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Abstract 
 

    Since many real-world engineering systems are too complex to be defined in precise 
terms, imprecision is often involved in any engineering design process. Fuzzy linear 
programming problems have an essential role in fuzzy modeling, which can formulate 
uncertainty in actual environment. One of the most practicable subjects in recent studies is 
based on LR fuzzy number, which was defined and used by Dubois and Prade with some 
useful and easy approximation arithmetic operators on them. We use some vector 
computations on fuzzy vectors, where a fuzzy vector appears as a vector of triangular 

fuzzy numbers. Here, our main scope is finding some nonnegative fuzzy vector 
~
x  in 

which maximizes the objective function 
~~
xcz =  so that

~~
bxA = , where A  and 

~
b  are 

a real matrix and a fuzzy vector respectively, and nc ×1  is a real vector too. 
 
Keywords: Fuzzy arithmetic, Fuzzy linear programming, Fuzzy number 
 
 
1 Introduction 
 

   Fuzzy set theory has been applied to many disciplines such as control theory 
and management sciences, mathematical modeling and industrial applications. 
The concept of fuzzy linear programming (FLP) on general level was first 
proposed by Tanaka et al. [6]. Afterwards, many authors considered various types 
of the FLP problems and proposed several approaches for solving these problems. 
In particular, the most convenient methods are based on the concept of 
comparison of fuzzy numbers by use of ranking functions [1,4,5]. Usually in such  
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methods authors define a crisp model which is equivalent to the FLP problem and 
then use optimal solution of the model as the optimal solution of the FLP 
problem. In [4], by using a general linear ranking function we introduced a dual 
simplex algorithm for solving linear programming problem with fuzzy variables 
and its dual, fuzzy number linear programming problem directly. In this paper, we 
consider a linear programming problem with triangular fuzzy numbers. Our main 
contribution here is the establishment of a new method for solving the FLP 
problems without using any ranking function. Moreover, we illustrate our method 
with an example. 
 
 
2 Preliminary 
 

In this section we review some necessary backgrounds of the fuzzy theory in 
which will be used in this paper. Below, we give definitions and notations taken 
from [2].  

 
2.1. Fuzzy numbers 

Definition2.1. A fuzzy number 
~
A  is a convex normalized fuzzy set on the real 

line R such that:  
1) There exists at least one Rx ∈0  with 1)( 0~ =x

A
μ . 

2) )(~ x
A

μ  is piecewise continuous.  

Let us assume that the membership function of any fuzzy number 
~
A  is as 

follows:  
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where Am  is the mean value of 
~
A  and Aα and Aβ are left and right spreads, 

respectively and it is termed as triangular fuzzy number. We show any 

triangular fuzzy number by ),,(
~

AAAmA βα= . Let )(RF be the set of all 
triangular fuzzy numbers.  
Definition2.2. A fuzzy number }|))(,{( ~

~
RxxxA

A
∈= μ  is nonnegative if and  
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only if 0)(~ =x

A
μ for all 0<x  Then a triangular fuzzy number 

),,(
~

AAAmA βα=  is nonnegative if 0≥− AAm α . 

Definition2.3. Two triangular fuzzy numbers ),,(
~

AAAmA βα= and 

),,(
~

BBBmB βα= are said to be equal if and only if        
BABA mm αα == , and BA ββ = . 

Definition2.4. A fuzzy number ),,(
~

AAAmA βα= is called symmetric, 
if AA βα = .  

