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Abstract

Let A denote the class of analytic functions with the normalization
f(0) = f/(0) —1 =0 in the open unit disk U= {z: |z| < 1}, set

k+b k:+>\—1)
fin(z _Z+Z<1+b) Nk — 1) &

neC,beC\Z ,A>-1;2z€U).

and define ( fg:‘/\)(*l) in terms of the Hadamard product

(1 =2

In this paper, the authors introduce several new subclasses of analytic
functions defined by means of the operator Z;', ot A — A, given by

foa(2) * (fzfx)(_l)(z) = (n>0;z€U).

Iy, f2) = ()T 5 f(2) (FeAneC, beEC\Z, A> 10> 0).

Inclusion properties of these classes and the classes involving the gen-
eralized Libera integral operator are also considered
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1 Introduction

Let A denote the class of functions of the form
2) :z+2ak2k, (1.1)
k=2

which are analytic in the unit disk U = {2z : |2|] < 1}. If f and ¢ are analytic
in U, we say that f is subordinate to g, written f < g or f(z) < g(2), if
there exists Schwarz function w in U such that f(z) = g(w(z)). We denote by
S*(), C(y) and K (7, d) the subclasses of A consisting of all analytic functions
which are, respectively, starlike of order (0 < < 1), convex of order (0 <
v < 1) and close-to-convex of order § type v in U.(see, e.g., Srivastava and

Owa [1]).

Forne C,be C\Z and A > —1, the authors [4] introduced the Multiplier
transformation Dy, of functions f € A by

k4 by (k+ A —
Dyaf(= —Z+Z<1ib> +—1§)“’“zk‘

Let P be the class of all functions ¢ which are analytic and univalent in U and
for which ¢(U) is convex with ¢(0) = 1 and Re{¢(z)} > 0 for z € U.

Making use of subordination principle between two analytic functions, we in-
troduce the subclasses S*(y; ¢), C(v;¢) and K(v,d; ¢; 1) of the class A for
0<7~,0<1and¢,¢ € P (cf, [2]), which are defined by

(e oY 1 (zf'(2) :
S (%@b)—{f f €A and ﬁ( 72 —7> < ¢(z) mIU},

Cly; ) = {f:fGA and ﬁ(l—i— Z]]:ES) —7> < ¢(z) in U}u

and

K(v,0;0,0) = {f cfeAand 3geS(y;0)s.t.

1 z2f'(2) .
1—_5< ) —5) < (2) in U}.
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In particular, when v = 6 = 0 we have the classes §*(¢), C(¢), and (¢, )
investigated by Ma and Minda [12] and Kim et al. [13]. For suitable choices
of ¢ and 1 we can easily gather the various subclasses of A. For example :

1+ 2 1+2

Sy =50,  Clig—)=0C0),
142z 1+=z
— e K(7,6).

KO0 1= 17— ) = K19

Setting

k+bye(k+A—1)!
iz Z+Z<1+b> Nk — 1) #

meC,beC\Z ,A>—-1;z€l),

we define a new function ( fgfk)(_l) in terms of the Hadamard product (or
convolution)

fin(z) * (fgfx)(_l)(z) = (u>0;2€U).

Then, motivated essentially by the Choi-Sagio-Srivastava operator [2] (see also
[3] and [5]), we now introduce the operator 7y, , : A — A, which are defined
here by

Iy f (2) = (fi0)70(2) * f(2) (1.2)
(feAneC,beC\Z,A>—1,u>0).

Note that Z , , the Choi-Sagio-Srivastava operator was introduced and studied
by Choi et al. [2], and Z{) , , (A € No) the Noor integral operator was introduced
by Noor [5]. (see also [3]). Also the operator !, , (n € R;b > —1) was studied
by Cho and Kim [6]. In particular, we note that I, , = zf'(z) and Zj,, =
1815 = f(2). In view of (1.1) and (1.2), forn € C, be C\Z~, A > —1, u >0,
we obtain the following relations:

ATy, f () = b+ DIy uf (2) = DX, f(2), (1.3)

ATparrwf (2)) = A+ DI (2) = AT, (2), (1.4)

and

2Ly f(2)) = 1y pya f(2) = (0= DIy, f(2), (1.5)
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Next, by using the operator Z;, ,, we introduce the following classes of analytic
functions for ¢, » € P,ne C,b e C\Z , A > -1, p>0and 0 <+, 6 < 1

