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Abstract. In this paper, an autonomous competitive model with feedback control is studied.
And the equilibriums of the system are discussed at first. Then the stability of equilibriums
are obtained by ODE’s stability theory and qualitative theory. Finally, some sufficient
conditions for the permanence and the extinction of the system are obtained and some
reasonable ecological explanations are given.
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§1 Introduction

For ecological system in the natural world, competition is very common
among species in the same environment, which describes the dynamic relation
among them (see [5]). On the other hand, it is unavoidable to be interfered by
some external factors, which leads to the frequent changes of the parameters of
the system. And this may finally bring influence to the permanence of the system.
In view of the control theory, these interferences are often considered as certain
controlled arguments. Therefore, it very meaningful and interesting to study
ecological models with feedback control.

In fact, many researchers had done much work about it. For example, Chen
etal.[2-4] studied the permanence, global attractivity and the almost periodic
solution in two species competitive system with feedback control and delay or
functional response. Si [6] studied the persistence for three species predator-prey
system with feedback control. And Chen [7] discussed the asymptotic properties
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of a two-species competitive system with feedback controls. Tian [1] also studied
an a nonautonomous prey-predator system with feed-back control and Holling IV
functional response, in which some useful conclusions are obtained.

However, all of these papers are concerned about the nonautonomous
ecological models, and it’s very scarcely to see papers focus on the autonomous
system with feedback control. Thus, in this paper, the author derived the following
autonomous competitive system (1.1) with feedback control.

dx
d_tlz X, (h—a X —bx, +ks,)
dx
dtz =X, (r, —a,X, —b,x, +k,s,) (1.1)
ds
d_tlz a, —b;s, — ¢
ds
d—t2= a,-b,s,—c,x,

Here, for the ecological reason, all the parameters in the system

a,b(i=1,2,3,4)and r,k;,c;(j=1,2) are positive in the following paper, i. e,

n,n,a,a,b,b,k,k,a,a,b,b,c,c>0 (1.2)

§2 Equilibriums and their stability

In this section, for the realistic application, we are only concerned with the
positive equilibriums (including the boundary equilibriums) of the system and
their stability. First of all, we can obtain the following conclusion by direct
calculation.

Lemma 2.1 If system (1.1) satisfies (1.2) and the following inequalities (2.1)
a,a, >c,r,, b,a, >cr
c,r,>ba,, cr,>b,a,

a2(r1+kl)>blr2 (21)
ar, >b,a
a,>b,, b, > a,

then system (1.1) has following four positive equilibriums:

0 (0.0 a; a_4) (0 br,+ka, a aa-cnh Vip: b,r +ka, . aa, —cn 3) and
1 ’ ’ b3 , b4 ’ ’b4a2+k2C2,b3’C2k2+a2b4 ’ a'lb?y-"-klcl’ ’a'lb3+klcl’b4
p; ( bhbr ek +hkha, -hahr—habk -ackk , -bkba+bokr, +habr bbb +akab +akck |
ckab-hbbh +ahck +ahgh +ckck ck.ab —hbbh, +ahck +abab +ckak

bagr—ckar +ckaa +aha —joba +ahad—ahar | ckha—cokr-cabn+crbb-habh +Gaak +aaah )
ckga -hoh +ahck +ahab +ckak ckah bbb +ahck +abab +ckek
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At first, in order to discuss the stability of the equilibrium pf(0,0,2_3,2_4),
3 4
we can consider the linear system at the point p, as follows:
ax, a; B
W*(rl"'kl b})xl bIX2 22
dA:_ble"'(rz'*'kza_“)xz ( . )
dt b,
ds, 3 e
W = —CyX b3 (Sl S )
ds, _ _ e
dt - CZ XZ b 4 (SZ SZ )
And it’s easy to obtain its characteristic equation,
a
(A= (4 2D, T2+ b,)(2+,) =0 (2:3)

3 4

Whose eigenvalues are ﬂq=ﬁ+k1%>0’ /12:r2+k2%>0, A =-b,<0, 4, =-b,<0.
3 4

Therefore, the equilibrium p, is unstable , that is,

Theorem 2.1 If all the parameters of the system (1.1) are positive(i.e. if the
system (1.1) satisfies (1.2)), then the equilibrium p, is unstable.

In the same way and Hurwitz’s criteria(see [8]), we can obtain the stability
theorem of the equilibrium p; (i = 2,3,4) as following Lemma 2.2—2.3.

