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Abstract

We obtain the exact distributions of determinants and quotient of
determinants of some submatrices of a Wishart distributed random ma-
trix. We show an application of the obtained representations in testing
hypotheses concerning the covariance matrix of multivariate normal dis-
tribution.
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1 Introduction

Let W be a random matrix with Wishart distribution W,,(m,1,,), where m > n
and I,, is the identity matrix of order n. The matrix W can be represented as
a product (see [3])

W =DVD, (1)

where D is a diagonal random matrix, D = diag(\/71, ... ,/Tn) and V = (v;;)
is a symmetric random matrix with units on the main diagonal. The random

variables 7;, ¢ = 1,... ,n are mutually independent, independent of v; ;, 1 <
i < j < n and have chi - square distribution, 7; ~ x*(m), i = 1,... ,n. The
joint density function of v; j, 1 < ¢ < j <n has the form
r(2)]" mn
f(yi,j,1§i<j§n):%(detif) 3 1’ (2)
n (2
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Lo g
if Y is a positive definite matrix, Y = oo . By I';,(«) is denoted

Yin o1
the multivariate Gamma function,

Fn(a)zwwf(aﬂj(a—%)...F(a—n;1>.

Ignatov and Nikolova in [3], denote by t(m,n) the joint distribution of v, ;,
1 <i < 7 < n with density function of the form (2). For n = 2 the distribution
1(m,n) is a univariate distribution with density function

fly) = %(1 —y)" T, ye(-1,1),

2 2

Definition 1.1 A random matriz 'V is said to have distribution v, (m) with
parameters n, m, n < m, written as V~ ¢,(m), if V is a symmetric matriz
of order n with units on the main diagonal and the joint distribution of the
elements above the main diagonal is ¥ (m,n).

Let R be the sample correlation matrix for a sample of size m + 1 from n
- variate normal distribution NV, (u, ¥) with unknown mean vector p. Suppose
that Y is a diagonal matrix with unknown positive diagonal elements. Then
the distribution of the sample correlation matrix R is ¢, (m) (see [7]).

In the present paper we obtain some properties of the distribution v,,(m)
of the matrix V in (1). By equality (1), we get the corresponding properties
of Wishart distribution. In an example, we show an application of the ob-
tained representations in testing hypotheses concerning the covariance matrix
of multivariate normal distribution.

2 Preliminary Notes

Let P(n,R) be the set of all real, symmetric, positive definite matrices of order
n. Let us denote by D(n,R) the set of all real, symmetric matrices of order n,
with positive diagonal elements, which off-diagonal elements are in the interval
(-1,1). There exist a bijection h : D(n,R) — P(n,R), considered in [4], [5]
and [6]. The image of an arbitrary matrix X = (z;;) from D(n,R) by the
bijection h, is a matrix Y = (y; ;) from P(n,R), such that

Yij = Tj5, J=1,...,n, (3)

Y1,j = T1,v/T1,1%5 5, ] = 2, Lo, n, (4)
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1—

r—1
yi,j = .\ /xi,ixj,j [Z (xr,ixr,j H \/(1 — l'gﬂ)(l — $37])>
q=1

r=1

1—1
+ai; [ | \/(1 —a;,)(1— flfﬁ,j)] , 2<i<j<n. (5)
q=1

The next Proposition can be found in [4] and [6].

Proposition 2.1 Let £ = (§;) be a random symmetric matriz of order
n with units on the main diagonal. Suppose that & ; are independent and
&ij~vim—i+1,2),1<i<j<n. LetV be the matrix V.= h(§), where h
is the bijection, defined by (3)-(5). Then the matriz V has distribution 1, (m).

Let A = (a;;) be a real square matrix of order n. Let o and [ be
nonempty subsets of the set {1,...,n}. By Ala, 3] we denote the subma-
trix of A, composed of the rows with numbers from « and the columns with
numbers from (. Denote by a‘ the complement of the set a in {1,... ,n},
ie. a“={1,... ,n}\a. For the matrix Ala®, 3] we use the notation A(a, 3).
When 5 = «, Ala, o] is denoted simply by Ala] and A(a, ) by A(a).