Stnd)={f:feAd and T, f(x) €S (0)},
Cin1:0)={f:feA and T () €Cr0)},
and
Kinur0:0,0) = {f: feA and T, f(z) €K(r.0:6,0) )
We note that
f(2) € Ciy (13 0) & 2f'(2) € Sy (715 0). (1.6)

In particular, we set

" 14+ Az\« .
Spop <7% (m) ) = Spau(1 A, B a), 0<a<l;-1<B<AL]),

and

n 1+ Az\@ n
Corp <7% <m> ) =Cpr (13 A, B ), 0<a<l;-1<B<A<LI).

In this paper, we investigate several inclusion properties for the classes

St (v 0), Cy (s @) and Ky (7, 95 ¢, 9) associated with the operator 77, .
Some applications involving these and other families of operator are also ob-
tained.

. (3 [ L3 n
2 Inclusion properties involving 7;"\ y

To derive our results we need the following lemmas:

Lemma 2.1 [7]. Let 3, v be complex numbers. Let ¢ € P be convex univalent
in U with $(0) =1 and R [Bp(2)+v] >0, 2 € U. Ifp(z) = 1+p1z+p22*+---
is analytic in U with p(0) = 1, then

P+ T <0 = ) <0 (€ D)

Lemma 2.2 [11]. Let ¢ € P be convex univalent in U and w be analytic in U
with R w(z) >0, z € U If p is analytic in U with p(0) = ¢(0), then

p(2) + w(2)z2p'(2) < 6(2) = p(2) < é(2),  (2€).
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At first, with the help of Lemma 2.1, we obtain the following:
Theorem 2.3
Sir 1 (1:0) C Sy (1 0) € St (v 9),
formneC,beC\Z ,A>0,u>1,0<y<1and ¢ €P.
Proof. First, we will show that
Soau1(V:0) C Spiy i (7; 9)-

Let f € S ,.11(7;¢) and set

22y L f(2))
p(z) = - iv ( (Igl)\:;((z))) B 7)7 (2.1)

where p analytic in U with p(0) = 1. Applying (1.5) and (2.1)

IIQ,\,MH (2)

1 T /() (I=v)p(2) +7+p—1 (2.2)

Taking the logarithmic differentiation on both sides of (2.2) and multiplying
by z, we have

) A _ Z
1—7 ( ng,#ﬂf(z) 7) =p(z) + A=) +r =1 (z € U).(2.3)

Applying Lemma 2.1 to (2.3), it follows that p < ¢, that is f € Sf (7, ¢).
To prove the second part, let f € Sf') (7, $) and put

1 (AL R))
hz) = 1—v< s f(2) ﬂ)’

where h is analytic in U with h(0) = 1. Then, by using the arguments similar
to those detailed above with (1.3), it follows that A < ¢ in U, which implies
that f € S,’;IL(% ¢). Therefore, we complete the proof of Theorem 2.1.

Theorem 2.4

Spa 1 (V:0) TS (v 0) C S (v 0),

formneC,beC\Z ,A>0,u>1,0<y<1 and ¢ € P.
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Proof. We proved the first part in Theorem 2.3. To prove the second part let
f S ng)\,u(ﬁ)/a ¢> and put

o) = ! <Z(Iﬁx+1,uf(2))/_7>7

1— Y Igf,\ﬂ,uf(z)

where p is analytic in U with p(0) = 1. Then, by using the arguments similar
to those detailed in Theorem 2.3 with (1.4), it follows that p < ¢ in U, which
implies that f € Sy, ,(7; ).

Theorem 2.5 Letne€ C,b e C\Z , A >0 and p > 1. Then

Corprr(1:9) CChy L, (v:0) CCi(v:0)  (0<y<1;¢€P)

Proof. Applying (1.6) and Theorem 2.3, we observe that

f(2) € G (7; 9) Tyr i1 f(2) € C(7; )
2Ly [(2)) € S7(7; )
Ig,\,wl(zf/(z)) € S*(v;9)
2f'(2) € Sy (V3 0)
2f'(2) € Spx (11 9)
Ib)\y(zf( z)) € S* (7 ¢)
H(Iyruf(2) € 8" (7;9)
szmf( z) € C(v; )
f(2) € bAy(7 ),

@ﬁﬁ@ﬂ@@@@

and

f(2) € Gy u(v:9) 2f'(2) € Spau(r: @)
2f'(z )GSSE(% ¢)
ATy, f(2) € 8 (1;9)
Iyxuf(2) €C(vi9)

f(2) € YL ),

(I

which evidently proves Theorem 2.5.

