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Abstract 
 
From some measured data on the boundary of a domain in two dimensions, we get the 
unknown conductivity coefficient in the whole domain by applying Backus-Gilbert 
method on some integral identity. Practical procedures are discussed and some 
random samples of numerical experiments are displayed. 
 
 
 
1-Introduction 
 
    It is well known that the conductivity problem: 
 
                          .( ( ) ) 0A x u∇ ∇ =

r , 
 
is the mathematical model of many physical problems such as the steady state 
filtration of ground water in a porous media [14 ] , and the electrical impedance 
tomography [4,6] .  If u and the boundary flux are given, one can determine the 
filtration, or the conductivity, ( )A xr . (The inverse problem). 
There are many methods to solve the inverse problem such as the method of 
characteristics [12 ], and the method of output least squares [7 ] .Here we use a new 
technique based on the combination of Backus-Gilbert method[3 ] with some integral 
identity which explicitly relating changes in coefficients to changes in measured data. 
The advantage of this method is that refining the reconstructed unknown can be 
accomplished with simple additional calculations.  
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2- The direct problem and the corresponding integral identity 
 
Consider the situation in the direct problem (2. 1) .Suppose that functions 

1/ 2 ( )f H U∈ ∂  and 1/ 2 ( )g H U−∈ ∂  are given and consider the problem of 
determining a function pair }{ ( ; ( )), ( )u u x A x A A x= =

r r r  such that all of the following 
conditions are satisfied, 
 
                    .( ( ) ( )) 0A x u x∇ ∇ =

r r  in : {( , ) : 0 , 1}U x y x y= p p  
                                           u f=  on U∂                                   (2. 1) 
                       ( ). .A x u n g∇ =

rr  on U∂  
 
Here we suppose ( )A A x=

r  denotes a strictly positive and suitable smooth (at least 
Lipschitz continuous function onU ). This ensures that the boundary value problem 
consisting of the first two conditions listed above has a solution at least in a weak 
sense, if the coefficient ( )A A x=

r  were given. Then we can view the third of the 
listed conditions as an additional constraint, which may be used to determine ( )A xr  in 
addition to ( )u xr . 
With 1/ 2 ( )f H U∈ ∂  fixed, suppose that the pair }{ 1 1,u A  satisfies the first two 

conditions listed above and produces the data 1/ 2
1 1 ( )

U
u g H U−

∂
= ∈ ∂  and the pair 

}{ 2 2,u A  is similarly associated with 1/ 2
2 2 ( )

U
u g H U−

∂
= ∈ ∂  . Then 

 
                                 1 1 2 2.( ( ) ( ) ( ) ( )) 0A x u x A x u x∇ ∇ − ∇ =

r r r r  in U  
                                                                            1 2 0u u− =  on U∂  
                                      1 1 2 2 1 2.[ ( ) ( ) ( )]n A x u A x u x g g∇ − ∇ = −

r r r r  on U∂  
If we rewrite the partial differential equation in the form 

1 1 2 1 2 2.[ ( ){ ( ) ( )}] .{ ( ) ( )} ( )A x u x u x A x A x u x∇ ∇ −∇ = −∇ − ∇
r r r r r r  in U  

Then integration by parts and attention to the boundary constraints leads to the 
integral identity, 
 

2( ) ( ) ( ) ( ). ( )
U U

g s s ds A x u x x dxθ
∂

Δ = Δ ∇ ∇Φ∫ ∫
r r r r                    (2. 2) 

Where ( )xΦ = Φ
r  denotes the solution of the adjoint problem, 

                              1.[ ( ) ( )] 0A x x∇ ∇Φ =
r r  in U  

                                                                                            (2. 3) 
                                                      θΦ =  on U∂  
Clearly when the coefficient in the boundary value problem is changed from 

1( )A A x=
r  to 2 ( )A A x=

r  , there is a corresponding change in the measured output, 
from 1( )g g x=

r  to 2 ( )g g x=
r . For our purpose, we choose 0fθ = f . 
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   In the next section (3.1), Backus-Gilbert method is presented. It looks far from the 
previous discussion, but after we simplify it and apply it on the integral identity in 
section (3.2), the idea will be very clear. 
 
3.1. Backus – Gilbert method 
 
Consider the problem of approximating an unknown function 
 ( , ) ( (0,1) (0,1) )sA x y HΔ ∈ ×  from a finite set  of moments  : , s si i H H

Aμ σ −×
= Δ , 

where ( (0,1) (0,1) )s
i Hσ −∈ ×  are known ( generalized ) functions , i = 1,2,…,N.  