Lemma 2.2 If the system (1.1) satisfies (1.2) and the following inequalities (2.4),

b, >1,+k, a,a,-C,l, a, b,r, +k,a,
c,k, +a,b, b,a, +k,c,
bb,(b,r, +k,a,) > (b, +ka,)(b,a, +k,C,) (2.4)
b,r, +k,a a,a, —C,r. b,r, +k,a
o < ke, Pk, v, T ha, vk,
4772 272 22 24 4772 272

b,r, +k,a, a a,a,-cr,
b b
b,a, +k,c, b, ck,+ab,

then the equilibrium p; (0, ) 1s local asymptotic stable.

If we suppose X, specie is not exist, then the system can be simplified as

following system,

dx

d—tZ: Xz(rz —aX, + kzsz)

ds 2.5
d_tlz a, —bs, (2:3)
ds

d_t2: a, —b,s, —¢,X,

It is easy to obtain system (2.5) have two equilibriums 5 (o, % ’ % yand D,(X,,5.5).
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_ b,r,+ka _ _aa,—cr
Where, X, =222+, S :3 5, =24 22
b,a, +k,c, c,k, +ab,

In the same way of the Theorem 2.1, we can declaim p, (O,i,ﬂ) is unstable for
3 My

its corresponding characteristic equation has a positive eigenvalue

ﬂ:r2+k2&>0. Also, we can obtain the linear system at the equilibrium
4

P, ,whose characteristic equation is as follow:
(A+b)[2* +(b, +2a,X, —k,5, —1))]A +(k,C,X, +2a,b,X, —b k5, —b,r,)=0  (2.6)
Obviously, p, is local asymptotic stable if
b, +2a,X, > kS, +1,,K,C,X, +2a,b,X, > b,k S, +b,r, (2.7)
On the other hand, if we constrcut following Liapunov function,

D N - -
V(Xzaslasz):/t(xz_xz_len7_2)+72(51_31)2+%(Sz_52)2
2

Calculating the upper right derivation V(X,,S,,S,) along the system (1.1)
we obtain,
-X, dx, ds

X ds
D'V(X,,5,,S,) =4 =—2—2+4,(5,—5)——+A4(s,—5,)—=
25512 %2 X2 dt 2\*~1 1 dt 2 2 dt

= =A% =%)[8, (% = %) =K, (8, = 5,)] = Aby (5, =) = A (S, = 5,)[B, (S, = 5,) + €, (X, = X;)]
= =48, (%, =%,)" = b (s, =) = A, (s, = 5,)” + (4K, = 4,¢,)(X, = X, )(s, = 5,)
Thus, if we choose 4 =c,4,4, =1, 4 =k,A (1>0), then we have,
D'V (t) =—A[a,C, (X, —%,)* +b,(s,—5)* +b,k, (s, - 5,)* ] <0,
Therefore, we have the following Theorem 2.2 according to the Liapunov
Theorem.

Theorem 2.2 If the system (1.1) satisfies (1.2) and the following inequalities
(2.4),(2.7), then the equilibrium p; is global asymptotic stable.

In the same way, we can obtain Theorem 2.3 as follow:

Theorem 2.3 If the system (1.1) satisfies (1.2) and the following inequalities(2.8),
b,r, + k,a, Lk A8 -0

b, >r1 -2a .
ab, +kc, k,c, +a,b,
b2b4(b3r1 + klas) > (r2b4 + k2a4)(a1b3 + klc1) (28)
aa,-cr b.r +ka b.r +ka
b3l’1<k1b3 173 |l 1331 13+1131 173
k,c, +a,b, ab, +kc, ab, +k,c,
b, +2a,X, > k5, + 1.,k X +2ab,X >Db,ks +b,r,

_b3r1+k1a3 §_ala3_clr1 §_a

_ . 5= , a 2.9
ba, +kc, ' by, +kc, P, 9)

Where, X,
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then the equilibrium p; (b3rl ki, ,0, 43, —Gh ,ﬂ) is global asymptotic stable.
ab,+kc,~ kc +ab, b,

For the convenience to discuss the stability of the equilibrium p;, we set
p,(X,%,S,,S,) for short and denote:

X, =r=2ax —bx,+ks, X, =r,—-2a,x, —b,x, +k,s,. Then we obtain

Lemma 2.3 If the system (1.1) satisfies (1.2) and the following inequalities
(2.10—(2.13),

b, +b, > X[ + X, (2.10)

