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Abstract

Two classes of univalent functions with respect to k-symmetric points
define on the unit disk satisfying the conditions:∑∞

n=1
(nk + 1 − α)|ank+1| +

∑∞
n=2;n�=lk+1

n|an| ≤ 1 − α,

and
∞∑

n=1

(nk + 1)(nk + 1 − α)|ank+1| +
∞∑

n=2;n�=lk+1

n2|an| ≤ 1 − α

are given. The two inequalities of the functions belonging to these two
classes are the starlike and convex functions with respect to k-symmetric
points, respectively. Some interesting properties of generalisations of
Hadamard product in these classes are given.
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1 Introduction

Let A denote the class of functions of the form:

f(z) = z +

∞∑
n=2

anzn,
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which are analytic in the open unit disk U = {z ∈ C : |z| < 1}. Let S denote
the subclass of A consisting of all functions which are univalent in U. Also let
T denote the subclasses of A consisting of functions of the form

f(z) = z −
∞∑

n=2

anzn (an ≥ 0).

We denote by S∗(α) and C(α) for 0 ≤ α < 1 the familiar subclasses of A
consisting of functions which are, respectively, starlike and convex functions of
order α. Thus by definition, we have

S∗(α) =

{
f : f ∈ A and Re

{
zf ′(z)

f(z)

}
> α, (0 ≤ α < 1; z ∈ U)

}
,

and

C(α) =

{
f : f ∈ A and Re

{
1 +

zf ′′(z)

f ′(z)

}
> α, (0 ≤ α < 1; z ∈ U)

}
.

Also, denote by T S∗(α) and T C(α) the subclasses of T where

T S∗(α) = S∗(α) ∩ T and T C(α) = C(α) ∩ T .

Let fj(z) ∈ A, (j = 1, 2, · · ·, m) be given by

fj(z) = z +
∞∑

n=2

an,jz
n.

Then the Hadamard product (or convolution) is defined by:

f1(z) ∗ f2(z) ∗ · · · ∗ fm(z) = (f1 ∗ f2 ∗ · · · ∗ fm)(z) = z +
∞∑

n=2

(
m∏

j=1

an,j

)
zn.

Also the generalised Hadamard Product is defined here by

(f1 � f2 � · · · � fm)(z) = z +

∞∑
n=2

(
m∏

j=1

(an,j)
1

pj

)
zn.

where
∑m

j=1
1
pj

= 1, pj > 1 and j = 1, 2, · · ·m.
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Let Fj(z) ∈ T (j = 1, 2, · · ·, m) be given by

Fj(z) = z −
∞∑

n=2

an,jz
n (an,j ≥ 0).

Then the modified Hadamard product is defined by

(F1 ∗ F2 ∗ · · · ∗ Fm)(z) = z −
∞∑

n=2

(
m∏

j=1

an,j

)
zn (an,j ≥ 0).

Also the generalised modified Hadamard Product is defined here by

(F1 � F2 � · · · � Fm)(z) = z −
∞∑

n=2

(
m∏

j=1

(an,j)
1

pj

)
zn (an,j ≥ 0).

where
∑m

j=1
1
pj

= 1, pj > 1 and j = 1, 2, · · ·m.

Sakaguchi [1] once introduced a class S∗
S of functions starlike with respect to

symmetric points, which consists of functions f ∈ S satisfying the inequality

Re

{
zf ′(z)

f(z) − f(−z)

}
> 0, z ∈ U.

Many different authors have studied the work of Sakaguchi [1] and have dis-
cussed extensively about this class and its subclasses (see[2-9]). In 1979 Chand

and Singh [5] introduced the classes S
(k)
S (α) of functions starlike with respect

to k-symmetric points of order α, and C
(k)
S (α) of functions convex with respect

to k-symmetric points of order α which are the special classes corresponding
to the ones defined in [9], which satisfy the following:

S
(k)
S (α) =

{
f : f ∈ S and Re

{
zf ′(z)

fk(z)

}
> α (0 ≤ α < 1; z ∈ U)

}
,

and

C
(k)
S (α) =

{
f : f ∈ S and Re

{
(zf ′(z))′

f ′
k(z)

}
> α (0 ≤ α < 1; z ∈ U)

}
,

where k ≥ 1 is positive integer and fk(z) is defined by the following equality

fk(z) =
1

k

k−1∑
ν=0

ε−νf(ενz), (ε = exp(2πi/k); z ∈ U).
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Note that the function f(z) ∈ A is in the class C
(k)
S (α) if and only if zf ′(z) ∈

S
(k)
S (α).

