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Abstract

In this paper, a time fractional partial differential equation is consid-
ered, where the fractional derivative is defined in the Caputo sense. A
function transform and Laplace transform method along with an inter-
mediate step of Mellin transform have been applied to achieve an exact
solution in terms of the H-function and the complement error function.
A number of special cases is also considered.
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1. Introduction

Time fractional partial differential equations, obtained from the stan-
dard partial differential equations by replacing the integer order time derivative
by a fractional derivative ( of order 0 < a < 1, in Riemann-Liouville or Ca-
puto sence), have been studied and treated in different contexts by several re-
search workers. The fractional diffusion equation, the fractional wave equation,
the fractional advection-dispersion equation, the fractional kinetic equation
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and other fractional partial differential equations have been studied and ex-
plicit solutions have been achieved by Mainardi, Pagnini and Saxena[9], Lang-
lands[4], Mainardi, Pagnini and Gorenflo[8],Mainardi and Pagnini[6,7], Yu and
Zhang[16],Liu, Anh, Turner and Zhang[5], Saichev and Zaslavsky[11],Saxena,
Mathai and Haubold[12], Wyss[15] , Schneider and Wyss[13] and several other
research works can be found in the literature. In these works , the techniques of
using integral transforms ( Laplace, Fourier and Mellin transforms) were used
to maintain exact solutions of fractional partial differential equations explicitly.

In this paper, we consider the time fractional partial differential equa-
tion

0°Cl(z,t) aaZC’(x, t) _bﬁC(x, t)

ot 0x? ox

—A\C(z,t) (1)

forz > 0,t > 0,m -1 < a <m ,where 8a§t§§’”’t)

with respect to time ¢t ,a > 0,b > 0 and A > 0. Subject to initial conditions

is the fractional derivative

C®)(z,0) = Cy(x), k=0,1,...,m—1 (2)

This time fractional partial differential equation contains several known
partial differential equations as special cases. For example:

(i) Setting A = 0 and 0 < o < 1, then we get the equation

9*Cl(z,t)  9*C(x,1) _baC(x,t)
are T o dr

which is the time fractional advection-dispersion equation. Moreover if o = 1,

C(x,0) = Co(x) (3)

then the equation is the standard advection-dispersion equation.

(ii) If b = 0 in (3), then we get the equation

9°Cl(xz,t)  9*C(x,1) B
g~ g2 C(z,0) = Cy(z) (4)

which is the time fractional diffusion equation, and setting o = 1 yields the

standard diffusion equation.
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(iii) Setting b=0, A =0 and 1 < a < 2, then we get

9°C(z,t) a82C’(:v, t)

ot or?

which is the fractional wave equation. For a = 2, we get the D’Alembert wave

C®(z,0) = Cp(z), k=01 (5)

equation

0?C(x,t) 0?C(x,t) )
i vt C®(x,0) = C(z), k=0,1 (6)
In this paper, we handle in details the solution of Egs.(1) and (2) for
the cases when 0 < o« <1 and when 1 < o < 2.

0“C(z,t)
ote

The fractional derivative (D{C/(x,t) = is considered in the

Caputo sense and is defined for m — 1 < a < m as

t

0°Clxz,t) 1 / omC(x,T) dr

ote TI'(m—a) otm  (t — r)a—mtl
0

0D?C($,t) =

= J T DO (2, t) (7)

, where J% is the Riemann-Liouville fractional integral operator defined as

t

/(t—T)a_lc(ZE,T)dT, a>0 (8)

JC(z,t) = Tla)

and

—_

3

Z’k

!

JoDYC (z,t) = C(x,t)— C®(z,0), m—1<a<m. 9)

b
Il

0

For more detailed discussion on this fractional derivative, we refer the reader
to e.g. [3,10].

The method used to achieve the exact solution of (1) and (2) depends
on the Laplace transform defined by
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F(p) = LU (1)) = / eV (), (10)

and on the Mellin transform defined by

o0

f7(s) = M{f(t);s} = / £ f (1)t (11)

0

For detailed properties and tables of Laplace and Mellin transforms, one can
refer to [2].

2. The Green function

Using Eq.(9), then Eq.(1) can be expressed as the following integral

equation
Cen =S a4 L [u
Z, = k kj_ F— / — T
k=0 9
0?C(x,7) ,0C(z,7)
[a o b P AC(z, 7')} dr (12)
b x
— < . = = E—
form—1 < a <m .Assume C(z,t) = u(, t) exp(pé), p NG and ¢ N
then Eq.(12) becomes
m—1 i
_ tﬂ 1 L [0%u(E, ),
U(E,t)—; (&)= m/ [6—52_9 u(§, )| dr (13)

0

where g;(€) = ul(£,0) j=1,2and 62 =pu?+\.

