn ⇀ x, the inequality

lim inf
n→∞ ‖xn − x‖ < lim inf

n→∞ ‖xn − y‖

holds for every y ∈ H with y 	= x.
Recall that a mapping T : C → C is said to be a strict pseudo-contractive

mapping [1] if there exists a constant 0 ≤ k < 1 such that

‖Tx − Ty‖2 ≤ ‖x − y‖2 + k‖(I − T )x − (I − T )y‖2, (2)

for all x, y ∈ C. ( If (2) holds, we also say that T is a k-strict pseudo-
contraction.)

It is know that if T is 0-strict pseudo-contractive mapping, T is nonexpan-
sive mapping.

In this paper we will consider an iteration method of modified Mann for
asymptotically k-strict pseudo-contractive mapping. We say that T : C →
C is an asymptotically k-strict pseudo-contractive mapping if there exists a
constant 0 ≤ k < 1 satisfying

‖T nx − T ny‖2 ≤ (1 + γn)‖x − y‖2 + k‖(I − T n)x − (I − T n)y‖2, (3)

for all x, y ∈ C and for all n ∈ N where γn ≥ 0 for all n such that limn→∞ γn =
0. We see that if k = 0, then T is asymptotically nonexpansive mapping. By
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Goebel and Kirk [6], T is asymptotically nonexpansive mapping if there exists
a sequence {γn} of nonnegative numbers with limn→∞ γn = 0 and such that

‖T nx − T ny‖2 ≤ (1 + γn)‖x − y‖2, (4)

for all x, y ∈ C and all integers n ≥ 1.
In 1967, Browder and Petryshyn [1] established the first convergence result

for -strict pseudo-contraction in real Hilbert spaces. They proved weak and
strong convergence theorem by using iteration (1.4) with a constant control
sequence {αn} = α for all n. Many authors have appeared in the literature
on the existence of solution equilibrium, see also, for example [4, 17, 18] and
references therein. To find an element of EP (F )∩ F (T ), Tada and Takahashi
[16] introduced the iterative scheme for nonexpansive mappings by the hybrid
method in a Hilbert space.

In 2007, Kim and Xu [8], introduced the sequence generated by CQ algo-
rithm for k-strict pseudo-contractions T is constructed as follows:

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ C chosen arbitrary,
yn = αnxn + (1 − αn)Txn,
Cn = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + (1 − αn)(k − αn)‖xn − Txn‖2},
Qn = {z ∈ C : 〈xn − z, x0 − xn〉 ≥ 0},
un+1 = PCn∩Qnx0, n ∈ N,

(5)
where {αn} with αn < 1, then {xn} is generated in (6) converge strongly to
PF (T )x0.

In 2008, I. Inchan [7], introduce the modified Mann iteration processes for
an asymptotically nonexpansive mapping. Let C be a closed bounded convex
subset of a Hilbert space H , T be an asymptotically nonexpansive mapping of
C into itself and let x0 ∈ C. For C1 = C and x1 = PC1(x0), define {xn} as
follows way:

⎧⎪⎨
⎪⎩

yn = αnxn + (1 − αn)T nxn,
Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
xn+1 = PCn+1x0, n ∈ N,

(6)
where θn = (1 − αn)(k2

n − 1)(diamC)2 → 0 as n → ∞ and 0 ≤ αn ≤ a < 1 for
all n ∈ N. Then him prove that {xn} converges strongly to z0 = PF (T )x0.

Recently, Ceng et al. [5] established an iterative scheme for finding a com-
mon element of the set of solution of an equilibrium problem (1.1) and the set
of fixed point of a k-strict pseudo-contraction mapping in the setting of real
Hilbert space. They also studied some weak and strong convergence theorem
for k-strict pseudo-contraction mapping of the sequence generated by their
algorithm.
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Our iteration method for finding a fixed point of an asymptotically k-strict
pseudo-contractive mapping T is the modified Mann’s iteration method studied
in [9, 8, 14, 15, 19] which generates a sequence {xn} via

xn+1 = αnxn + (1 − αn)T nxn, n ≥ 0, (7)

where the initial guess x0 ∈ C is arbitrary and the sequence {αn}∞n=0 line in
the interval (0, 1).