This problem can be stated as follows: Define 
( )

( ) ( )1

: (0,1) (0,1)

: , ,..., ,s s s s

s N

NH H H H

H R

A A A Aσ σ− −× ×

Λ × →

Δ →Λ Δ = Δ Δ
 

 Find ((0,1) (0,1))sA HΔ ∈ ×  such that 1( ) ( ,..., )NA μ μΛ Δ =  
Now, for 0 0( , ) (0,1) (0,1)x y ∈ × , fixed, assume that 

0 0 0 0
1

( , ) ( , ) , (3.1)
N

i i
i

A x y x y μ
=

Δ = Φ∑  

, for , s si i H H
Aμ σ −×

= Δ  and ( (0,1) (0,1) )s
i HΦ ∈ ×  are unknown functions  

need to be determined. Then 

0 0 0 0
1

( , ) ( , ) ,
s s

N

i i
i H H

A x y x y A σ
−= ×

Δ = Φ Δ∑  

                

               0 0
1

, ( , )
s s

N

i i
i H H

A x y σ
−= ×

= Δ Φ∑  

However, this implies 

0 0 0 0
1

( , ) ( , ) (( ), ( )) ((0,1) (0,1)) , 1 (3.2)
N

s
i i

i
x y x y x x y y H sσ δ −

=

Φ = − − ∈ ×∑ f  

Where 0 0(( ), ( ))x x y yδ − −  is the Dirac distribution at 0 0( , )x y .[1] 

Since, ( ), , ( )N s s

T
R H H

A Aγ γ
−×

Λ Δ = Δ Λ
r r  , where TΛ  denotes the transpose of the 

operatorΛ , and 
1( ), ( , ,..., , ).N s s s sNR H H H H

A A Aγ σ σ γ− −× ×
Λ Δ = Δ Δ

r r  

                        
1

, s s

N

i iH H
i

A σ γ−×
=

= Δ∑  

                         
1

,
N

i i
i

A γ σ
=

= Δ ∑  

Then 
: ((0,1) (0,1))T N sR H −Λ → ×  
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1

N

i i
i

γ γ σ
=

→∑r  

Therefore, the equation (3.2) is equivalent to 
0 0 0 0( , ) (( ), ( )) (3.3)T x y x x y yδΛ Φ = − −

r
 

where 0 0 1 0 0 0 0( , ) ( ( , ),....., ( , ) )Nx y x y x yΦ = Φ Φ
r

 
To solve the equation (3.3) for 0 0( , )x yΦ

r
 , we have to acknowledge that in general 

there will be no solution. However, the normal equation [7]: 
           * *

0 0 0 0( ) ( , ) ( ) (( ), ( ))T T Tx y x x y yδΛ Λ Φ = Λ − −
r

 
is always uniquely solvable, where 

*( ) : ((0,1) (0,1))T s NH R−Λ × →  is the adjoint of TΛ and is defined by 
*, , ( )s N

T T

H R
G Gγ γ

−
Λ = Λ

r r  

Note that 

1 1
, , , ss

s

N N
T

i i i i HH
i iH

G G Gγ γ σ γ σ −−
−= =

Λ = =∑ ∑r  

, which implies that 
*

1( ) ( , ,..., , )s s
T N

NH H
G G G Rσ σ− −Λ = ∈  

Now, 
* * *

0 0 0 0 0 0
1 1

( ) ( , ) ( ) [ ( , ) ] ( , ) ( )
N N

T T T T
i i i i

i i
x y x y x yσ σ

− =

Λ Λ Φ = Λ Φ = Φ Λ∑ ∑
r

 

                           

0 0 1 0 0 1
1 1

( , ) ( , ,..., , ) ( , ) ( , ,..., , )s s s s s s

N N

i i N i i i N iH H H H H H
i i

x y x y J Jσ σ σ σ σ σ σ σ− − − −× ×
= =

= Φ = Φ∑ ∑  

and 

0 0 0 0

*
0 0 1 ( , ) ( , )( ) (( ), ( )) ( , ,..., , )

s s

T
x y N x yH H

x x y yδ σ δ σ δ
− −

Λ − − =  

                                           
0 0 0 01 ( , ) ( , )( , ,...., , )

s sx y N x yH H
J Jσ δ σ δ

−×
=  

where : ((0,1) (0,1)) ((0,1) (0,1))s sJ H H− × → × , denote the duality isomorphism [11], 
defined by 