Finally, denote by T S
(k)
S (α) and T C

(k)
S (α) the subclasses of T where

T S
(k)
S (α) = S

(k)
S (α) ∩ T and T C

(k)
S (α) = C

(k)
S (α) ∩ T .

Now we state the results due to [9] as a special case when λ = 0, which we will
use throughout this paper.

Theorem 1.1 Let 0 ≤ α < 1, k ≥ 1. If

∞∑
n=1

(nk + 1 − α)|ank+1| +

∞∑
n = 2

n �= lk + 1

n|an| ≤ 1 − α, (1.1)

then f(z) ∈ S
(k)
S (α). Condition (1.1) is also necessary if f(z) ∈ T S

(k)
S (α).

Theorem 1.2 Let 0 ≤ α < 1, k ≥ 1. If

∞∑
n=1

(nk + 1)(nk + 1 − α)|ank+1| +
∞∑

n = 2
n �= lk + 1

n2|an| ≤ 1 − α, (1.2)

then f(z) ∈ C
(k)
S (α). Condition (1.2) is also necessary if f(z) ∈ T C

(k)
S (α).

In the present paper, we shall make use of the generalised Hadamard product
with a view of Theorems 1.1 and 1.2 to prove interesting characterisation
theorems involving the classes S

(k)
S (α), C

(k)
S (α), T S

(k)
S (α) and T C

(k)
S (α).

2 Generalised convolution properties of func-

tions in the classes S
(k)
S (α), T S

(k)
S (α)

We state our first theorem as follows:

Theorem 2.1 If fj ∈ S
(k)
S (αj), (j = 1, 2, · · ·m), then

(f1 � f2 � · · · � fm)(z) ∈ S
(k)
S (β, μ),
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where

β ≤ min
n≥2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − nk
m∏

j=1

(
nk+1−αj

1−αj

) 1
pj − 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

,

and

μ ≤ min
n ≥ 2

n �= lk + 1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − n
m∏

j=1

(
n

1−αj

) 1
pj

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

for
∑m

j=1
1
pj

= 1, pj > 1.

Proof. Let fj(z) ∈ S
(k)
S (αj), by using Theorem 1.1 we have:

∞∑
n=1

nk + 1 − αj

1 − αj
|ank+1,j| +

∞∑
n = 2

n �= lk + 1

n

1 − αj
|an,j| ≤ 1, (j = 1, 2, · · ·m).

Moreover,

m∏
j=1

( ∞∑
n=1

{(
nk + 1 − αj

1 − αj

) 1
pj

|ank+1,j|
1

pj

}pj
) 1

pj

+
m∏

j=1

( ∞∑
n = 2

n �= lk + 1

{(
n

1 − αj

) 1
pj

|an,j|
1

pj

}pj
) 1

pj

≤ 1.

By using the Hölder inequality, we have

∞∑
n=1

{
m∏

j=1

(
nk+1−αj

1−αj

) 1
pj

|ank+1,j|
1

pj

}

≤
m∏

j=1

(
∞∑

n=1

{(
nk+1−αj

1−αj

) 1
pj

|ank+1,j|
1

pj

}pj
) 1

pj

,
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and

∞∑
n = 2

n �= lk + 1

{
m∏

j=1

(
n

1−αj

) 1
pj |an,j|

1
pj

}

≤
m∏

j=1

(
∞∑

n = 2
n �= lk + 1

{(
n

1−αj

) 1
pj |an,j|

1
pj

}pj
) 1

pj

.

Then, we have

∞∑
n=1

{
m∏

j=1

(
nk+1−αj

1−αj

) 1
pj |ank+1,j|

1
pj

}

+
∞∑

n = 2
n �= lk + 1

{
m∏

j=1

(
n

1−αj

) 1
pj |an,j|

1
pj

}
≤ 1.

