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Abstract

In this paper, we introduce the iterative schemes by using hybrid
methods for finding a common element of the set of an equilibrium
problem and the set of fixed points of asymptotically k-strictly pseudo-
contractive mapping in a Hilbert space. We show that the iterative
sequence converges strongly to a common element of two sets. Our
result combine the ideas of Inchan [Strong convergence theorems of
modified Mann iteration methods for asymptotically nonexpansive map-
pings in Hilbert spaces, Int. Journal of Math. Analysis, Vol 2, 2008,
no. 23, 1135-1145], Kim and Xu [T. H. Kim, H. K. Xu, Conver-
gence of the modified Mann’s iteration method for asymptotically strict
pseudo-contractions, Nonlinear Analysis 68 (2008) 2828-2836] and con-
nected with Ceng et al’s result [L.C. Ceng, S. Al-Homidan, Q.H. Ansari
and J.C. Yao, An iterative scheme for equilibrium problems and xed
point problems of strict pseudo-contraction mappings, J. comput. Appl.
Math. (2008), doi:10.1016/j.cam.2008.03.032.] and other authors.
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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset
of H. Let F be a bifunction of C' x C' into R, where R is the real numbers.
The equilibrium problem for F': C' x C' — R is to find x € C such that

F(z,y) >0 forall yeC. (1)

The set of solutions of (1) is denoted by EP(F'). Given a mapping T': C' — H,
let F(x,y) = (Tx,y — x) for all x,y € C. Then, z € EP(F) if and only if
(Tz,y — z) > 0 for all y € C. Numerous problems in physics, optimiza-
tion, and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [3] introduced an iterative scheme of finding the best approximation
to the innitial data when E'P(F) is nonempty and proved a strong convergence
theorem.

We know that a Hilbert space H satisfies Opial’s condition [13], that is, for
any sequence {z,} C H with x, — z, the inequality

liminf ||z, — z| < liminf ||z, — y|
n—oo n—oo

holds for every y € H with y # x.
Recall that a mapping T : C — (' is said to be a strict pseudo-contractive
mapping [1] if there exists a constant 0 < k < 1 such that

|72 — Tyl < llo — yl” + k(I — T)a — (I — Tyl @)

for all z,y € C. ( If (2) holds, we also say that T is a k-strict pseudo-
contraction.)

It is know that if T"is O-strict pseudo-contractive mapping, 1" is nonexpan-
sive mapping.

In this paper we will consider an iteration method of modified Mann for
asymptotically k-strict pseudo-contractive mapping. We say that T : C —
C' is an asymptotically k-strict pseudo-contractive mapping if there exists a
constant 0 < k < 1 satisfying

T = T < (14 )l =yl + KT =T = (T =T, )

for all z,y € C and for all n € N where 7,, > 0 for all n such that lim,, .. v, =
0. We see that if £ = 0, then T is asymptotically nonexpansive mapping. By
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Goebel and Kirk [6], T" is asymptotically nonexpansive mapping if there exists
a sequence {7,} of nonnegative numbers with lim,_, v, = 0 and such that

[T = Tyl < (1 + ) |2 — w2 (4)

for all z,y € C and all integers n > 1.

In 1967, Browder and Petryshyn [1] established the first convergence result
for -strict pseudo-contraction in real Hilbert spaces. They proved weak and
strong convergence theorem by using iteration (1.4) with a constant control
sequence {a,} = «a for all n. Many authors have appeared in the literature
on the existence of solution equilibrium, see also, for example [4, 17, 18] and
references therein. To find an element of EP(F) N F(T), Tada and Takahashi
[16] introduced the iterative scheme for nonexpansive mappings by the hybrid
method in a Hilbert space.

In 2007, Kim and Xu [8], introduced the sequence generated by CQ algo-
rithm for k-strict pseudo-contractions 7' is constructed as follows:

x9 € C' chosen arbitrary,

Yn = QpTp + (1 - &n)T'xna

Co={2€Cp: |lyn — 2[* < llzn — 2> + (1 — an) (k — e[|z — T},

Qn={2€C:{(x,—z20—x,) >0},

Uns1 = Po,n@,To, n €N,

(5)
where {a,} with o, < 1, then {z,} is generated in (6) converge strongly to
PF(T)I'().