Let Xe€D(n,R) and Y = h(X), where h is the bijection, defined by (3)-(5).
We get interesting relations between the elements of the matrices X and Y
(see [4], [5] and [6]):

Ty = det Y[{1,...,i},{1,...,i—1,j}]
2,] \/detY[{l, ,Z}] detY[{l, ,2 _ 17]}]’

2<i<j<mn; (6)

det Y[{1,...,4,j}]
yisdet Y[{1,... i} = <

det Y[{l, Ce ,Z,j}] = xl,l .. 'xi,ixj,j < H (]. - l‘i7s)> (H (]- - xz,j)> )

1<k<s<i

1<i<j<n.

3 Main Results

Theorem 3.1 Let V~ 1,(m). Then for all integeri and j,2 <i<j<n

detV[{l, R ,i}, {1, R ,’L. — 1,]}] ~ Cl .. 'Ci—l\/ CiCi-l—lu
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where the random variables (s, s = 1,... i+ 1 are independent, (; ~ ¥(m —
i+ 1,2) and (5, s = 2,...,1+ 1 are beta distributed, (s ~ B(m 3“, == )

§=2,...,1 Gy Nﬁ(mﬂ+17 121)'

Proof. Using Proposition 2.1 and the representations (6) and (8), for 2 <
1 < j < n we have

det V[{1,... i}, {1,...,i—1,5}]
=& \/det V{1,. .. i} det V[{1,... i —1,5}]

o1 o) (o) (o<

1<k<s<i—1

(il )] o) -

Denote by (s, s=1,...,2+ 1 the random variables

s—1 i—1
G = fi,jy Cs = H (1 - fl%,s)v $=2,...,0, G1= H (1 - gz,j)'
k=1 k=1

The random variables &;;, 1 < ¢ < j < n are independent, therefore (,
s=1,...,i+1are 1ndependent too. Slnce &j~vim—it+l,2),1 <i<j<n,
itcanbeshownthat 11— -Nﬂ( o 2) 1 <i<j<n. Itis known, that if
m and 7y are independent random variables, w1 ~ [(a, ), m ~ Bla+7,9),
then mmy ~ B(a, v+ J). Consequently,

(1_ Efl,j)(l_ Z])Nﬁ(mgzal)aa

m—1 1
1-g)-g)~n (5 5) (10)
Corollary 3.1 Let V ~ i, (m). Then for all integer i and j, 2 <i < j <
n?
det VI{1,... i}, {1,...,i—1,7}]
det V[{1,...,i—1}] v/ 623
and

det VI{1,... i}, {1,...,i—1,7}] ~ e G
detV[{l, ,Z}] <3
where the random pam’ables (1, G and (3 are independent, (3 ~ p(m—i+1,2),
C27C3 ﬁ(m Z+17 Zgl)'
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Proof. The Corollary follows from Theorem 3.1 and the representation
(8). O

Lemma 3.1 Let V~ 1, (m). Let i, j be arbitrary integers, 1 <i < j < n.
Suppose that we interchange the places of the i ’th and j th rows in 'V and then
interchange the places of the i’th and j’th columns. Then the obtained matrix
V' is distributed again 1, (m).

Proof. The Lemma follows from the properties of determinants and positive
definite matrices. O

Theorem 3.2 Let V ~ ¢,(m), n>2. Then for 1 <i<j<mn

det V({i}, {j}) ~ (=1 "G CoaV/CaoiCn,

where (5, s = 1,... ,n are independent, (; ~ (m—n+2,2), (s ~ 3 (m’;“, 5;21),

s=2,...,n—1 and(’nwﬂ(m%””, "T*Z)

Proof. Let us put the 7’th and j’th rows of V after its n’th row; the 7’th
and j’th columns after the n’th column. We get a new matrix V/,

V({i,7})  V{ii5 {49 VL1 1)

V' = V({i}ca {i7 ]}) 1 Vij ) (11>
V({7 {ii}) Vij 1
where a¢ denotes the set {1,... ,n}\a. Applying Lemma 3.1 several times we

get that V'~ 1, (m). Tt is not difficult to see that

det V({i}, {j}) = (1)’ det V'({n — 1}, {n}). (12)
On the other hand,
det V'({n — 1}, {n}) = det V'({n},{n — 1})
=detV'[{1,... ,n—1}1{1,...,n—=2,n}]. (13)
Now applying Theorem 3.1, we complete the proof. O

Corollary 3.2 Let V~1),(m), n > 2. Then the elements v, 1 <i < j <
n of the inverse matriz V' are identically distributed