Motivated and inspired by the above results, in this paper, we consider
the mixed iterative scheme (5), (6) and [5] from nonexpansive mappings to
more general asymptotically k-strict pseudo-contraction mappings for finding
a common element of the set of solutions of an equilibrium problem and the
set of solutions of fixed points of a asymptotically k-strict pseudo-contraction
mappings in Hilbert spaces. Moreover, we show that {xn} and {un} converge
strongly to F (S) ∩ EP (F ) by the hybrid methods under mild assumption on
parameters.

2 Preliminary Notes

Let C be a closed convex subset of H . For every point x ∈ H , there exists a
unique nearest point in C, denoted by PCx such that

‖x − PCx‖ ≤ ‖x − y‖ for all x, y ∈ C.

PC is called the metric projection of H onto C. It well known that PC is a
nonexpansive. Next, we collect some lemmas which will be used in the proof
for the main result in next section.

Lemma 2.1 [12] There holds the identity in a Hilbert space H:

(i) ‖x + y‖2 = ‖x‖2 + ‖y‖2 + 2〈x, y〉, ∀x, y ∈ H.

(ii) ‖λx + (1 − λ)y‖2 = λ‖x||2 + (1 − λ)‖y‖2 − λ(1 − λ)‖x − y‖2 for all
x, y ∈ H and λ ∈ [0, 1].

Lemma 2.2 [12] Let C be a closed convex subset of a real Hilbert space
H. Given x ∈ H and y ∈ C. Then y = PCx if and only if there holds the
inequality

〈x − y, y − z〉 ≥ 0, ∀z ∈ C.

Lemma 2.3 [10] Let C be a closed convex subset of H. Let {xn} be a
sequence in H and u ∈ H. Let z = PCu. If ωw(xn) ⊂ C and satisfies the
condition ‖xn − u‖ ≤ ‖u − z‖ for all n. Then xn → p.
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For solving the equilibrium problem for a bifunction F : C × C → R, let
us assume that F satisfies the following condition:

(A1) F (x, x) = 0 for all x ∈ C;

(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;

(A3) for each x, y ∈ C,

lim
t→0

F (tz + (1 − t)x, y) ≤ F (x, y);

(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.4 [2] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C × C into R satisfying (A1)-(A4). Let r > 0 and x ∈ H.
Then, there exists z ∈ C such that

F (z, y) +
1

r
〈y − z, z − x〉 ≥ 0 for all y ∈ C.

The following lemma was also given in [3].

Lemma 2.5 [3] Assume that F : C × C → R satisfying (A1)-(A4). For
r > 0 and x ∈ H, define a mapping

Tr(x) =
{
z ∈ C : F (z, y) +

1

r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C

}

for all z ∈ H. Then, the following hold:

1. Tr is single-valued;

2. Tr is firmly nonexpansive, i. e., ‖Trx − Try‖2 ≤ 〈Trx − Try, x − y〉 for
all x, y ∈ H;

3. F (Tr) = EP (F );

4. EP (F ) is closed and convex.

3 Main Results

In this section, we prove the iterative sequence convergence strongly to element
of the set of an equilibrium problem and the set of fixed points of asymptoti-
cally k-strictly pseudo-contractive mapping in a Hilbert space.

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C into R satisfying (A1) − (A4)
and let S be an asymptoticall k-strictly pseudo-contractive mapping for some



1680 C. Sudsukh and I. Inchan

0 ≤ k < 1 such that F (S) ∩ EP (F ) 	= ∅. Let {xn} and {un} be sequence
generated by C1 = C ⊂ H, x1 = x ∈ C and let

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

un ∈ C such that F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = αnun + (1 − αn)Snun,
cn+1 = {z ∈ C : ‖yn − z‖2 ≤ ‖z − xn‖2 + [(k − αn)(1 − αn)]‖un − Snun‖2 + θn},
xn+1 = PCn+1x0,

(8)
for all n ∈ N, θn = (1 − αn)γn(diamC)2 → 0 as n → ∞, where {αn} ⊂ [α, β]
for some α, β ∈ [k, 1), and {rn} ⊂ (0,∞) satisfying lim infn→∞ rn > 0 and
Σ∞

n=1|rn+1 − rn| < ∞. Then {xn} converges strongly to z0 = PF (S)∩EP (F )x0.