In 2008, L. Inchan [7], introduce the modified Mann iteration processes for
an asymptotically nonexpansive mapping. Let C' be a closed bounded convex
subset of a Hilbert space H, T' be an asymptotically nonexpansive mapping of
C into itself and let zp € C. For C; = C and x; = Pg,(xg), define {x,} as
follows way:

Yn = QpTp + (1 - C“n>Tnxn7
Cn+1 = {Z S CTL : Hyn - zHQ < Hwn - zHQ +9n}7

Tny1 = Pe, 170, n €N,

n+1
(6)
where 6,, = (1 — a,,)(k? — 1)(diamC)?> — 0 asn — oo and 0 < o, < a < 1 for
all n € N. Then him prove that {x,} converges strongly to 2o = Pp(r)o.
Recently, Ceng et al. [5] established an iterative scheme for finding a com-
mon element of the set of solution of an equilibrium problem (1.1) and the set
of fixed point of a k-strict pseudo-contraction mapping in the setting of real
Hilbert space. They also studied some weak and strong convergence theorem
for k-strict pseudo-contraction mapping of the sequence generated by their
algorithm.
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Our iteration method for finding a fixed point of an asymptotically k-strict
pseudo-contractive mapping 7' is the modified Mann’s iteration method studied
in [9, 8, 14, 15, 19] which generates a sequence {z,} via

Tpt1 = Quy + (1 — ) T"x,, n >0, (7)

where the initial guess zy € C' is arbitrary and the sequence {a;,}°, line in
the interval (0,1).

Motivated and inspired by the above results, in this paper, we consider
the mixed iterative scheme (5), (6) and [5] from nonexpansive mappings to
more general asymptotically k-strict pseudo-contraction mappings for finding
a common element of the set of solutions of an equilibrium problem and the
set of solutions of fixed points of a asymptotically k-strict pseudo-contraction
mappings in Hilbert spaces. Moreover, we show that {x,} and {u,} converge
strongly to F'(S) N EP(F) by the hybrid methods under mild assumption on
parameters.

2 Preliminary Notes

Let C' be a closed convex subset of H. For every point x € H, there exists a
unique nearest point in C, denoted by Pox such that

|z — Pex|| < ||z —yl| forall z,y € C.

Pe is called the metric projection of H onto C'. It well known that P is a
nonexpansive. Next, we collect some lemmas which will be used in the proof
for the main result in next section.

Lemma 2.1 [12] There holds the identity in a Hilbert space H :
(i) |z +ylI> = |zl]* + Iyl + 2(z,y),Vz,y € H.
(i) Az 4 (1 = Nyll> = M[> + (1 = Nly[]> = M1 = N[z = yl|* for all
x,y € H and X € [0,1].

Lemma 2.2 [12] Let C be a closed convexr subset of a real Hilbert space
H. Given x € H andy € C. Then y = Pox if and only if there holds the
mequality

(x —y,y—2) >0, VzeCl.

Lemma 2.3 [10] Let C be a closed conver subset of H. Let {x,} be a
sequence in H and uw € H. Let z = Pou. If wy(z,) C C and satisfies the
condition ||z, — ul| < ||u — z|| for all n. Then x, — p.
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For solving the equilibrium problem for a bifunction F': C' x C' — R, let
us assume that F' satisfies the following condition:

(Al) F(z,z) =0 for all z € C;

(A2) F is monotone, i.e., F(z,y) + F(y,z) <0 for all z,y € C;

(A3) for each z,y € C,

lir% Ftz+ (1 —t)x,y) < F(x,y);

(A4) for each x € C,y — F(z,y) is convex and lower semicontinuous.
The following lemma appears implicitly in [2].

