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Abstract

In this note we introduce a new operator that we call it forward
(r, s)-difference operator Δr,s, defined as follow

Δr,s yn = r yn+1 − s yn.

Then, we investigate some properties of this new operator, we find a
shift exponential formula and use it in solving of the nonhomogeneous
difference equations with constant coefficients, may be written in the
following form

(
m∏

j=1

Δrj ,sj)yn = fn.

Keywords: Forward difference operator Δ, Forward (r, s)-difference oper-
ator Δr,s, Difference equation, Shift exponential formula, Particular solution

1 Introduction

1.1. In Numerical Analysis, we use some linear operators: shift exponential
operator E, ”Efj = fj+1”, forward difference operator Δ,”Δfj = fj+1 − fj”
and backward difference∇, ”∇fj = fj − fj−1”. These operators are used in
some topics of Numerical Analysis, particularly in interpolation, quadratures,
difference equations, and so forth. [3], [4], [5].

In this paper we find the particular solution of the nonhomogeneous dif-
ference equations with constant coefficients. Under the forward difference
operatorΔ, the linear difference equations are written in one of the follow-
ing forms

1Corresponding author. e-mail: afrouzi@umz.ac.ir
Also both authors are in: Department of Mathematics, Faculty of Basic Science, Mazandaran
University, Babolsar, Iran.



3006 Hassan Hosseinzadeh and G. A. Afrouzi

P (Δ)yn = 0, (homogeneous) (1)

P (Δ)yn = fn. (nonhomogeneous) (2)

whereas P is polynomial.

In solving linear difference equations and finding general solution, we use
the following theorems. [1], [2], [4], [5].

Theorem1 (superposition principle) Suppose that y1, y2, ..., ym are the (fun-
damental) solutions of the homogeneous difference equation(1), then any linear
combinations of them is a solution for it too.

Theorem2 Suppose that the complex-valued function ”yn = y1 + i y2”be a
solution of equation (1), then functions ”y1, y2”also are solutions for it.

Theorem3 Let yhbe a solution for (1) and ypbe a particular solution for (2),
then ”yc = yh + yp” is a solution for (2) too.

2 Solution of the difference equations

In this section, we discuss homogeneous and nonhomogeneous difference equa-
tions with constant coefficients.

Let ”yn = rn” be a solution for equation (1), we have

P (r − 1) = 0. (3)

Where (3) is called the corresponding characteristic equation to equation
(1).

Remark 1 All roots of the characteristic equations may be distinct real values,
either some of them equal or some of them are conjugate complex number.

(i) If r1, r2, , rkbe distinct real roots to the characteristic equations, then the
functions ”rn

1 , rn
2 , ..., rn

k” will be solutions of the homogeneous equations, these
functions are linearly independent [3].

These functions are said the fundamental solutions of the homogeneous
equation.

(ii) Ifr1 = r2 = ... = rm = r be the repeated roots of the characteristic
equation (3), then the fundamental solutions of the homogeneous equation
are: ”rn, n rn, n2rn, ..., nm−1rn” that are linearly independent [3].
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(iii) If r1,2 = α±iβ be two conjugate complex roots, the fundamental solutions
of the homogeneous equation are,
”y1 = (α2 + β2)n/2cosnϕ, y2 = (α2 + β2)n/2sinnϕ,

where ϕ = tan−1(β/α)” [3].

Example1 Find the fundamental solutions of the following homogeneous dif-
ference equation:

(12Δ2 − 8Δ + 1)yn = 0.

Solution We have”12(r − 1)2 − 8(r − 1) + 1 = 0” which yields,

”r1 =
7

6
, r2 =

3

2
” and ”y1 = (

7

6
)n, y2 = (

3

2
)n”

Example2 Solve the following difference equation and find the fundamental
solutions

(5Δ + 6)(32Δ2 + 56Δ + 25) yn = 0

Solution The roots of the corresponding characteristic equation are ”r=
−1
5

, r2,3 =
1
8
(1 ± i)” so the fundamental solutions will be written as follow

y1 = (−1

5
)n, y2 = 2−

5
2
ncos

nπ

4
, y3 = 2−

5
2
nsin

nπ

4
.

Example3 Find the fundamental solutions of the following homogeneous equa-
tion

(Δ4 + Δ2) yn = 0.

Solution The characteristic equation is ”(r − 1)2 (r2 − 2r + 2) = 0”.This
polynomial equation has one double root ”r = 1”and two complex conjugate
roots ”r = 1±i”, therefore the fundamental solutions may be written as follow

y1 = 1, y2 = n, y3 = 2
n
2 cos

nπ

4
, y4 = 2

n
2 sin

nπ

4

Example4 Evaluate the fundamental solutions of the following DE

”(Δ6 − 6Δ4 + 9Δ2 − 4) yn = 0”.

Solution We have ”(r − 1)6 − 6(r − 1)4 + 9(r − 1)2 − 4 = 0”which yields
”r1 = r2 = 2, r3 = −1, r4 = r5 = 3, r6 = 0”so the fundamental solutions
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may be written as follow ”y1 = 2n, y2 = n 2n, y3 = (−1)n, y4 = 3n, y5 =
n 3n, y6 = 0”.