Proof. We first show that F (S) ∩ EP (F ) ⊂ Cn for all n ∈ N, by induction.
For any z ∈ F (S)∩EP (F ) we have z ∈ C = C1 hence F (S)∩EP (F ) ⊂ C1. Let
F (S)∩EP (F ) ⊂ Cm for some m ∈ N. Then we have, for p ∈ F (S)∩EP (F ) ⊂
Cm and from un = Trnxn, we note that

‖un − p‖ = ‖Trnxn − Trnp‖ ≤ ‖xn − p‖, (9)

for all n ∈ N. Thus we have
‖ym − p‖2 = ‖αmum + (1 − αm)Smum − p‖2

= ‖αm(um − p) + (1 − αm)(Smum − p)‖2

= αm‖um − p‖2 +(1−αm)‖Smum − p‖2 −αm(1−αm)‖um −Smum‖2

≤ αm‖xm − p‖2 + (1 − αm)[(1 + γm)‖um − p‖2 + k‖um − Smum‖2]
−αm(1 − αm)‖um − Smum‖2

≤ (1 + (1 − αm)γm)‖xm − p‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2

≤ ‖xm−p‖2+[(k−αm)(1−αm)]‖um−Smum‖2+(1−αm)γm‖xm−p‖2

≤ ‖xm − p‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm.
It follows that p ∈ Cm+1 and F (S)∩EP (F ) ⊂ Cm+1, hence F (S)∩EP (F ) ⊂ Cn

for all n ∈ N. Next, we show that Cn is closed and convex for all n ∈ N. It
follows obvious that C1 = C is closed and convex. Suppose that Cm is closed
and convex for each m ∈ N. Let zj ∈ Cm+1 ⊂ Cm with zj → z. Since Cm

is closed, z ∈ Cm and ‖ym − zj‖2 ≤ ‖zj − xm‖2 + [(k − αm)(1 − αm)]‖um −
Smum‖2 + θm. Then

‖ym − z‖2 = ‖ym − zj + zj − z‖2

= ‖ym − zj‖2 + ‖zj − z‖2 + 2〈ym − zj , zj − z〉
≤ ‖zj − xm‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm + ‖zj − z‖2

+2‖ym − zj‖‖zj − z‖.
Taking j → ∞,

‖ym − z‖2 ≤ ‖z − xm‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm.

Hence z ∈ Cm+1. Let x, y ∈ Cm+1 ⊂ Cm with z = αx+(1−α)y where α ∈ [0, 1].
Since Cm is convex, z ∈ Cm and ‖ym−x‖2 ≤ ‖x−xm‖2+[(k−αm)(1−αm)]‖um−



Equilibrium problems by hybrid method 1681

Smum‖2 + θm, ‖ym−y‖2 ≤ ‖y−xm‖2 +[(k−αm)(1−αm)]‖um−Smum‖2 + θm,
we have

‖ym − z‖2 = ‖ym − (αx + (1 − α)y)‖2

= ‖α(ym − x) + (1 − α)(ym − y)‖2

= α‖ym − x‖2 + (1− α)‖ym − y‖2 − α(1− α)‖(ym − x)− (ym − y)‖2

≤ α(‖x − xm‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm)
+(1 − α)(‖y − xm‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm)
−α(1 − α)‖y − x‖2

= α‖x− xm‖2 + (1−α)‖y− xm‖2 −α(1−α)‖(xm − x)− (xm − y)‖2

+[(k − αm)(1 − αm)]‖um − Smum‖2 + θm

= ‖α(xm−x)+(1−α)(xm−y)‖2+[(k−αm)(1−αm)]‖um−Smum‖2+θm

= ‖xm − z‖2 + [(k − αm)(1 − αm)]‖um − Smum‖2 + θm.
Then z ∈ Cm+1, it follows that Cm+1 is closed and convex. Hence Cn is
closed and convex for all n ∈ N. This implies that {xn} is well-defined. From
xn = PCnx0, we have

〈x0 − xn, xn − y〉 ≥ 0, for all y ∈ Cn.