Lemma 2.4 [2] Let C be a nonempty closed convex subset of H and let F
be a bifunction of C x C into R satisfying (A1)-(A4). Let r >0 and x € H.
Then, there exists z € C' such that

1
F(z,y)+;<y—z,z—x>20 for ally € C.

The following lemma was also given in [3].

Lemma 2.5 [3] Assume that F : C' x C' — R satisfying (A1)-(A4). For
r >0 and x € H, define a mapping

1
Tr(x):{zeC’:F(z,y)—l—;(y—z,z—x}ZO, VyEC'}

for all z € H. Then, the following hold:

1. T, s single-valued;

2. T, is firmly nonezpansive, i. e., |T,x — Ty||* < (T,x — Ty, x — y) for
all x,y € H;

3. F(T,) = EP(F);

4. EP(F) is closed and convex.

3 Main Results

In this section, we prove the iterative sequence convergence strongly to element
of the set of an equilibrium problem and the set of fixed points of asymptoti-
cally k-strictly pseudo-contractive mapping in a Hilbert space.

Theorem 3.1 Let C be a nonempty closed convexr subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (Al) — (A4)
and let S be an asymptoticall k-strictly pseudo-contractive mapping for some
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0 < k < 1 such that F(S) N EP(F) # 0. Let {x,} and {u,} be sequence
generated by C;, = C C H,xy =2 € C and let

u, € C such that F(uy,,y) + %(y — Up, Uy — Ty) >0, Yy € C
Yn = Qply + (1 — ) S Uy,
Cnpr = {2 € C: [lyn — 2[1* < Mz — 2l + [(k — ) (1 — a)][Jtin — S u||* + 0.},
Tny1 = Ponti1o,
(8)

for alln € N, 0,, = (1 — a,,)yn(diamC)? — 0 as n — oo, where {a,} C [, (]
for some o, 3 € [k,1), and {r,} C (0,00) satisfying liminf, .. 7, > 0 and
300 1 |rns1 — rn| < 00. Then {x,} converges strongly to zo = Pp(s)nep(r)To-

Proof. We first show that F'(S) N EP(F) C C, for all n € N, by induction.
For any z € F(S)NEP(F) we have z € C' = C; hence F(S)NEP(F) C C;. Let
F(S)NEP(F) C C,, for some m € N. Then we have, for p € F(S)NEP(F) C
Cy, and from w,, =T, ,, we note that

un — pll = | T3, 20 — T0,pll < |20 — P, 9)

for all n € N. Thus we have
[Ym — pII* = lamtm + (1 = @) S™ U, — pl|?
= ||am(um - p) + (1 — ) (S U _p)”2
= [t = P[> + (1 = @) [[S™wm — PI|* — (1 — ) [t — St |12
< ap|@m = plIP + (1 — an) (1 + v lum — plI* + Ellwm — S™wn|1?]
— (1 — ) [t — S™ s ||?
< (14 (1 = am)ym) |lzm — plI* + [(k — am) (1 — )]t — S™wn?
< NJem =pl*+[(k —am) (1 — ) [ um — S™ ||+ (1 = ) Y |2 — p||?
< [lzm = plI* + [(k = o) (1 = )]t — S™ tnl|? + O
It follows that p € Cy,,41 and F(S)NEP(F) C Cpy1, hence F(S)NEP(F) C C,
for all n € N. Next, we show that (), is closed and convex for all n € N. It
follows obvious that '} = C'is closed and convex. Suppose that C,, is closed
and convex for each m € N. Let z; € C,,11 C C,, with z; — 2. Since C,,
is closed, z € Cy, and ||ym — 2|12 < |l — zml* + [(F — am) (1 — a)] ||t —
S™ U ||* + 0. Then
lm — 212 = llym — 2 + 2 — 2|
= llym — 2lI* + 127 — 21* + 2{ym — 2, 25 — 2)
<z — T |? + [(k = ) (1 = ) |ttm — S™wm]|? + O + 125 — z||?
2y — 25l — 211
Taking 7 — o0,