The Laplace transform of Eq.(13) with respect to ¢ can be written for p > 0
as
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m—1 o~
en) = g | SRS - 9%(5,;9)] (1)
=0
or
~ m—1
FUED) it )=~ 3 g0 (15)

0€?

j=0

,where w? = 62 + p°.
According to Schneider and Wyss [8], Eq.(15) has the solution

u€,p) = - /5:’j(\€—y|,p)9j(y)dy (16)

,where the Green function is

~Q,J i1 r 1/2
Gy (T7p>:p I (%) k1/2(‘*”")

. 7\ 1/2 an— ;
=p"7 (%) (O +p) " ko (r /02 +p) . j=01 (17)

where ky/5(2) is the modified Bessel function of the third kind [1].

A direct transition to the time domain (i.e. inverting the Laplace
transform) does not seem to be feasible. This difficulty is circumvented by
passing through the intermediate step of the Mellin transform (11) which is
connected to the Laplace transform by the relation

* _ 1 i —sp
PO = = [ (18)
0
Then we get
G 9) = e [7°G) Gy . =011 (19)

0
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or

G;a’j(r7 s) = ( r >1/2 = 1

o 1—3s)
/p—s+a—j—1(92+pa)—1/4k1/2 (7“« /62 +pa> dp, 7=0,1
0

Let ¢ = p®/2, then for j = 0,1 Eq.(18) yields

; 2 1 \12 1
*Qu,j _ ("
Gy (rs) = o ( ) I'(1—s)

Now, using the formula [2]

M { (& +07) "k, [a (£ + b2)1/2} ;s} =a® 2571027 (s/2)k,—3 (ab)

min{Re(a), Re(b), Re(s)} > 0, we get

G*a’j<7” 5) . ]_ % 1/2—8/06—j/0¢ F(]_ . S/Oé . j/Oé)k |
o aym U I(1—s) Sti-3

Now from the H-function representation (A2), we have

I'l—j/a—s/a) o (L1)
T(1—s) =Hy (Z |(1_j/a,1/a)> (—s)

Let ¢(p) = gexp {50r(p™ +p~*)} and 6(p) = p~*¢(p)
Then, from the properties of the Mellin transform [2]

k (0r)

+

=

i
[e%

Q |w

L~

#(5) = higa0),6°(5) =

Thus the Mellin transform G;*(r, s) can be written as

(rf)

(20)

(21)

(24)

(25)
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o 1 20 1/2—j/a 20 —s/a .
c ’J(hs)zﬁ(—) (—) §1(5) HL(—s) (26)

T T

Now M {ip(at); s} = a=¢*(s) and M {p(t"); s} = L-*(s/m),m # 0, and by
the Mellin convolution theorem M {f h <£) go(z)%; s} = h*(s)p*(s) ,then
0 Z

z
we get for 7 = 0,1

/gb] ( 20/r)

1
Let n = —,then
z

/ 6 ((ZQ)W Z) ) = 7 ¢j ((?)/ nt) CEHONCS

Q\»—‘

f) e s :[(%)] Sas;‘f(s)H*i:?(—s) (27)

. 12001 3 r 20\ /° 10, dn
Gy?(r,t) = ﬁ(7)2 D‘/@((?) 77t> H1,1(77)?

Let 0 = n® and using the formulas (A9) and (A10) of the H-functions , then

[e.o]

=3

2\/m
0

. 2
Gy (r,t) = exp [_9%%—_ Tt —1} AT e R )

So the inverse Laplace transform of Eq.(16) yields
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,_.

u(,t) =
7=0

=[G = vl Dy . 5=0. 1)
0

3. The complete solution and special cases:

In this section, we find the exact solution of the initial problem given
in (1) and (2), Eq. (31) implies that

m—1 %
_ x o) X
C(z,t)=e /Ge(\/a
0

Jj=0

¥

-y

7t) g](y)dy > ] = 07 1 (32)

1. The case 0 < aa < 1:

In this case g(§) = u(£,0) = Cyexp(—pf), so the the solution of the frac-
tional partial differential equation is written as

C(z,t) = exp(—4)\t2a02)H11,’? [0 |El__1?;/1§a)]
2v/mte
0
i = —y—2ut%o
/exp(—{f Wi })dy do (33)
0
2utto — \/ia +vy ‘
Now, let 8 = N , then Eq.(33) yields
C oo . N oo
t) = \/—j_r/exp(—4)\t2a02)al/2ﬂll”f[ |El 1‘;’2/12) ] /e‘ﬂQdﬁ do  (34)
0 1
2uto — ==
o
where ; = ———.
b 2Vt%o

And using the property of the H-function (| A9), we get
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o0

C(z,t) = 020

Co / exp(—NE0) L [o (0] (er e (51)) do (35)

0

2 o0

, where er fc(81) = —= [ exp (—3%)dj
T By

2. The case 1 < v < 2:

Let Cy(z) = Cy and Cy(x) = C4, then gi(y) = Coexp(—py) and g2(y) =
C1 exp(—py) then the solution is