Since F (S) ∩ EP (F ) ⊂ Cn, we have

〈x0 − xn, xn − u〉 ≥ 0 for all u ∈ F (S) ∩ EP (F ) and n ∈ N. (10)

So, for u ∈ F (S) ∩ EP (F ), we have
0 ≤ 〈x0 − xn, xn − u〉 = 〈x0 − xn, xn − x0 + x0 − u〉

= −〈xn − x0, xn − x0〉 + 〈x0 − xn, x0 − u〉
≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − u‖.

This implies that

‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − u‖,
hence

‖x0 − xn‖ ≤ ‖x0 − u‖ for all u ∈ F (S) ∩ EP (F ) and n ∈ N. (11)

From xn = PCnx0 and xn+1 = PCn+1x0 ∈ Cn+1 ⊂ Cn, we also have

〈x0 − xn, xn − xn+1〉 ≥ 0 for all n ∈ N. (12)

So, for xn+1 ∈ Cn, we have, for n ∈ N
0 ≤ 〈x0 − xn, xn − xn+1〉 = 〈x0 − xn, xn − x0 + x0 − xn+1〉

= −〈xn − x0, xn − x0〉 + 〈x0 − xn, x0 − xn+1〉
≤ −‖xn − x0‖2 + ‖x0 − xn‖‖x0 − xn+1‖.

This implies that

‖x0 − xn‖2 ≤ ‖x0 − xn‖‖x0 − xn+1‖,
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hence
‖x0 − xn‖ ≤ ‖x0 − xn+1‖ for all n ∈ N. (13)

From (11) we have {xn} is bounded, limn→∞ ‖xn − x0‖ exists. Next, we show
that ‖xn − xn+1‖ → 0. In fact, from (12) we have

‖xn − xn+1‖2 = ‖(xn − x0) + (x0 − xn+1)‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn+1〉 + ‖x0 − xn+1‖2

= ‖xn − x0‖2 + 2〈xn − x0, x0 − xn + xn − xn+1〉 + ‖x0 − xn+1‖2

= ‖xn−x0‖2−2〈x0−xn, x0−xn〉−2〈x0−xn, xn−xn+1〉+‖x0−xn+1‖2

≤ ‖xn − x0‖2 − 2‖xn − x0‖2 + ‖x0 − xn+1‖2

= −‖xn − x0‖2 + ‖x0 − xn+1‖2.
Since limn→∞ ‖xn − x0‖ exists, we have that

lim
n→∞ ‖xn − xn+1‖ = 0. (14)

On the other hand, we note that

F (un, y) +
1

rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ H, (15)

and

F (un+1, y) +
1

rn+1
〈y − un+1, un+1 − xn+1〉 ≥ 0, ∀y ∈ H. (16)

Putting y = un+1 in (15) and y = un in (17), we have
F (un, un+1) + 1

rn
〈un+1 − un, un − xn〉 ≥ 0 and

F (un+1, un) + 1
rn+1

〈un − un+1, un+1 − xn+1〉 ≥ 0
and hence

〈un+1 − un, un − un+1 + un+1 − xn − rn

rn+1
(un+1 − xn+1) ≥ 0.

Since lim infn→∞ rn > 0, we assume that there exists a real number b such that
rn > b > 0 for all n ∈ N. Thus, we have

‖un+1 − un‖2 ≤ 〈un+1 − un, xn+1 − xn + (1 − rn

rn+1
)(un+1 − xn+1)〉

≤ ‖un+1 − un‖{‖xn+1 − xn‖ + |1 − rn

rn+1
|‖un+1 − xn+1‖}

and hence
‖un+1 − un‖ ≤ ‖xn+1 − xn‖ + |1 − rn

rn+1
|‖un+1 − xn+1‖

≤ ‖xn+1 − xn‖ +
1

b
|rn+1 − rn|L (17)

where L = sup{‖un+1 − xn+1‖ : n ∈ N}. From (14), we obtain

lim
n→∞ ‖un − un+1‖ = 0. (18)

Since xn+1 ∈ Cn+1 ⊂ Cn implies that

‖yn − xn+1‖2 ≤ ‖xn − xn+1‖2 + [(k − αn)(1 − αn)]‖un − Snun‖2 + θn. (19)
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By the definition of yn and k < α ≤ αn ≤ β < 1, we have
‖yn − xn‖2 = ‖(yn − xn+1) + (xn+1 − xn)‖2