1
( , ) : , ( , )s s

s
k k kH H

k
J x y x yσ λ σ ω ω−

∞
−

×
=

= ∑  

where { }kω  denote an orthonormal basis of eigenfunctions in ((0,1) (0,1))sH × with 

eigenvalues { }2
kλ  

In this case, 

0 0( , ) 0 0
1

, , ( , )
s s

s
i x y k i k kH H

k
J x yσ δ λ σ ω ω

−

∞
−

×
=

= ∑  

and 

1
, , ,s ss s s s

s
i j k i k j kH HH H H H

k
Jσ σ λ σ ω σ ω−− −

∞
−

×× ×
=

=∑  
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Finally, to approximate 0 0( , )A x y  , we generate , sN N i j H

M σ σ
−×

⎡ ⎤= ⎣ ⎦  and  

0 01 ( , ),
s sN i x y H H

d Jσ δ
−× ×

⎡ ⎤= ⎣ ⎦
r

 , and solve 0 0( , )M x y d⎡ ⎤Φ =⎣ ⎦
rr

.Then 

0 0 0 0( , ) ( , ) .K x y x y μ⎡ ⎤Δ = Φ⎣ ⎦
r r  

              1 .M d μ−⎡ ⎤= ⎣ ⎦
r r   

 
 
3.2. Applying Backus – Gilbert method on the integral identity                    
 
Before we go forward, let us summarize Backus –Gilbert method. For simplicity, take 

1N = . 
Then, Backus –Gilbert method says that: To approximate an unknown function  

( , )A x yΔ   at each point 0 0( , )x y  by knowing a 

value
1 1

1 1 1
0 0

, : ( )s sH H
A A dxdyμ σ σ−×

= Δ = Δ∫ ∫ , then 

1 1
1

0 0 , 1 , , 0 021 1 , 1 0 02
, 1 ,

, 1 0 0

( , ) ( , )s
k l k l k l

k ls
k l k l

k l

A x y x yμ λ σ ω ω

λ σ ω

∞
−

∞ =−

=

⎡ ⎤
Δ = ⎢ ⎥

⎡ ⎤ ⎣ ⎦
⎢ ⎥
⎣ ⎦

∑ ∫ ∫
∑ ∫ ∫

 

                                                                                                             
0 0, ( , ) : (0,1) (0,1) (3.4)x y U∈ = ×   

 
 
Remark (1) 
When 0AΔ =  at the boundary of , ,U U∂  it is reasonable to consider the 
eigenfunctions { } { }, ( , ) (sin )(sink l x y k x l yω π π=     and the eigenvalues 

{ } { }2 2
, ( ) ( ) , , 1, 2,....k l k l k lλ π π= + =  (for the Laplacian operator) 

Now, to apply this method on the integral identity (2 .2), put 

1 2 1 1( ( , ) ( , )) ( , )
U

g x y g x y U A dxdyμ
∂

= − Φ ∂∫  , and 1 1 2( , , ). ( , , )u x y A x y Aσ = ∇ ∇Φ  

Then, the integral identity can be written of the form 
 

1 1

1 1
0 0

( , ). ( , ) (3.5)A x y x y dx dyμ σ= ∇∫ ∫  

 
Therefore, we can apply Backus –Gilbert method and use the equation (3. 4) to get 

0 0 0 0( , ) , ( , )A x y x y UΔ ∈  
 
Lemma (3.1):  ( , )A x yΔ  , defined in (3. 4), satisfies the equation (3. 5)  
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Proof: 
1 1 1 1 1 1

1
1 , 1 , , 121 1 , 10 0 0 0 0 0

, 1 ,
, 1 0 0

( , ) ( , ) ( , ). ( , )s
k l k l k l

k ls
k l k l

k l

A x y x y dxdy x y x y dxdyμσ λ σ ω ω σ

λ σ ω

∞
−

∞ =−

=

⎡ ⎤
Δ = ⎢ ⎥

⎡ ⎤ ⎣ ⎦
⎢ ⎥
⎣ ⎦

∑∫ ∫ ∫ ∫ ∫ ∫
∑ ∫ ∫

 

                             
1 1 1 1

1
, 1 , 1 ,21 1 , 1 0 0 0 0

, 1 ,
, 1 0 0

. s
k l k l k l

k ls
k l k l

k l

μ λ σ ω σ ω

λ σ ω

∞
−

∞ =−

=

⎡ ⎤ ⎡ ⎤
= ⎢ ⎥ ⎢ ⎥

⎡ ⎤ ⎣ ⎦ ⎣ ⎦
⎢ ⎥
⎣ ⎦

∑ ∫ ∫ ∫ ∫
∑ ∫ ∫

 