Here, we see that

∞∑
n=1

{(
nk+1−β

1−β

) m∏
j=1

|ank+1,j|
1

pj

}

+
∞∑

n = 2
n �= lk + 1

{(
n

1−μ

) m∏
j=1

|an,j|
1

pj

}
≤ 1

with

β ≤ min
n≥2

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − nk
m∏

j=1

(
nk+1−αj

1−αj

) 1
pj − 1

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

,

and

μ ≤ min
n ≥ 2

n �= lk + 1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 − n
m∏

j=1

(
n

1−αj

) 1
pj

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

.

Thus, by Theorem 1.1, the proof of Theorem 2.1 is complete.

Next, we obtain our first corollary.



Application of Hölder inequality 1793

Corollary 2.2 If fj(z) ∈ S
(k)
S (α), (j = 1, · · ·, m), then

(f1 � f2 � · · · � fm)(z) ∈ S
(k)
S (α),

Proof. In view of Theorem 1.1, Corollary 2.2 follows readily from Theorem
2.1 for the special case when αj = α.

Further, we obtain the following results:

Theorem 2.3 If Fj(z) ∈ T S
(k)
S (αj), (j = 1, · · ·, m), then

(F1 � F2 � · · · � Fm)(z) ∈ T S
(k)
S (β, μ),

where β and μ given by conditions in Theorem 2.1 and for
∑m

j=1
1
pj

= 1, pj > 1.

Proof. By using the same technique as in the proof of Theorem 2.1, the
required result is obtained.

Theorem 2.4 Let the function fj(z) ∈ S
(k)
S (αj), (j = 1, · · ·, m), and let tm(z)

be defined by

tm(z) = z +
∞∑

n=1

(
m∑

j=1

(ank+1,j)
p

)
zn +

∞∑
n = 2

n �= lk + 1

(
m∑

j=1

(an,j)
p

)
zn. (2.1)

Then

tm(z) ∈ S
(k)
S (δ, γ),

where

δ = 1 − nk

1
m

(
nk+1−α

1−α

)p

− 1
, γ = 1 − n

1
m

(
n

1−α

)p

and (nk + 1 − α

1 − α

)p

;
( n

1 − α

)p

≥ mn, α = min
1≤j≤m

αj.

Proof. Since fj ∈ S
(k)
S (αj), using Theorem 1.1, we observe that

∞∑
n=1

(
nk + 1 − αj

1 − αj

)p

|ank+1,j|p +

∞∑
n = 2

n �= lk + 1

(
n

1 − αj

)p

|an,j|p

≤
( ∞∑

n=1

nk + 1 − αj

1 − αj
|ank+1,j|

)p

+

( ∞∑
n = 2

n �= lk + 1

n

1 − αj
|an,j|

)p

≤ 1.

(2.2)
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It follows from (2.2) that

∞∑
n=1

{
1
m

m∑
j=1

(
nk+1−αj

1−αj

)p

|ank+1,j|p
}

+
∞∑

n = 2
n �= lk + 1

{
1
m

m∑
j=1

(
n

1−αj

)p

|an,j|p
}

≤ 1.

Putting α = min
1≤j≤m

αj, and by virtue of Theorem 1.1, we find that

∞∑
n=1

nk+1−δ
1−δ

m∑
j=1

|ank+1,j|p +
∞∑

n = 2
n �= lk + 1

n
1−γ

m∑
j=1

|an,j|p

≤
∞∑

n=1

1
m

(
nk+1−α

1−α

)p m∑
j=1

|ank+1,j|p +
∞∑

n = 2
n �= lk + 1

1
m

(
n

1−α

)p m∑
j=1

|an,j|p

≤
∞∑

n=1

{
1
m

m∑
j=1

(
nk+1−αj

1−αj

)p

|ank+1,j|p
}

+
∞∑

n = 2
n �= lk + 1

{
1
m

m∑
j=1

(
n

1−αj

)p

|an,j|p
}

≤ 1,

if,

δ = 1 − nk

1
m

(
nk+1−α

1−α

)p

− 1
, γ = 1 − n

1
m

(
n

1−α

)p .

Now let

u(n) = 1 − nk

1
m

(
nk+1−α

1−α

)p

− 1
, v(n) = 1 − n

1
m

(
n

1−α

)p .