≤ ‖yn − xn+1‖2 + 2‖yn − xn+1‖‖xn+1 − xn‖ + ‖xn+1 − xn‖2

≤ ‖xn − xn+1‖2 + [(k − αn)(1 − αn)]‖un − Snun‖2 + θn

+2‖yn − xn+1‖‖xn+1 − xn‖ + ‖xn+1 − xn‖2

= 2‖xn+1 − xn‖(‖yn − xn+1‖ + ‖xn+1 − xn‖)
−[(αn − k)(1 − αn)]‖un − Snun‖2 + θn

≤ 2‖xn+1 − xn‖(‖yn − xn+1‖ + ‖xn+1 − xn‖) + θn.
From (14), we have

lim
n→∞ ‖yn − xn‖ = 0. (20)

From Lemma 2.1 (ii), we have
‖yn − p‖2 ≤ αn‖un − p‖2 + (1 − αn)‖Snun − p‖ − αn(1 − αn)‖Snun − un‖2

≤ αn‖xn − p‖2 + (1 − αn)[(1 + γn)‖un − p‖2 + k‖Snun − un‖2]
−αn(1 − αn)‖Snun − un‖2

= (1 + (1 − αn)γn)‖xn − p‖2 + [(k − αn)(1 − αn))]‖Snun − un‖2

= ‖xn−p‖2− [(αn−k)(1−αn))]‖Snun−un‖2+(1−αn)γn‖xn−p‖2, (21)

it follows that

(αn − k)(1 − αn)‖Snun − un‖2 ≤ ‖xn − p‖2 − ‖yn − p‖2 + θn. (22)

From (22) and k < α ≤ αn ≤ β < 1, we also have
(α − k)(1 − β)‖Snun − un‖2 ≤ (αn − k)(1 − αn)‖Snun − un‖2

≤ ‖xn − p‖2 − ‖yn − p‖2 + θn

≤ ‖xn − yn‖(‖xn − p‖ + ‖yn − p‖) + θn.
By (20), we obtain that

lim
n→∞ ‖Snun − un‖ = 0. (23)

Next, we show that limn→∞ ‖Sun − un‖ = 0. From (18) and (23), we have
‖Sun − un‖ ≤ ‖Sun − Sn+1un‖ + ‖Sn+1un − Sn+1un+1‖

+‖Sn+1un+1 − un+1‖ + ‖un+1 − un‖
≤ L1‖un−Snun‖+‖Sn+1un+1−un+1‖+(1+Ln+1)‖un−un+1‖ → 0 as n → ∞.

(24)
Next, we show that limn→∞ ‖xn − un‖ = 0. For p ∈ F (S) ∩ EP (F ) and from
un = Trnxn, we have

‖un − p‖2 ≤ 〈Trnxn − Trnp, xn − p〉 = 〈un − p, xn − p〉
= 1

2
(‖un − p‖2 + ‖xn − p‖2 − ‖xn − un‖2)

and hence
‖un − p‖2 ≤ ‖xn − p‖2 − ‖xn − un‖2. (25)

From (9) and (25), we have
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‖yn − p‖2 ≤ αn‖un − p‖2 + (1 − αn)‖Snun − p‖ − αn(1 − αn)‖Snun − un‖2

≤ αn‖un − p‖2 + (1− αn)[(1 + γn)‖un − p‖2 + k‖Snun − un‖2]−
αn(1 − αn)‖Snun − un‖2

= ‖un−p‖2−[(αn−k)(1−αn))]‖Snun−un‖2+(1−αn)γn‖un−p‖2

≤ (1 + (1 − αn)γn)‖un − p‖2

= ‖un − p‖2 + (1 − αn)‖un − p‖2

≤ ‖un − p‖2 + (1 − αn)γn‖xn − p‖2

≤ ‖xn − p‖2 − ‖xn − un‖2 + θn.
It follows that

‖xn − un‖2 ≤ ‖xn − p‖2 − ‖yn − p‖2 + θn

≤ ‖xn − yn‖(‖xn − p‖ + ‖yn − p‖) + θn.
From (20), we have

lim
n→∞ ‖xn − un‖ = 0. (26)

Since {xn} is bounded, there exists subsequence {xni
} of {xn} such that xni

⇀
w. From (26), we can assume that uni

⇀ w. We show that w ∈ EP (F ) . It
follows by (26) and (A2) that

1

rn
〈y − un, un − xn〉 ≥ F (y, un)

and hence

〈y − uni
,
uni

− xni

rni

〉 ≥ F (y, uni
).