G 1
(1 =) VGG

where the random variables (1, (o, (3 are independent, (i ~ p(m—n+2,2), (s, (3 ~
g u2),

Jid
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Proof. Let V' be the matrix in (11). Then det V = det V'. From (12) and
(13) we get

Yl = (—1)i~ det V({i}, {j}) _ _ det V'({n — 1}, {n})

det V det V'

det VI[{1,... ,n—1},{1,... ,n—2,n}|
N det V'

The matrix V' is distributed 1,,(m). Hence, from Proposition 2.1 and equalities
(6) and (8) it follows that

det V/[{1,... ,n—1}{1,... ,n—2,n}|
det V'
En1n/det V{1, ... ,n— 1} det V/[{1,... ,n —2,n}]
- det V'

£ <H a- 5,3,3>> \/ (Ma-¢.0) (Ta-g.)

( noo- s,%,s>> (Ma-g.)
1<k<s<n—1 k=1
gn—l,n 1

(=& 1) \/ (:Hj(l ~ ﬁi,n—J) (:Hj(l —Si,n))’

where & ;, 1 <i < j <n are independent and &; ; ~ 1(m — i+ 1,2). Let us
denote by (i, (» and (3 the random variables

n—2 n—2
G =&n-1n, G = H (1=&n) G= H (1-¢&,)
k=1 k=1

Then (3, (s, (3 are independent and (; ~ )(m —n + 2,2). From (10) we have
that C27C3 ~ ﬁ (menJrQ’ anZ) .0

Using the representation (1), the statements, proved for the distribution
n(m) of V| can be easily reformulated for the distribution W, (m,I,). We
shall use several times the following known property of the Gamma and Beta
distributions.

Proposition 3.1 Let m and m be independent random wvariables, m 1s
Gamma distributed G(c, \) and mo ~ (o — §,8). Then myme ~ G(a — J, A).

Theorem 3.3 Let W~ W, (m,1,,). Then for2<i<j<mn

detW[{l, ce ,i}, {1, ce ,i — 1,]}] ~ Cl .. .CZ‘\/ Ci-l—lgi—l—%
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where the random variables (s, s = 1,... i+ 2 are independent, (; ~ ¥ (m —
i+172>7 CSNX2(m_S+2)7 s§=2,...,1+1, C’i+2 NX2(m_Z+1)

Proof. From the representation (1) it can be seen that
det W[{1,...,i},{1,...,i—1,7}]
=T1..-Ti—1y/TiTj detV[{l, c. ,i}, {1, c. ,7,- — 1,]}]

The random variables 7y, ... ,7, are independent and 7, ~ x?(m). From
Theorem 3.1 we have that

detV[{l, Ce ,Z'}, {1, Ce ,’L. — 1,]}] ~ Cl .. 'Ci—l\/ CiCi-l—lu
where (5, s = 1,...,i + 1 are independent, (; ~ ¥(m — i+ 1,2), (5 ~

ﬂ(meSJrl’ %)7 s = 27 aia Ci+1 ~ ﬁ (meHl’ %) Now applylng Propo—

sition 3.1, we complete the proof. O

Corollary 3.3 Let W~ W, (m,1,,). Then for all integer i and j, 2 < i <
J<n

det WI{L, ... i}, {1,... i —1,5}]
det W[{1,...,i— 1}] ~ VG G

detW[{l,...,z’},{l,...,z’—l,j}]NC\/g
det W{L,...,i}] o

where (1, (o, (3 are independent, (; ~P(m —i+1,2), (o, (3~ x3(m —i+1).

and

Proof. From the representation (1) it can be seen that

det W[{1,... i}, {1,...,i—1,j}] det VI{1,... i}, {1,...,i—1,5}]
det W[{1,...,i—1}] = VAT det V[{1,...,i—1}] ’

detW[{l,...,z’},{l,...,i—l,j}]:\/EdetV[{l,...,z’},{l,...,z’—l,j}]
det W{L,....i}] . det V[{L,...,4}]

Now using Corollary 3.1 and Proposition 3.1, the Theorem follows. O
Theorem 3.4 Let W~ W, (m,1,,). Then for all integer i and j, 1 < i <
Jj<n
detW({i}, {j}) ~ (—1)j_i_1C1C2 - 'Cn—l V gngn-l—la

where the random variables (i, k =1,... ,n+ 1 are independent, ¢; ~ (m —
n+22),G~x*m—k+2),k=2,...,n, 1~ X:(m—n+2).
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Proof. From the representation (1) it can be seen that

det W({i}, {j}) =71 - TicaTig1 - - Tjo1Tjg1 - - - T /TiT; det V({i}, {7}).