By applying (1.6) and Theorem 2.4 and using the same methods to prove
Theorem 2.5 we can prove the follow:

Theorem 2.6 Letn € C,be C\Z , A >0 and p > 1. Then

Corpr1(7:90) CCy L (150) CCly (7 0) 0<y<L;90€P).
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Taking

1+Az)a (-1<B<A<1l;0<a<l1;z€l) (2.4)

14+ Bz

o) = (
in Theorem 2.3 and Theorem 2.5, we have the following
Corollary 2.7 Letne C,be C\Z , A >0 and p > 1. Then

St ( A, Bya) C Sy (3 A, Bra) C S L( A, By a)
0<y<1;-1<B<A<10<a<l),

and

Cirpr(v: A, B;a) CCpy (7 A Bia) C G L (7 A, By )
0<y<1;-1<B<A<10<a<l).

Also, by taking (2.4) in Theorem 2.4 and Theorem 2.6, we have the following
Corollary 2.8 Letne C,be C\Z , A >0 and u > 1. Then

St (3 A, Bia) CSpy (7 A Bia) TSP (1A B )
0<y<1;-1<B<A<10<a<l),

and

Cinpm (v A, Bya) CCy (15 A, By a) CCyyy (1A B )
0<y<1;-1<B<A<10<a<l).

Next, by using Lemma 2.2, we obtain the following inclusion relation for the
class ’CZL,)\,M(P)/’ 57 ¢7 w)

Theorem 2.9 Letn € C, b€ C\Z , A>—1 and p > 1. Then

Ky i1 (7,030, 0) C Ky (7,850, 0) C KL (v, 65 6, 0)
(0<7,d8<1;0,0€P).

Proof. We begin by proving that

Kl?,)x,p—i—l(’% 6) Qb, ¢) - IC?b’L,)\,M(/% 57 ¢7 77Z))

Let f € Kiy,+1(7,0;0,¢). Then, in view of the definition of the class
Kb e1(7:6; 6, 1), there exists a function g € Sy 1 (7; ¢) such that

1 (z(Ing,Wf(z))’

) I£A7H+1g(z)

- 5) < P(z) (z € ).
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Now let
1 In /
p(z) = 2( ZAuf(Z)) _5
1—-96 Ib)\’#g(z)
where p is analytic in U with p(0) = 1. Using (1.5), we obtain
(1 =0)p(2) + 0125 u9(2) + (1 = DI55 , f (2) = 1T i f(2). 0 (25)

Differentiating (2.5) and multiplying by z, we have

(1 =0)2p'(2) 135, ,9(2) + [(1 = 6)p(2) + 0)2(Z 9 (2))
= MZ(IgA,qu(Z))/ —(n— 1)2(1%\,#]0(2))/- (2.6)

Since g € Sp'y ,11(7; @), by Theorem 2.3, we know that g € Sy’ ,(7; ¢). Let

P <z<zzfx,ﬂg<z>>' . v)'

Then, using (1.5) once again, we have

Il:f/\,uﬂg(z)
Ip’)\#g('z)

;From (2.6) and (2.7), we obtain
s ! /
I :A,u—l—lf(Z)) 5] = (o) + zp/(z) '
1=0\ I n19(2) (1—)gq(z) +p+v—1
Since 4 > 1 and ¢ < ¢ in U,
Re{(1—7)q(z) +p+~v—1} >0 (z €.

=1 =)q(z) +tp+vy-1 (2.7)

Hence applying Lemma 2.2, we can show that p < ¢, so that f € ’Obl«\,u(% 5; 0,1).
For the second part, by using the arguments similar to those detailed above
with (1.3), we obtain

Kixu(7:8:0,9) € Kyl (v, 85 ,).
Therefore, we complete the proof of Theorem 2.9.