Since
uni−xni

rni
→ 0 and uni

⇀ w, it follows by (A4) that 0 ≥ F (y, w) for all

y ∈ H . For t ∈ (0, 1] and y ∈ H let yt = ty + (1 − t)w. Since y, w ∈ H , we
have yt ∈ H and hence F (yt, w) ≤ 0. So from (A1) and (A4) we have

0 = F (yt, yt) ≤ tF (yt, y) + (1 − t)F (yt, w) ≤ tF (yt, y)
and hence 0 ≤ F (yt, y). From (A3), we have 0 ≤ F (w, y) for all y ∈ H and
hence w ∈ EP (F ).

We shall show that w ∈ F (S). Assume that w 	= F (S). Since uni
⇀ w and

w 	= Sw, it follows by Opial’s condition (see [13]) that
lim infi→∞ ‖uni

− w‖ < lim inf i→∞ ‖uni
− Sw‖

≤ lim infi→∞(‖uni
− Suni

‖ + ‖Suni
− Sw‖)

≤ lim infi→∞ ‖uni
− w‖.

A contradiction. So, we get w ∈ F (S). Therefore w ∈ F (T ) ∩ EP (F ). If w
is arbitrarily element of ωw(xn), by the same argument of the prove, we have
ωw(xn) ⊂ F (S) ∩ EP (F ). From (11) and Lemma 2.3, we have {xn} strongly
convergence to z0 = PF (S)∩EP (F )x0.This complete the proof. �

Corollary 3.2 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C × C into R satisfying (A1) − (A4)
and let S be a k-strictly pseudo-contractive mapping for some 0 ≤ k < 1
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such that F (S) ∩ EP (F ) 	= ∅. Let {xn} and {un} be sequence generated by
C1 = C ⊂ H, x1 = x ∈ C and let

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

un ∈ C such that F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = αnun + (1 − αn)Sun,
cn+1 = {z ∈ C : ‖yn − z‖2 ≤ ‖z − xn‖2,
xn+1 = PCn+1x0,

(27)

for all n ∈ N, where {αn} ⊂ [α, β] for some α, β ∈ [k, 1), and {rn} ⊂
(0,∞) satisfying lim infn→∞ rn > 0. Then {xn} converges strongly to z0 =
PF (S)∩EP (F )x0.

Proof. Let γn ≡ 0 replace S from asymptotically k-strictly pseudo-contractive
mapping into k-strictly pseudo-contractive mapping in Theorem 3.1, the con-
clusion follows. �

Corollary 3.3 Let C be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction fron C ×C into R satisfying (A1)− (A4) and
let S be an asymptotically nonexpansive mapping such that F (S)∩EP (F ) 	= ∅.
Let {xn} and {un} be sequences generated by C1 = C and x1 = PC1(x0), define
{xn} as follows way:

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

un ∈ C such that F (un, y) + 1
rn
〈y − un, un − xn〉 ≥ 0, ∀y ∈ C

yn = αnxn + (1 − αn)Snxn,
Cn+1 = {z ∈ Cn : ‖yn − z‖2 ≤ ‖xn − z‖2 + θn},
xn+1 = PCn+1x0, n ∈ N,

(28)
where θn = (1 − αn)γ2

n(diamC)2 → 0 as n → ∞ and {αn} ⊂ [α, β] for some
α, β ∈ [k, 1), and {rn} ⊂ (0,∞) satisfying lim infn→∞ rn > 0. Then {xn}
converges strongly to z0 = PF (S)∩EP (F )x0.

Proof. Putting k = 0 in Theorem 3.1, then the class of asymptotically k-
strictly pseudo-contractive mapping reduced to asymptotically nonexpansive
mapping, Then complete the proof. �
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