According to Theorem 3.2,

det V({i}, {j}) ~ (=1 "G CoaV/CaoiCn,

where (5, s = 1,... ,nareindependent, (; ~ ¥»(m—n+2,2), (s ~ 3 (m_TSH, %1),
s=2,...,n—1and (, ~ (m_T"“, ”T_Q) Now applying Proposition 3.1, we

complete the proof. O

Corollary 3.4 Let W~ W, (m,1,). Then the element w*™ on i’th row and
j’th column of the inverse matriz W=, 1 <i < j < n, is distributed

—G 1
(1 =) VGG

where the random variables (i, (o, (3 are independent, (; ~ (m —n + 2,2),
(2, G~ X2 (m —n +2).

Wi~

Proof. From the representation (1) it can be seen that

(1 det Wi}, ) (LY det V({i}, i) _ v

wi’j = e =

det W \/TiTj det V ,/ﬂﬁ}j

where %7 is the (7, 7) element of the matrix V~!. Now applying Corollary 3.2
and Proposition 3.1, we complete the proof. O

The next Proposition (see [4], [6]) follows from Proposition 2.1, the repre-
sentation (1) and equalities (3)-(5).

Proposition 3.2 Let £ = (&) be a random symmetric matriz of order
n. Suppose that & ;, 1 < i < j < n are independent, & ; ~ (m —i+1,2)
for 1 <i<j<nand&,; ~ x*(m),i=1,...,n. Let W be the matriz
W = h(§), where h is the bijection, defined by (3)-(5). Then the matric W
has distribution W, (m,1,).

Let W~ W, (m,1,). From Proposition 3.2 we have that W = h(§), where
¢ = (&) is arandom symmetric matrix, & ; ~ ¥ (m—i+1,2)for1 <i<j<n
and &; ~ x*(m), i =1,... ,n. From equation (8) for i =n —1 and j = n, we
get that

det W = 51,1 .- 'Sn,n ( H (1 - gl%,s)) : (14)

1<k<s<n
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Using (3) we obtain that
trW = 5171 + -+ §n7n. (15)

The Wishart distribution arises frequently in multivariate statistical anal-
ysis. In an example below we show an application of the obtained representa-
tions.

Example 3.1 Let x; = (251,...%in), i =1,...,m be a random sample of
sizem (m > n) fromn - variate normal distribution with unknown mean vector
1 and unknown positive definite covariance matriz . We are interested in
testing the null hypothesis Hy : X = Yg against the alternatives Hy : 3 # X,
where Yo is a fived positive definite matrixz. By a linear transformation of
the observations (see [2]), we can reduce the task to testing the hypotheses
Hy: Y =1, against Hy : X # 1,,. Let us denote the transformed observations
by yi, t = 1,...,m. The likelihood ratio criterion for testing Hy : > =1, is
given by (see [2])

mn

A= (3) 7 (det S)

m

m
2

e 2rS, (16)

where S = > (y;i —¥)(y: — ¥)', ¥ = % > yi. Under Hy, the distribution of
i=1 i=1
the sample covariance matriz S is W,(m — 1,1,,). Using (14) and (15), X can

be written in the form

(I o) (e

1<k<s<n

where &5, 1 < k < s < n are independent, &s ~ Y(m — k,2) for k # s
and & ~ x*(m — 1). From Proposition 2.1 and equality (8) we have that if
V ~ i, (m —1) then

detV= [ 1-¢..

1<k<s<n

From (10) it follows that
H (1_5275) NCI"'Cnfla
1<k<s<n

where (;, 1 =1,... ,n—1 are independent and (;~ 3 (m’;’l, %) Consequently,

mn

A ()7 (GG

|3

V1. .. Un, (17)



2682 E. Veleva

where v;, 1 = 1,...,n are mutually independent, independent of (;, i =
1,...,n—1 and are identically distributed,

Vi ~ 5%67%57 &~ x*(m—1).

The relation (17) is an exact representation of X as a product of independent
random variables. Using (16), for simulating of each value of A we have to
generate a n X n covariance matriz and calculate its determinant. With the
representation (17), we get each value of X by 2n — 1 independent realizations
of chi-square and beta random variables.
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