Clx,t) =

1\3|Q

/ exp (~aN*0?) 1L [ (650 (erfe(n))do +

[\D‘Q

" e (o) I (o 5| Crreade (30)
0

3. Let A =0and 0 < a <1, and assuming Cy(x) = Cp, then the solution of
Eq.(3) is given by

nt) =3 [ #2005 (erse(p) do (37)

which is the result obtained in [5]
4. Moreover let b = 0, and Cy(z) = Cy, then the solution of the time fractional
diffusion Eq.(4) is

C’0 7 (1-a,a) -
= o [z (o]
5 / 01) erfc Wi do (38)
0
5. fA=b=0,a=1,1 < a < 2, we get the time fractional wave equation
oC (z,t
subject to the initial conditions C(x,0) = Cy(z) and gj’ ) = Cy(z), then

iff Co(x) = Cy and Cy(x) = C, we get the solution of Eq.(5) as
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a,o -
C(x /H 2(1)1 )} <e7"fc (QM))dU
Cit T o -
%/Hi’f [a ]81)’ )] (erfc (2\/%)) do (39)
0

4. Conclusion

The time fractional partial differential equation is obtained from the
classical partial differential equation by replacing the first order time dera-
vative by a fractional derivative of order (m —1 < a <m). Using variable
transformation, the intermediate steps of Mellin and Laplace transforms, we
derive the complete solution of this time fractional partial differential equa-
tion. Also special cases have been obtained for 0 < o <1 and 1 < a < 2.

Appendix: The H-function

An H-function is defined in terms of a Mellin-Bernes type integral as
follows [14]:

m,n _ m,n (a1,01)...(a ,a *mn 58
e = B )= g [ o A

wherem, n, p and ¢ are nonnegative integeres such that 0 <n <p,1 <m <q
and empty products are interpreted as unity. The parameters o, ..., o, and
B, ..., By are positive real numbers, whereas ay, ..., a, and by, ..., b, are complex
numbers. The Fox or H-function is characterized by its Mellin transform:

() = |2

(bi,B7)i=1,....q

(aj7a?)j:1,...,p] (8) — —<; (AQ)

where
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In (A1) 27° = exp{—slog|z| — iarg(z)} and arg(z) is not necessarily the prin-
cipal value. The parameters are restricted by the condition P(A) N P(B) =
& ,where

P(A) ={poles of T(1—a;+ a;8)} = % eCii=1,...,n, k€ NO} ,

P(B) = {poles of T'(b;+ Bis)} = {% ceCii=1,...m, ke NO} ,Ng =
{0,1,...}

The integral (A1) converges if one of the following conditions holds
. . wT
L = L(c—ioco,c+ioco; P(A), P(B)), |arg z| < 5w > 0;

L = L(c —ioco, ¢ + ioo; P(A), P(B),|arg z| < %,w > 0,cR < —Re(y);

b= e Y a8 -G R=30— Y ay
j=1 Jj=1 Jj=1

J=1 J =n+1 J=1

1 4q
1=Yh-Ya+ e

Jj=1 2

The H-function are analytic for z # 0 and multi-valued (single-valued on
the Riemann surface of log z).The H-functions may be represented as

man [ 1(a1,01)(ap,0p) :
|2 ol i } chk 25 (43)
i=1 k=0
where
[T T(b— i+ k)2 TITA = a;+ (b + k)%
=1,j#i j=1
Cik = ~g p (A4)
[I T =b;+0i+k) %) I1 Tla;— b+ k%)
j=m+1 Bi j=n+1 Bi

m o0 k
m,n (a1,01)...(ap,ap) <_1) _TZ‘.
Hy" |2 |(b17ﬁ1) (bpﬁqg] ZZCZ’“ klay o too (45)

where
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J=1,j#i

(b +(1—a;+k)2 ) H F(l—aj—l—(l—a,-—I—k)Z—Z)
r

(1—b +(1—az+k:)53> 11 F(a] (1—a;+ k)

j=n+1

m
I1T

Cik = :q
I1
Jj=m+1

whenever R < 0 and the poles in P(A) are simple.

In particular, if R > 0, we obtain from (A3) that

1,n _ 1n (a1,01)...(ap,c Sk> —s
Hp’q (z) = Hp7q [z |(b11,ﬁ11) bpﬁqp } Z ' P
=0

where sy = —b; + k/1.In the case R < 0, we obtain from (A3) that

m,1 _ m,1 (alyal) ap,Q _ 1 - ) —s
Hyo(2) = Hyg [Z ’(bhﬁl) (bqpﬁqp ] T Z kl C(s D(sk)z *
k=0

where s, = (k+1— o) /.

The following identities for the H-function are well-known:

k rymmn (a1,00)...(ap,op) | _ rymon (a1+kai,ar)...(aptkap,ap)
2" H [ |(b1 B1)---(bg, /@q)] =H [ |(b1+k51 B1)-.-(bg+kBq,B8q) ]

m,n (a1,01)...(ap,0p) | m,n (a1,kar)...(ap,kap)
Hy4 [2 V(bl,al)...(bfjﬁqz)’] = kHy4 [ |51 k1) bqpkﬁqﬂ
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