 
                              1μ=  
 
 
4- Practical procedures and applications  
 
What we will do to apply ( 3 . 5 ) is to pick an initial  coefficient , say 1( , )A x y  , 
satisfies  1A A=    at  U∂   where ( , )A x y  is the unknown coefficient .So , 

1: 0U U UA A A∂ ∂ ∂Δ = − =   . Then the remark (1) in section (3. 2) is satisfied. Since 

we know 1( , )A x y , we get  1( , , )u x y A   and 1 1( , ; ) ( , ; )x y A u x y AΦ ≡ , by choosing  
( ) :U fθΦ ∂ ≡ =   , as a direct problems. Therefore, we calculate both 

1 1 1 1 1( ) : ( , ; ). ( , ; ) ( , ; ). ( , , )i u x y A x y A u x y A u x y Aσ = ∇ ∇Φ =∇ ∇%  
, and 

1 1 1( ) ( , ) : ( , ) ( , , ).ii g x y A x y u x y A n= ∇
r  at U∂  

Since we can measure the flux, 
           ( , ) : ( , ) ( , ; ).g x y A x y u x y A n= ∇

r  at U∂  
we can calculate 
            1 1: ( ) ( )

U

g g Uμ
∂

= − Φ ∂∫  

Now, apply (3. 4) to get the next iterate, 
 

1 1
2 2 ( )

1
1 1 0 0

2 0 0 1 0 0 1 0 01 1
2 2 ( ) 2

1
1 1 0 0

[( ) ( ) ] (sin )(sin )
( , ) : ( , ) sin( )sin( )

[( ) ( ) ] [ (sin )(sin ) ]

s

k l

s

k l

k l l x k y dxdy
A x y A x y k x l y

k l l x k y dxdy

π π σ π π
μ π π

π π σ π π

∞ ∞
−

= =

∞ ∞
−

= =

+
= +

+

∑∑ ∫ ∫

∑∑ ∫ ∫

%

%

                                     

0 0( , ) (3.6)x y U∈  
From (3. 6), we know 2 ( , ) , ( , )A x y x y U∈  , so we can get 2( , ; )u x y A and  

2( , , )x y AΦ  , as a direct problems. As before, we can know 

2 2 2 2 2: ( , ; ). ( , , ) ( , ; ). ( , ; )u x y A x y A u x y A u x y Aσ = ∇ ∇Φ =∇ ∇% ,

2 2 2( , ) : ( , ) ( , ; ).g x y A x y u x y A n= ∇
r  at U∂  , and 

     2 2: ( ) ( )
U

g g Uμ
∂

= − Φ ∂∫  
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Apply (3. 4) to get the third iterate, 

1 1
2 2 ( )

2
1 1 0 0

3 0 0 2 0 0 2 0 01 1
2 2 ( ) 2

2
1 1 0 0

[( ) ( ) ] (sin )(sin )
( , ) : ( , ) sin( )sin( )

[( ) ( ) ] [ (sin )(sin ) ]

s

k l

s

k l

k l l x k y dxdy
A x y A x y k x l y

k l l x k y dxdy

π π σ π π
μ π π

π π σ π π

∞ ∞
−

= =

∞ ∞
−

= =

+
= +

+

∑∑ ∫ ∫

∑∑ ∫ ∫

%

%

 

                                                                                                                            
0 0( , ) (3.7)x y U∈  

 
Continue as before, we get a monotone sequence { }( , )nA x y  converges to the 

unknown coefficient ( , )A x y  , whenever { }nμ  converges to zero, according to the 
following lemma  
Lemma (4.1): According to the initial coefficient 1( , )A x y , 
(i) 1g gf  imply  { }( , )nA x y  is a decreasing sequence 

(ii) 1g gp  implies  { }( , )nA x y  is an increasing sequence 
Proof: 
If  1( , ) ( , )g x y g x yf   then   1 0μ p  , since ( ) 0U θΦ ∂ ≡ f .So from (3. 6), 

2 1( , ) ( , )A x y A x yp  , since 2 2
1 1 1( , , ). ( , , ) ( ) ( ) 0u uu x y A u x y A

x y
σ ∂ ∂

≡ ∇ ∇ ≡ +
∂ ∂

f . 