(b, — X )(b, — X3) =0, X b, X, +ck X +C,K,X; —bh,xX; >0 (2.11)
(b, = X))(c,k, x5 —b, X))+ (b, = X5)(c kX —b,X[)>bb, (b, +b)x'x;  (2.12)
bo, X X, +(c,c,k k, —bbbb,)x X, >b,e,k, X X, +b,ck X X, (2.13)

then the equilibrium p, is local asymptotic stable.
And we construct following Liapunov function,

V(X,%,8,,8,) =W (X =X =X lnx_i)+W2(X2 =X =X m?)‘*‘i(% -S) "‘74(52 -S,)
| )

Calculating the upper right derivation V(X,X,,S,,S,) along the system (1.1)

we obtain,
DV (X,,X%,,5,,S,) =W, %%+w2 XZX—:XZ%JrWﬁ1 —sl")%er‘(s2 —s;)%
=W (X —X)[& (X =X ) +B (X, —x) ~k (s —5)]
=W, (%, = X,)[a, (%, = %) +b, (%, =X) —k,(s, =5))]
=W (8, =SB (S, =) + € (X = X)] =W, (S, = S,)[by (S, =) + ¢, (X, = X;)]
={aw (X, —X ) +a,w, (X, —X)> +bw, (s, —s)’ +b,w,(s, —s,)’]
~(bw, +B,w, )04 —X)06 = %) + (kW = C W, (X =X, )(S, =) ) + (KW, — CoW, )(X, =X )(S, = S,)
Thus, if we choose W, =c,w,W, =c,W,w, =kw,w, =K,w,(w>0), then we have,
DV®=-Wa (% =) + b +)( —Xx)0% —X) +8,(%, —X%) +b (s =5 +b,(5,~5)’]
It is obvious to show that D'V (t) <0 when the parameters a,b (i=1,2)
of the system (1.1) satisfies the inequality (b, +b,)’ <4aa, (2.14)

Therefore, we have the following Theorem 2.4 according to the Liapunov
Theorem.

Theorem 2.4 If the system (1.1) satisfies (1.2) and the following inequalities



2506 TIAN Bao-dan, QIU Yan-hong and WANG Hong-ju
(2.10)—(2.14), then the equilibrium p; is global asymptotic stable.

§3 Permanence

Lemma 3.1 R; ={(X,X,,S,,S,)| %(t) >0,s,(t)>0(i =1,2)}is the positively invariant
set of the system (1.1).

Suppose (X, (1), X, (t),s,(t),s,(t)) is the random positive solution of the
system (1.1) with positive initial values, then we can obtain the subsequent
several lemams.

Lemma 3.2 There exists a T,” >0, such that 0<x(t)<M,,0<s,(t)<N,(i=1,2)
when t>T where, M, =12 tK& B0 kA &y A

a,b, ah, b, b,
Proof. According to the last two equations of the system (1.1), we have

ds ds ds ds

d_'[l =a,-bs,—¢,X, <a,-bs, :d_tlslzN, <0 and d—tzza4—b4$2 —¢,X, <a,-bs, :>d_t252:N2 <0
Then there exists a T,>0 and a T, >0, such that 0<s,(t)<N, when

t>T, and 0<s,(t)<N,when t>T,. (3.1)

On the other hand, according to the first two equations of the system (1.1)
and (3.1), we can obtain

dx
d_tl =X (r—aX —bXx, +ks)<x(r—ax +ks,) (3.2)
dx,
szz(rz_azxz_ble +k252)sx2(r2—a2x2+k232) (3.3)

Via the formula (3.1)—(3.3) we have

%s X, (1, —a1x1+klN1):>%

a
pm SXI(rl—alMl+k1b—3)=0,when t>T,.

X =M, 3

%s X, (I, —a2x2+k2N2):>%

Therefore, there existsa T,(>T,) and T,(>T,), such that
0<x,(t)<M, whent>T, and 0<Xx,(t)<M,, whent>T, (3.4)
If we choose T, =max{T,,T,}, then 0<x(t)<M,,0<s(t)<N,(i=1,2)