Lemma 1 Prove the accuracy of the following equalities.

Δ
n−1∑

j=0

fj = fn (4)

1

Δ
fn =

n−1∑

j=0

fj (5)

Proof:The proof is easy, consider Δ
∑n−1

j=0 fj =
∑n

j=0 fj −
∑n−1

j=0 fj = fn.
Equality (5) is the inversion of (4).

Remark 2 Each of above identities are used for finding particular solution of
the nonhomogeneous difference equations with constant coefficients therefore
we can solve each of the following equations

Δyn = fn, Δmyn = fn

Example 5 Find the particular solution of the following difference equation

Δyn = cosnϕ

Solution We can write

yp =
1

Δ
(cosnϕ) =

n−1∑

j=0

cosjϕ =
1

2
sin(

2n − 1

2
ϕ)cos

ϕ

2
− 1

2

Example 6 Find the particular solution of the following difference equation

Δ3yn = 120n + 60

Solution By division operation we can write

yp =
1

Δ2
(
1

Δ
(120n + 60)) =

1

Δ2
(
n−1∑

j=0

(120j + 60)) =
1

Δ
(
1

Δ
(60n2) =

1

Δ
(
n−1∑

j=0

60j2)

=
1

Δ
(10n(n − 1)(2n − 1) = 10

n−1∑

j=0

(2j3 − 3j2 + j) = 5n(n − 1)2(n − 2).
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Example 7 Find the particular solution of the following difference equation

Δ2yn = cos
(n + 1)π

3

Solution We can write

yp =
1

Δ2
cos

(n + 1)π

3
=

1

Δ

n−1∑

j=0

cos
(j + 1)π

3
=

n−1∑

j=0

(−1

2
+sin

(2j + 1)π

6
) = 1−1

2
n−cos

nπ

3

3 Main Results

Forward (r, s)-difference operator and the particular solution of the
nonhomogeneous difference equations

DefinitionWe define the forward (r, s)-difference operator Δr,s as follow

Δr,syn = ryn+1 − syn = (rE − s)yn.

where yn is the approximate value function y(x) at point xn ∈ [x0, xm], then
two operators ”Δr,s” and ”rE − s” are equivalent.

Corollary 1 Δr,sis a linear operator and Δ1,1 ≡ E − 1 ≡ Δ and Δr,r ≡ rΔ.

Example 8

Δ2,6(3
ncos

nπ

3
= 2×3n+1cos

(n + 1)π

3
−6×3ncos

nπ

3
= −3n+1(cos

nπ

3
+
√

3sin
nπ

3
).

Four principal operations in vector space of operator Δr,s

we define

(i) Δr1,s + Δr2,s ≡ Δr1+r2,s

(ii) Δr,s1 + Δr,s2 ≡ Δr,s1+s2

(iii) Δr1,s − Δr2,s ≡ Δr1−r2,s

(iv) Δr,s1 − Δr,s2 ≡ Δr,s1−s2

(v) Δr1,s1 × Δr2,s2 ≡ Δr2,s2 × Δr1,s1
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(vi)
Δr1,s1

Δr2,s2
≡ Δr1,s1(

1
Δr2,s2

) ≡ ( 1
Δr2,s2

)Δr1,s1

We define order and inversion of the forward (r, s)-difference operator consider

(i) Δ−1
r,s ≡ 1

Δr,s
s.t. 1

Δr,s
fn = gn ⇔ Δr,sgn = fn

(ii) Δr,sΔr,s ≡ Δ2
r,s, ..., Δr,s(Δ

m
r,s) ≡ Δm+1

r,s

Remark 3 Addition operation and multiplication operation are commutative
and associative, namely

(Δr1,s1 + Δr2,s2) + Δr3,s3 ≡ Δr1,s1 + (Δr2,s2 + Δr3,s3) ≡ Δr1+r2+r3,s1+s2+s3,

Δr1,s1 × (Δr2,s2 × Δr3,s3) ≡ (Δr1,s1 × Δr2,s2) × Δr3,s3

Theorem 4 The forward (r, s)-difference operator is linear operator, in addi-
tion to, every order of it and every polynomial ofΔr,s and inversion Δr,s−1 are
linear too.
Proof:The proof is easy and left to the readers.

Lemma 2 Prove that

Δr,s(

n−1∑

j=0

((
s

r
)n−j−1yj) = syn (6)

1

Δr,s
yn =

1

s

n−1∑

j=0

((
s

r
)n−j−1yj) (7)

Δr,s((
s

r
)n

n−1∑

j=0

yj) =
sn+1

rn
yn (8)

1

Δr,s
((

s

r
)nyn =

1

s
(
s

r
)n

n−1∑

j=0

yj (9)

Proof:The proof is easy, above equations are used in solving of NDE with
constant coefficients.

Remark 4 Under the forward (r, s)-difference operator Δr,s , the nonhomo-
geneous difference equation may be written as follow
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(

m∏

j=1

Δrj ,sj
)yn = fn (10)

Whereas ”rj, j = 1, 2, ..., m” can be real distinct, repeated or complex number.