Then  2 1( , ) ( , )g x y g x yp  and   2 0μ p  . Therefore, from (3.7), 3 2( , ) ( , )A x y A x yp  
and so on .Then  { }( , )nA x y   is a decreasing sequence. While if   

1( , ) ( , )g x y g x yp , then   1 0μ f  so, from (3. 6), 2 1( , ) ( , )A x y A x yf  , then  

2 1( , ) ( , )g x y g x yf  and  2 0μ f  . So, from (3.7), 3 2( , ) ( , )A x y A x yf  and so on. 
Then { }( , )nA x y   is an increasing sequence. 
 
   
Applications  
 
In the following examples, we consider: 

( ,0) ln ( 2) ; (0, ) ln (2 ) ; (1, ) ln (3 ) ; ( ,1) ln( 1) ,0 , 1f x x f y y f y y f x x x y= + = − = − = + p p  
In example (I), assume the actual (unknown) coefficient ( , ) 2A x y x y= − +  
Example ( I ) is divided into two examples ( I .1 ) and (I . 2) , according to the choice 
of the initial coefficient . In example (I.1), the initial coefficient is: 
 
                1 1 1 2 2( , ) ( ) ( ) ( ). ( ) ,0 , 1A x y a x b y a x b y x y= + + ≤ ≤   
Where: 

2 2
1 1 2 1 2 1

1( ) 5 4 2 ; ( ) 5 4 2 ; ( ) ( ( )) ; ( ) ( ( ) ) , 0 , 1
2

a x x x b y y y a x x a x b y y b y x y= − + = − + = − − = − ≤ ≤  

In example (I .2), the initial coefficient is: 
 

1 11 11 22 22( , ) ( ) ( ) ( ). ( ) ,0 , 1A x y a x b y a x b y x y= + + ≤ ≤  
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Where: 

2 2
11 11 22 11 22 11

1( ) 3 2 2; ( ) 3 2 2; ( ) ( ( ) ); ( ) ( ( ) )
2

a x x x b y y y a x x a x b y y b y= − + = − + = − − = −  

The only reason for these choices is to guarantee that 1 U U
A A

∂ ∂
= .   

 
In example (II), assume the actual (unknown) coefficient: 
 

2 (1 ) 2 (1 ) 2 (1 ) 2 (1 )( , ) x x y y x x y yA x y e e e− − − + −= + −  
(So, (0, ) ( ,0) ( ,1) (1, ) 1 ,0 , 1A y A x A x A y x y= = = = ≤ ≤ ) 
It is reasonable to choose the initial coefficient 1( , ) 1 ,0 , 1A x y x y= ≤ ≤  
 
In example (III), assume the actual (unknown) coefficient: 
 

( , ) ( ) ( ) ( ). ( ) ,0 , 1A x y c x d y c x d y x y= − + ≤ ≤  
Where: 

2 2( ) 10 10 1, ( ) 10 10 1c x x x d y y y= − + = − −  
 (So, (0, ) ( ,0) ( ,1) (1, ) 1 ,0 , 1A y A x A x A y x y= = = = ≤ ≤ ) 
It is reasonable to pick the initial coefficient 1( , ) 1 ,0 , 1A x y x y= ≤ ≤ . 
By applying the previous procedures on a Mat Lab program, we get the following 
figures, which indicate that this method may work: 
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Comments 
 
Regarding to the previous results, in examples (I) and (III) the flux 

1( , )g x y corresponding to the initial coefficient 1( , )A x y is greater than the actual 
flux, corresponding to the actual coefficient ( , )A x y . So, the sequence 
{ } { }n nmuμ ≡ is a positive decreasing convergent sequence to zero and 
as sin sin0 ,decrea g decrea g

n nA Aμ ⎯⎯⎯⎯→ ⎯⎯⎯⎯→ , according to lemma (4.1, (i)). While in 
example (II), 1( , ) ( , )g x y g x yp . So, { }nμ is a negative increasing convergent 
sequence to zero and as sin sin0 ,increa g increa g

n nA Aμ ⎯⎯⎯⎯→ ⎯⎯⎯⎯→ , according to lemma (4.1, 
(ii)). 
In this method, it is required to know the value of the actual coefficient on the 
boundary. Thanks to Nachman in [10] who make it reasonable by using the boundary 
conditions. 
By choosing, a reasonable eigen values and the corresponding eigen functions 
(different from the Laplacian operator), this method may be also work for coefficients 
with less smoothness, such as piecewise continuous. [2] 
Regarding to the idea of this method, it was just born and no one can say that we 
solved all the theoretical concepts about it. However, we can say that the method may 
work.  
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