Then u′(n), v′(n) ≥ 0 if p ≥ 2. Hence

δ ≤ 1 − nk

1
m

(
nk+1−α

1−α

)p

− 1
, γ ≤ 1 − n

1
m

(
n

1−α

)p .

By
(

nk+1−α
1−α

)p

;
(

n
1−α

)p

≥ mn, we see that 0 ≤ δ < 1 and 0 ≤ γ < 1.

Thus the proof of Theorem 2.4 is complete.
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3 Generalised convolution properties of func-

tions in the classes C
(k)
S (α), T C

(k)
S (α)

In this section, we give another set of results regarding the classes C
(k)
S (α) and

T C
(k)
S (α).

Theorem 3.1 If the functions fj ∈ C
(k)
S (αj), (j = 1, · · ·, m), then

(f1 � f2 � · · · � fm)(z) ∈ C
(k)
S (β, μ),

where β and μ given by conditions in Theorem 2.1 and for
∑m

j=1
1
pj

= 1, pj > 1.

Proof. Let fj ∈ C
(k)
S (αj)(j = 1, · · ·, m), by using Theorem 1.2, we have

∞∑
n=1

(nk + 1)(nk + 1 − αj)

1 − αj
|ank+1,j| +

∞∑
n = 2

n �= lk + 1

n2

1 − αj
|an, j| ≤ 1.

Thus the proof of Theorem 3.1 is much akin to that of Theorem 2.1 already
detailed, instead of Theorem 1.1, it uses Theorem 1.2.

Corollary 3.2 If fj(z) ∈ C
(k)
S (α), (j = 1, · · ·, m), then

(f1 � f2 � · · · � fm)(z) ∈ C
(k)
S (α).

Proof. In view of Theorem 1.2, Corollary 3.2 follows readily from Theorem
3.1 for special case when αj = α.

Theorem 3.3 If Fj(z) ∈ T C
(k)
S (αj), (j = 1, · · ·, m), then

(F1 � F2 � · · · � Fm)(z) ∈ T C
(k)
S (β, μ),

where β and μ given by conditions in Theorem 2.1 and for
∑m

j=1
1
pj

= 1, pj > 1.

Proof. By using the same technique as in the proof of Theorem 2.1, the
required result is obtained.

Theorem 3.4 Let the function fj(z) ∈ C
(k)
S (αj), (j = 1, · · ·, m), and let tm(z)

be given by (2.1). Then

tm(z) ∈ C
(k)
S (δ, γ),



1796 K. Al-Shaqsi and M. Darus

where

δ = 1 − nk

1
m

(nk + 1)p−1
(

nk+1−α
1−α

)p

− 1
, γ = 1 − n

1
m

np−1
(

n
1−α

)p

and

(nk + 1)p−2
(nk + 1 − α

1 − α

)p

; np−2
( n

1 − α

)p

≥ m, α = min
1≤j≤m

αj .

Proof. Since fj(z) ∈ C
(k)
S (αj), by using Theorem 1.2, we observe that

∞∑
n=1

(nk + 1)(nk + 1 − αj)

1 − αj
|ank+1,j| +

∞∑
n = 2

n �= lk + 1

n2

1 − αj
|an, j| ≤ 1, (j = 1, · · ·, m).

Thus the proof of Theorem 3.4 using Theorem 1.2 is precisely in the same
manner as the above proof of Theorem 2.4 using Theorem 1.1.
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[2] J. Sokó�l, A. Szpila and M. Szpila, On some subclass of starlike functions
with respect to symmetric points, Zeszyty Nauk. Politech. Rzeszowskiej
Mat. Fiz. 12, (1991), 65-73.

[3] J. Stankiewicz, Some remarks on functions starlike with respect to sym-
metric points, Ann. Univ. Mariae Curie- Skodowska Sect. A19, (1970),
5359.

[4] J. Thangamani, On starlike functions with respect to symmetric points,
Indian J. Pure Appl. Math. 11, (1980), 392-405.

[5] R. Chand, P. Singh, On certain schlicht mappings, Indian J. Pure Appl.
Math. 10, (1979), 1167-1174.

[6] R. Parvatham, S. Radha, On α-starlike and α-close-to-convex functions
with respect to n-symmetric points, Indian J. Pure Appl. Math. 17,
(1986), 1114-1122.
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