 
2.2. Arithmetic on triangular fuzzy numbers 

Let ),,(
~

AAAmA βα= and ),,(
~

BBBmB βα=  be two triangular fuzzy 
numbers, then arithmetic on them is defined as [2]: 

Addition: ),,(
~~

BABABA mmBA ββαα +++=⊕   
Scalar multiplication: For any scalarλ , we have 
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≤

≥
==
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~
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ifm
mA
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AAA
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Subtraction: ),,(
~~

BABABA mmBA αββα ++−=−  
 
2.3. Nonnegative matrix and nonnegative fuzzy vector 
 

Definition2.5. A matrix A  is called nonnegative and denoted by 0≥A  if each 
element of A  be a nonnegative number. 
Definition2.6. A fuzzy vector 1

~~
)( ×= mibb  is called nonnegative and denoted by 

0
~
≥b , if each element of 

~
b  be a nonnegative fuzzy, that is 0

~
≥ib .  

 
 
3 Fuzzy Linear System of Equations 
 
Definition3.1. Consider the nm× linear system as: 

~~
bxA = ,                  (1) 

where nmijaA ×= ][ is a nonnegative crisp matrix and )(
~~

jxx = , )(
~~

ibb = are 

nonnegative fuzzy vectors and )(,
~~

RFbx jj ∈ for all minj ≤≤≤≤ 1,1 , is 
called a fuzzy linear system with nonnegative triangular numbers. 
Definition3.2. We say a nonnegative fuzzy vector

~
x  is the solution of

~~
bxA = ,  
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where A and 
~
b are defined in (1), if 

~
x satisfies in system. 

  Now since )(
~

RFx n∈ and )(
~

RFb m∈ , we may let 

),,(
~

βα xxxx m= ),,(
~

βα bbbb m=  where nm Rxxx ∈βα ,,  and mm Rbbb ∈βα ,,   

Then, we may rewrite the system 
~~
bxA =  as: 

   0),,,(),,( ≥−= αβαβα xxbbbxxxA mmm .     (2) 

In other hand, 
~
b and 

~
x  are two nonnegative fuzzy vectors, hence by use of 

Definition 2.3 and arithmetic on nonnegative triangular fuzzy number, it is 
enough to solve the following crisp system: 

        mm bAx = , αα bAx = , ββ bAx = .           (3) 
Note that if we use from the symmetric triangular fuzzy numbers, then last system 

ββ bAx = is not necessary to solved, because it is equal to system αα bAx = . 
 
 
3 Fuzzy Linear Programming 
Definition 3.1. Consider the following linear programming problem: 

 

⎪⎩

⎪
⎨
⎧

≥

=

=

0
..

max

~

~~

~~

x

bxA
ts

xcz

                              (4) 

where the coefficient matrix nmijaA ×= ][ and the vector ),...,( 1 nccc = are a 

nonnegative crisp matrix and vector respectively, and )(
~~

jxx = , )(
~~

ibb = , are 

nonnegative fuzzy vectors such that )(,
~~

RFbx ij ∈ for all minj ≤≤≤≤ 1,1 , is 
called a fuzzy linear programming (FLP) problem. 

Definition3.2. We say that a fuzzy vector 
~
x  is a fuzzy feasible solution 

of 0,
~~~
≥= xbxA where A  and 

~
b are defined in (4), if 

~
x  satisfies in system. 

Now since )(
~

RFx n∈ and )(
~

RFb m∈ , we may let ),,(
~

βα xxxx m=  

),,(
~

βα bbbb m= , where nm Rxxx ∈βα ,,  and mm Rbbb ∈βα ,, . Then, we may 

rewrite the system 
~~
bxA =  as: 

   ),,(),,( βαβα bbbxxxA mm = .                  (5) 

In other hand, 
~
b and 

~
x  are two nonnegative fuzzy vectors, hence by use of 

Definition 2.3 and arithmetic on nonnegative triangular fuzzy numbers, it is 
equivalent to the following crisp system: 
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mm bAx = , αα bAx = , ββ bAx = 0, ≥− αxxm .         (6) 
 Now we define an operator "max" for a fuzzy linear function which is defined as: 

 

∑
=

⊕⊕===
n

j
nnjjn xcxcxcxxfz

1

~~

11