lym — 217 < Iz = @wl® + [(k = 0w) (1 = am)} |t — S™ tin||* + O

Hence z € Cp11. Let z,y € Cpyqy C Cpy with 2z = ax+(1—a)y where a € [0, 1].
Since C,, is convex, z € Cp, and ||y, —2||* < [|[x—2p |[*+[(k— ) (1— )] ||t —
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S™ U * + Oy [[Ym = Y1I* < N1y = 2|+ [(F = @) (1 — )] ||t = S™ i ||* + Or,
we have
1Y — 2[1* = [lym — (az + (1 = @)y)
= Ha(ym - JJ) + (1 - a)(ym - y)
= allym — 2[> + (1 = a)llym = ylI? = (1l = )| (Y — ©) = (Y — y)
< a(llz = znl® + [(k — ) (1 = )] [um = S™ || + 0,)
+(1 = a)([ly — zl* + [(k = ) (1 = )] [[um — S™ || + 0,)
—a(l - a)lly — |
= allz — [ + (1= a)|ly — 2ul® — a(l = a)|[(zm — ) — (2 — y)
+[(k — am) (1 — )| tm — S™ U ]|* + O
= ||a(xm_x)+(1_a)(xm_y)||2+[(k_am)(1_am)]||um_SmumH2+‘9m
= ||zm — Z||2 + [(k = am) (1 — am)] ||t — Sm“mH2 + O
Then z € C),41, it follows that C),11 is closed and convex. Hence C,, is
closed and convex for all n € N. This implies that {z,} is well-defined. From
xn = Po,xg, we have

-
H 2
u

I

(xo — Tp,x, —y) >0, for all y € C,,.
Since F(S)N EP(F) C C,, we have
(xg — Tp,xp, —u) >0 for all u € F(S)NEP(F) and n € N. (10)

So, for uw € F(S) N EP(F), we have
0 <{(xg—xp,xy —u) = (Tg — Tp, Ty — To + To — )
= — (T — To, Ty, — o) + (To — Tp, To — U)
<~z — 2ol + llzo — wnlll| w0 — .
This implies that
lz0 = @ull* < w0 — znllllz0 — ),

hence
lzo — || < ||lwo —u|| for allu € F(S)NEP(F)and ne N.  (11)

From z,, = P, x¢ and z,,11 = P¢,,, 79 € Ch41 C O, we also have

n+1

(xo — Tp,xp — xpy1) >0 forall m € N. (12)

So, for z,11 € C,, we have, for n € N
0 <{(xg— Tp,Tn — Tpy1) = (To — T, Ty, — To + To — Tpt1)
(xp — o, T — To) + (T — T, To — Tpy1)
|20 — 2o|[? + [lzo — wnlll|w0 — Tpsa]-

S —
This implies that

170 = 2all* < llwo — zalllzo — @4,
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hence
lzo — znll < ||xo — Tpya]|| for all n € N. (13)

From (11) we have {x,} is bounded, lim, . ||z, — zol|| exists. Next, we show
that ||z, — 41| — 0. In fact, from (12) we have
l2n = Znga | = (@0 — 20) + (z0 — Ty |I”
= [|@n, — o||* + 2{zp — w0, 20 — Tps1) + |20 — Tnga |7
= [|zn — @ol* + 2(xp — 20, T — Tp + Tn — Tnp1) + |20 — Tppa[)?
= || =0 |> =2(x0 — 20, To—Tn) = 2{T0 — T, Tn = Tp11) + || T0 = T i1 [|?
< lzn = oll* = 2llzn — 2ol + [z — 2ot
= —llzn = zo|* + l|lzo — Tpia[*
Since lim,, . ||z, — || exists, we have that
lim ||z, — Zpt1|| = 0. (14)

n—oo

On the other hand, we note that

1
F(Umy) + _<y_un7un _In> Z 07 vy € Hv (15>

n

and

Fupt1,y) + (Y = Unt1, Ung1 — Tngr1) > 0, Yy € H. (16)