Theorem 2.10 Letn € C,be C\Z , A>0 and pn> 1. Then

’CZA,M+1(77 57 ¢7 w> - ICIT)Z,A,M(’% 5a ¢7 1@ - ICIT;)\,MJ,-l (’77 57 ¢7 w>
(0<7, 6 <160 €P).

Proof. We proved the first part in Theorem 2.9. For the second part, by using
the arguments similar to those detailed in Theorem 2.9 with (1.4).
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3 Inclusion properties involving the integral
operator F,

In this section, we consider the generalized Libera integral operator F, [8] (see
also [9] and [10]) defined by

() =R = [erwa (redes - @D

ZC

0

i From the definition of F, defined by (3.1), we observe that
z(IZZ)\,MFC(z))’ =(c+ 1)I£A7Nf(z) — CIZZ)\’MFC(z). (3.2)

Theorem 3.1 Let ¢ > 0,n € C,b € C\Z , A > —1land p > 0. If f €
Siru(v:0), (0 <y <1;0 €P), then Fe(2) € Sy, (7;:0), (0<y <10 €P).

Proof. Let f € &, ,(7;¢) and set

2(ZIr F.(z))
p(z) = i - < (Igfich((Z))) - 7>, (3.3)

where p is analytic in U with p(0) = 1.
By using (3.2)and (3.3), we obtain

Ig,\,uf(@

Ib,x,ch(Z)

= (1 =7)p(2) +c+v (3.4)

Taking the logarithmic differentiation on both sides of (3.4) and multiplying
by z, we have

(@S 2(2) ]
1—7( T, ”)‘p“*(l—v)p(zmﬂ (=)

Hence, by virtue of Lemma 2.1, we conclude that p < ¢ in U, which implies
that F.(z) € Spy . (7; 0).

Next, we derive an inclusion property involving F., which is given by the
following.

Theorem 3.2 Let ¢ > 0,n € C,b € C\Z , A > —1land p > 0. If f €
Cinu(1:0), (0< v <10 €P), then Fo(z) € Cfy ,(159), (0 <y <10 €P).
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Proof. By applying Theorem 3.1, it follows that

f(2) € Gy (75 9) 2f'(2) € Sy u(7: 9)
Fu(2f'(2)) € Spy (13 9)
2(Fe(2)) € Spy (73 9)
Fo(z) € Cpy (75 0),

t o4

which proves Theorem 3.2.
. From Theorem 3.1 and Theorem 3.2, we have the following.

Corollary 3.3 Let c>0,ne€ C,be C\Z , A > —1 and p > 0. If f belongs

to the class Spy ,(v; A, B;a) (orCyy (v A, B;a))(0 <y <1; -1<B< AL

1; 0 < a < 1), the F(z) belongs to the class Sy (75 A, B; ) (orCyly, (v A, B;a))(0 <
7<1;-1<B<A<L;0<a<l).

Finally, we prove the following.
Theorem 3.4 ¢ >
0

ICIT;,A,;A(’%&; ¢7 1@, (
v<1;¢€P).

neCbeC\NZ,AN>—-1andp >0. If f
0

0, €
< v < Lo € P), then Fi(z) € Ky, ,(7,0:0,4), (0 <

Proof. Let f € Ky, ,(7,9;¢,9). Then, in view of the definition of the class
Kpx,. (7,05 ¢,9), there exists a function g € S, ,(7; ¢) such that

1 <z(I,;fA7Mf(z))'

T3 Il’,fA,#g(Z) — 5) < (2) (z € U).

Thus, we set

1 (2(Z0  Ful2)
p() =15 (Ig,fA,#Fc(g)(Z) B 5) |

where p is analytic in U with p(0) = 1. Since g € S, ,(7;¢), we see from
Theorem 3.1 that F.(g) € Sf'y (75 ¢). Using (3.2), we have

ATy uf(2) B B /
(c+ UW = [(1=9)p(2) +J[(1 —7)q(2) + c+ 9] + (1 = 0)2p'(2),
where
(Z) _ 1 Z(IQA#FC(Q) (2)), .
eI\ R )
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Hence, we have

1 (Z(Ip,)\,uf(z)), B 5) )+ 2p/(2)

1—o\ 9, ,9(2) (I =7)q(z) +c+~

The remaining part of the proof in Theorem 3.4 is similar to that of Theorem
2.9 and so we omit it.
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