~~~

1

~
,...),...,(  

 

where  njc j ,...,1, = , are real numbers and .,...,1),(
~

njRFx j =∈  
 

Definition3.3. Let T
nxxx ),...,(

~~

1

~
=  and T

mbbb ),...,(
~~

1

~
=  be two nonnegative fuzzy 

vectors, where ),,(
~

jjjj xxxx =  and )(),,(
~

RFbbbb iiij ∈= . A fuzzy vector 
~
x  

maximizes the linear function ),...,(
~~

1

~

nxxfz = , such that 
 

         
,0

~

~~

≥

=

x

bxA
                              (7) 

 

where ,,...,1),,,(
~

njxxxx jjjj ==  and ,,...,1,,, njxxx jjj = are nonnegative real 

numbers, if and only if n
nnn Rxxxxxxxxxx 3

222111 ),,,...,,,,,,( ∈=   maximizes 
the below real function: 

 

∑ ∑
> <

−++−+=
0 0

))(
2
1())(

2
1(

j jc c
jjjjjjjj xxxcxxxcz    (8) 

 
such that 

 
.0,,,0,,, ≥≥−=== xxxxxbxAbxAbAx          (9) 

  
Here we give an illustrate example. 
 
Example 4.1. Assume that a company makes two products. Product 1P   has a 
40$ per unit profit and product 2P  has a 30$ per unit profit. Each unit of 
product 1P  requires twice as many labor hours as each product 2P . The total 
available labor hours are somewhat close to 500 hours per day, and may possibly 
be changed due to special arrangements for overtime work. The supply of material 
is almost 400 units of both products, 1P  and 2P , per day, but may possibly be 
changed according to previous experience. The problem is how many units of 
products 1P  and 2P should be made per day to maximize the total profit? Let  
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~

1x and 
~

2x denote the number of units of products  1P  and 2P  made in one day, 
respectively. Then the problem can be formulated as the following linear 
programming with triangular fuzzy variables problem. 

⎪
⎪

⎩

⎪
⎪

⎨

⎧

≥

≤⊕

≤⊕

⊕=

.0,

,5002

,400

..

3040max

~

2

~

1

~~

2

~

1

~~

2

~

1

~

2

~

1

~

xx

xx

xx

ts

xxz

              (10) 

The supply of material and the available labor hours are close to 400 and 500, and 
hence are modeled as (400,5,5) and (500,7,7) , respectively. Now the current 
fuzzy linear programming model may be written in the standard form as follows: 

⎪
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xxx

ts

xxz

     (11)              

where 
~

3x and 
~

4x  are two slack variables. 
Hence, the equivalent fuzzy linear programming problem as follows: 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≥

=⊕⊕

=⊕⊕
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.0),,(),,,(),,,(),,,(
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..
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Since the fuzzy numbers are symmetric, therefore it is enough to solve the 
following fuzzy linear programming problem: 

⎪
⎪
⎩

⎪⎪
⎨

⎧
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=⊕⊕
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Now we can obtain an optimal fuzzy solution for problem (10) by solving the 
following linear programming: 
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The optimal solution of the above linear programming is: 

0,0,3,2,0,0,300,100 43214321 ======== xxxxxxxx . Therefore, the optimal 
fuzzy solution of the problem (10) is: 

)0,0,0(),0,0,0(),3,3,300(),2,2,100(
*~

4

*~

3

*~

2

*~

1 ==== xxxx , and the optimal fuzzy 

value of the objective function is: .13000)170,170,13000(3040
~*~

2

*~

1

*~
==⊕= xxz   

 
 
5 Conclusion 
 
In this paper, we proposed a new method for solving the FLP problems by solving 
the classical linear programming problems where we know how to solve them. 
The significance of this paper is providing a new method for solving the fuzzy 
linear programming without using any ranking function. Moreover, this paper will 
be useful for future works on fuzzy linear programming and will be useful to 
study on some fundamental concepts of the fuzzy linear programming and in 
particular, investigating on duality results and more important on sensitivity 
analysis.  
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