Tn—i—l

Putting y = w11 in (15) and y = u,, in (17), we have

F(tup, upi1) + i(unﬂ — Up, Uy, — Tpy) > 0 and

F(upy1,un) + rn1+1 (Up, — Up1, Ups1 — Tpg1) >0
and hence

(Unt1 = Un, Un = Unp1 + Unt — T = 727 (Ut — Tng1) = 0.
Since liminf, . r, > 0, we assume that there exists a real number b such that
r, > b >0 for all n € N. Thus, we have

Hun+1 - unH2 < <un+1 = Upy T+l — Tp + (1 - r:il)(w”l - xn+1)>

< tngr = Un|{l|Tns1 — znll + 1 = 52 [[tn1 — Tpga ||}

Tn+1
and hence
[tns1 = ]| < lTnsr — 2ol + 11 = 22 [[unsr — o]
1
S Hxn+1 - an + E’TnJrl - rn‘L (17)

where L = sup{||tun+1 — Tn41]| : » € N}. From (14), we obtain
Tt = | = 0. (19

Since x,11 € C,y1 C C), implies that

Hyn - xn+1||2 < Hxn - xn-i-lHQ + [(k —ap)(1— O‘n)]Hun - SnunH2 + 0. (19>
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By the definition of y, and k < a < o,, < 3 < 1, we have
1Y — 2l = [|(Yn — Tng1) + (Tng1 — 20) |
< |lyn — In+1||2 +20Yn — o 1 Tns1 — Tl + [[T01 — anQ
< |lzn — In-&-lHQ + [(k = an)(1 = an)]l|un — S”unH2 + 0y,
20y — Tl Tns1 — Tl + [[T01 — anQ
= 2|#n1 = Zall(|yn = Tnga | + 041 — 2al])
—[(an — k)1 — a)][Jtn, — S un|* + 6,
<2[|zpt1 = all(lyn — Togall + | Tnr1 — zall) + On
From (14), we have
lim ||y, — z,|| = 0. (20)

n—oo

From Lemma 2.1 (ii), we have
1y = pII? < anllun —plI? + (1 = ) [[S™un — pl| = an (1 — @) [|S™up — unl|®
< gl = plP + (1 = ) [(1 +va) llug — plI? + K[| S™up — u ]
—a (1 = ) ||S"uy — unH2
=1+ 1 = an)ym)llz, — p||2 + [(k = an) (1 — o))l S™upn — un||2

= [|n =l = [(an — k) (1= an )1t — tn |+ (1= ) Ya |2 —pI?, (21)
it follows that
(an — k)(l - an)||Snun - unH2 < Hxn - p||2 - ||yn - p||2 + 0. (22>

From (22) and k < a < o, < < 1, we also have
(o = E)(L = B) 1St — unll* < (0 — k) (1 = )| S™u — ]|
< e = plI* = llyn — plI* + 0n
< llzn = yall(lzn = pll + 1% = pI) + On-
By (20), we obtain that
dim {5 u, — un|[ = 0. (23)
Next, we show that lim,, . |[Su, — u,|| = 0. From (18) and (23), we have
1Stn = unll < | Sun — S || + [[S™" i, = St
FS" g1 — || + tngr — |

< LlHun—SnunH+||Sn+1un+l_un+1||+(1+Ln+1)||un_un+lH — 0 asn — oo.
24
Next, we show that lim, . ||z, — u,|| = 0. For p € F(S)N EP(F) and fiorrz
u, =T, x,, we have
[un = pl* < (Tru2n — TP T — p) = (U — P, Ty — P)
= 3(llun = pII* + llzn — Pl = llzn — ual®)
and hence
lun = pII* < llwn = plI* = llzn — ual®. (25)