Useful Results (a �= s
r
)

(i) Δr,s = an(ra − s) ⇒ 1
Δr,s

= an

ra−s
.

In general

(ii) Δk
r,sa

n = (ra − s)kan ⇒ 1
Δk

r,s
an = an

(ra−s)k

(iii) Δr,s(
s
r
)n = 0

(iv) Δr,s(a
nyn) = anΔra,syn

(v) Δk
r,s(a

nyn) = anΔk
ra,syn

Lemma 3 Prove that

Δk
r,s((

s
r
)nyn = ( s

r
)n(sΔ)kyn (11.1)

1
Δk

r,s
(( s

r
)nyn = ( s

r
)n 1

(sΔ)k yn (11.2)

Proof: Equality (11.1) is proved by the mathematical induction.

Particular case Suppose that yn = nk, then

Δk
r,s(n

k( s
r
)n = k!sk( s

r
)n (12)

1
Δk

r,s
(( s

r
)n = nk

k!sk ( s
r
)n (13)

Example 9 Evaluate 1
Δ3

1,2
(2nn)

Solution 1
Δ3

1,2
(2nn) = 2n−3 1

Δ3 (n) = 2n−3 1
Δ2

∑n−1
j=0 j = 2n−1 1

Δ
(
∑n−1

j=0 (j2 + j)

= 2n−4

3

∑n−1
j=0 (j3 − 3j2 + 2j) = 2n

192
n(n − 1)(n − 2)(n − 3)

Example 10 Find the particular solution of Δ2
1,3yn = 3nsin(nπ

3
)n

Solution Write yp = 1
Δ1,3

sin(nπ
3

) and use (12), thus

yp = 3n−2 1

Δ2
(
nπ

3
) = 3n−2 1

Δ
(

√
3

2
− cos

(2n − 1)π

6
)

= 3n−2(

√
3

2
−

n−1∑

j=0

cos
(2j − 1)π

6
) = 3n−2(

1

2
+

√
3

2
n) +

3n−2

2
sin(

(2n − 1)π

6
)

Theorem 5 (shift exponential) Let P be a polynomial, then
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P (Δr,s)((
s
r
)nyn) = ( s

r
)nP (sΔ)yn (14.1)

1
PΔr,s

(( s
r
)nyn) = ( s

r
)n 1

P (sΔ)
yn (14.2)

Proof: The proof is easy by using Lemma 3.

Example 11 Find the particular solution of the following D.E.

(E4 − 10E3 + 35E2 − 50E + 24)yn = (8n + 12)2n

Solution This equation may be written as follows

(E − 1)(E − 2)(E − 3)(E − 4)yn = ΔΔ1,2Δ1,3Δ1,4yn

(Δ1,2 + 1)Δ1,2(Δ1,2 − 1)(Δ1,2 − 2)yn = (8n + 12)2n

Now divide two sides of this equality into coefficient of yn, using the formula
(11.2), we have

yp = 1
(Δ1,2+1)Δ1,2(Δ1,2−1)(Δ1,2−2)

((n + 4)2n) 2n 1
(2Δ+1)2Δ(2Δ−1)(2Δ−2)

(8n + 12)

2n−4 1
(Δ+ 1

2
)Δ(Δ− 1

2
)(Δ−1)

(8n + 12) = 2n(n + 4)

Solution of NDE with constant coefficients

We know that every nonhomogeneous difference equation with orderm can be
written in the form (10).Therefore each of the following forms may be written
in the form of (10).

P (E)yn = fn, P (Δ)yn = fn, P (∇)yn = fn.

(10) is written as follows

yp =
1∏m

j=1 Δrj ,sj

fn =
1

Δrm,sm

(
1

Δrm−1,sm−1

(...
1

Δr1,s1

fn...)) (15)

Example12 Find the particular solution of the following NDE

Δ2,1Δ2,3yn = 2nn2

Solution Write yp = 1
Δ2,1Δ2,3

(2nn2) = 1
Δ2,1

( 1
Δ2,3

(2nn2)) = 1
Δ2,1

(2n(n2−8n+28))

2n(1
3
n2 − 32

9
n + 368

27
)

Remark5 In using of the identity (15), we may use iterative divisions, in
addition to, we can use the decomposition fraction, consider

1
Δr1,s1Δr2,s2

≡ A1

Δr1,s1
+ A2

Δr2,s2
, A1 = r1

r2s1−r1s2
, A2 = r2

r1s2−r2s1
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1
Δr1,s1Δr2,s2Δr3,s3

≡ A1

Δr1,s1
+ A2

Δr2,s2
+ A3

Δr3,s3
,

A1 =
r2
1

(r2s1−r1s2)(r3s1−r1s3)
, A2 =

r2
2

(r1s2−r2s1)(r3s2−r2s3)
, A3 =

r2
3

(r1s3−r3s1)(r2s1−r1s2)

4 Discussion and results

The shift operator E method in solving of non-homogeneous difference equa-
tions with constant coefficients is a new method which we can solve all of
NHDE with constant coefficients by using this method.
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