< Xl("z—azMerkz%):O,when t>T,.
X, =M, 4

when t>T .o

Lemma 3.3 If the system (1.1) satisfies initial condition (1.2) and the following
inequalities (3.5)
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kaa, + b, >bb,M, +kcM,
k,a, +r,b, >b,b,M, +k,c,M, (3.5)
a,>cM,, a,>c,M,

then there existsa T, >0, such that x(t)>m,s.(t)>n(i=1,2) when t>T,,

_ rlb3—b1b3M2+kl(a3—clMl)’ 0 _a-cM,

where, m, I ’
a1b3 b3
. b, —b,b,M, +k,(a, —c,M,) . _a-oM,
2 a2b4 e b4

Proof. According to the last two equations of the system (1.1) and utilizing the
conclusion of Lemma 3.2, it is very simple to obtain the following formulas when

+ ds ds
t>T ', —L=a,-bs —cx=a-bs—-cM=>— =0
dt
1=y
d32 d52
and = —5=28,-D8, ;X% 28,-bs, —e,M, =5 20

then there existsa T,(>T,") and a T,(>T,"), such that
s,(t)y=n, when t>T, and s,(t)>n, when t>T, (3.6)
On the other hand, according to the first two equations of system (1.1) and
formula (3.6), also considering the conclusion of Lemma 3.2, we can obtain
% =x(r,—aX —bx, +ks)=x(r—ax —-bM,+kn,) :% >0,when t>T; (3.7)

X =M

>0,when t>T,.(3.8)

X, =m,

d d
d_)f[z: % (n —aX, —bX +K,8,) 2 %, (1, —a,x, —b,M, +k2n2):>d—X2

Therefore, there existsa T,(>T,) and T,(>T;), such that
X (t)y=2m,, whent>T, and X,(t)>=m,, whent>T, (3.9

If we choose T, =max{T,,T,}, then x(t)>m,s (t)>n(i=1,2) when t>T,.0

Deriving from Lemma 3.2 and Lemma 3.3,

K={(X,%,5,S)|M <X <M,n <s <N(i=12)} is the ultimately bounded set
of the system (1.1).That is to say, each solution of the system (1.1) with positive
initial values will be enter the compact region K and remain in it finally. Thus, we
have the following persistence Theorem3.1 of the system (1.1).

Theorem 3.1 Under the condition of Lemma 3.1, system (1.1) is permanent.

§4 Extinction and Explanations

When two species compete for a certain food resource in the same living
environment, the familiar result is the extinction of the weaker specie, and the
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population of the stronger specie reach to the carrying capacity of the environment.
According to the conclusions in this paper, when the equilibrium p,,p; is

gloabal asymptotic stable, either one of the two will be extinct or the other.

Theorem 4.1 Under the condition of Theorem 2.2, if system (1.1) also satisfies
a,a, > C,I,, then the population X, will be extinct finally.

This means it is good for the population X, in this circumstance, and the

competitive capacity of the population X, is stronger then that of the population X, .

Theorem 4.2 Under the condition of Theorem 2.3, if system (1.1) also satisfies
a,a, > ¢ I, then the population X, will be extinct finally.

This means it is good for the population X, in this circumstance, and the

competitive capacity of the population X, is stronger then that of the population X, .

References

[1] B.D.Tian, Asymptotic behavior for a nonautonomous prey-predator system
with feed-back control and Holling IV functional response, Journal of Sichuan
Normal University (Natural Science), 6(2006), 672-675(in Chinese).

[2] C.Chen,Z.K.Huang, Almost periodic solution in two species competitive
system with feedback controls and functional reaction response, Journal of
biomathematics, 4(2006),489-494(in Chinese).

[3] F.D.Chen, The permanence and global attractivity of Lotka—Volterra compete-
tion system with feedback controls, Nonlinear Analysis: Real World Applications,
1(2006), 133-143.

[4] F.D.Chen, Z.Li and Y.J.Huang, Note on the permanence of a competitive
system with infinite delay and feedback controls, Nonlinear Analysis: Real World
Applications, 2(2007), 680-687.

[5] L.S.Chen. Mathematical Models and Methods in Ecology, Sichuan science
press, 2003 (in Chinese).

[6] R.X.S1, S.Y.Chen, The persistence for nonautonomous three species predator-
prey system with feedback control, Journal of Henan Normal University(Natural
Science), 1(2007),5-8(in Chinese).

[7] S.Y.Chen, J.K.Huang, Asymptotic behavior of a two-species competitive sys-
tem with feedback controls,Journal of Shanxi Normal University (Natural Science
),1(2007),21-24(in Chinese) .

[8] Z.E. Ma,Y.C.Zhou, Stability theories and qualitaty theories in ordinary
differential equation, Science Press, 2001(in Chinese).

Received: March 18, 2008