From (9) and (25), we have
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1y = plI* < anllun = plI* + (1 = @) 1S un = pl| — (1 = o) | S™un — uy|?
< an|lun —p||2 + (1= an)[(1+7n) [un —p||2 + k|| S"up, — unHQ] -
(1 — ) [|S™ Uy, — up?
= || —plI* = [(cn — k) (1= an )5 1 — wn [|*+ (1 = )y || n —p|1?
< (T+ (1= an)yn) lun — pH2
= |lup — plI* + (1 = ) llu, — p|I?
< lun = plP + (1 — an)yallz, — pl
< lwn = pIP = |20 — unll* + On.
It follows that
|20 — unHQ < ||zn _pH2 — [|Yn _pH2 + 0y,
< zn = ynll (|20 — 2l + lyn — pII) + On
From (20), we have
lim ||z, — u,|| = 0. (26)

n—oo

Since {z,} is bounded, there exists subsequence {x,,} of {z,} such that z,, —
w. From (26), we can assume that u,, — w. We show that w € EP(F) . It
follows by (26) and (A2) that

1
— (Y — Up, Uy — X)) > Fy,uy)

n

and hence

Since u";i;x"z — 0 and u,, — w, it follows by (A4) that 0 > F(y,w) for all
y € H. For t € (0,1] and y € H let y, = ty + (1 — t)w. Since y,w € H, we
have y; € H and hence F(y;, w) < 0. So from (Al) and (A4) we have
0= F(y,y) <tF(ye,y) + (1 = ) F (g, w) < tF(yr,y)
and hence 0 < F(y;,y). From (A3), we have 0 < F(w,y) for all y € H and
hence w € EP(F).
We shall show that w € F(S). Assume that w # F(S). Since u,,, — w and
w # Sw, it follows by Opial’s condition (see [13]) that
liminf; o [Ju,, — w|| < liminf; . [Ju,, — Swl|
< lim infi oo (|tin;, — S|l + [[Sup, — Sw|)
< liminf; o [Ju,, —w]].
A contradiction. So, we get w € F(S). Therefore w € F(T)N EP(F). If w
is arbitrarily element of w,(x,), by the same argument of the prove, we have
wy(x,) C F(S)N EP(F). From (11) and Lemma 2.3, we have {x,} strongly
convergence to 29 = Pp(s)ngp(r)®o.This complete the proof. o

Corollary 3.2 Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction from C x C into R satisfying (Al) — (A4)
and let S be a k-strictly pseudo-contractive mapping for some 0 < k < 1
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such that F(S) N EP(F) # 0. Let {x,} and {u,} be sequence generated by
Ci=CCH,zy=x¢€C and let

u, € C such that F(u,,y) + %<y — Uy Up — Tpy) >0, Yy e C
Yn = apty + (1 — ay) Sy,

Cpt+1 = {Z eC: Hyn - ZH2 < HZ - an27

Tpt1 = Pont17o,

(27)

for all n € N, where {a,,} C |o, ] for some o, € [k,1), and {r,} C
(0,00) satisfying liminf, 7, > 0. Then {x,} converges strongly to zy =
PF(S)mEP(F)l“o-

Proof. Let v, = 0 replace S from asymptotically k-strictly pseudo-contractive
mapping into k-strictly pseudo-contractive mapping in Theorem 3.1, the con-
clusion follows. o

Corollary 3.3 Let C' be a nonempty closed convex subset of a real Hilbert
space H. Let F be a bifunction fron C x C into R satisfying (Al) — (A4) and
let S be an asymptotically nonexpansive mapping such that F(S)NEP(F) # 0.
Let {x,} and {u,} be sequences generated by Cy = C' and x1 = Pe,(x0), define
{z,} as follows way:

u, € C such that F(u,,y) + %<y — Uy Up — Tpy) >0, Yy € C
Yn = @y + (1 — ) Sy,

Cny1 = {Z €Ch: Hyn - zHQ < Hwn - zHQ + 971}7

Tny1 = Po, %0, n € N,

(28)
where 0, = (1 — a,,)v2(diamC)* — 0 as n — oo and {a,} C |a, 3] for some
a,f € [k, 1), and {r,} C (0,00) satisfying iminf, .7, > 0. Then {x,}
converges strongly to zg = Pp(s)nep(r)To-

Proof. Putting £ = 0 in Theorem 3.1, then the class of asymptotically k-
strictly pseudo-contractive mapping reduced to asymptotically nonexpansive
mapping, Then complete the proof. o
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