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Abstract

In this note we introduce a new operator that we call it forward
(r, s)-difference operator A, g, defined as follow

Ar,s Yn =7 Ynt+1 — S Yn-

Then, we investigate some properties of this new operator, we find a
shift exponential formula and use it in solving of the nonhomogeneous
difference equations with constant coefficients, may be written in the
following form

(H Arj,s]-)yn = fn
j=1
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1 Introduction

1.1. In Numerical Analysis, we use some linear operators: shift exponential
operator E, "Ef; = f;11”, forward difference operator A;"Af; = fi11 — f7
and backward differenceV, "V f; = f; — f;-1”. These operators are used in
some topics of Numerical Analysis, particularly in interpolation, quadratures,
difference equations, and so forth. [3], [4], [5].

In this paper we find the particular solution of the nonhomogeneous dif-
ference equations with constant coefficients. Under the forward difference
operatorA, the linear difference equations are written in one of the follow-
ing forms
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P(A)y, =0, (homogeneous) (1)

P(A)y, = fa. (nonhomogeneous) (2)

whereas P is polynomial.

In solving linear difference equations and finding general solution, we use
the following theorems. [1], [2], [4], [5].

Theorem1 (superposition principle) Suppose that y1,ys, ..., ym are the (fun-
damental) solutions of the homogeneous difference equation(1), then any linear
combinations of them is a solution for it too.

Theorem2 Suppose that the complex-valued function "y, = y; + ¢ y2"be a
solution of equation (1), then functions "y, yo”also are solutions for it.

Theorem3 Let y,be a solution for (1) and y,be a particular solution for (2),
then "y, =y, +y,” is a solution for (2) too.

2 Solution of the difference equations

In this section, we discuss homogeneous and nonhomogeneous difference equa-
tions with constant coefficients.

nm»

Let "y, = ™ be a solution for equation (1), we have

P(r—1)=0. (3)

Where (3) is called the corresponding characteristic equation to equation
(1).
Remark 1 All roots of the characteristic equations may be distinct real values,
either some of them equal or some of them are conjugate complex number.

(i) If ry, 79, ,ribe distinct real roots to the characteristic equations, then the
functions "ry, 7y, ..., " will be solutions of the homogeneous equations, these

functions are linearly independent [3].

These functions are said the fundamental solutions of the homogeneous
equation.

(i) Ifry = ro = ... = 1, = r be the repeated roots of the characteristic
equation (3), then the fundamental solutions of the homogeneous equation

are: "r™ n r® n*r", ... n™ ™" that are linearly independent [3].
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(iii) If r1 o = a=£if be two conjugate complex roots, the fundamental solutions
of the homogeneous equation are,
"y = (a2 + §2)Peosng, yo = (o + ) sinne,

where ¢ = tan™'(3/a)” [3].

Examplel Find the fundamental solutions of the following homogeneous dif-
ference equation:

(12A% — 8A + 1)y, = 0.
Solution We have”12(r — 1)? — 8(r — 1) + 1 = 0” which yields,
7 3 7 3

777,1 — 6, 7,2 — 577 and 77y1 — (E)TL’ y2 — (5)”77

Example2 Solve the following difference equation and find the fundamental
solutions

(5A + 6)(32A% 4 56 A + 25) y, = 0

Solution The roots of the corresponding characteristic equation are ”r:%l, To3 =
£(1+4)” so the fundamental solutions will be written as follow
nm

hn = (__)n’ Yo = 2_%71008?, Yz = Z_g”smz.

Example3 Find the fundamental solutions of the following homogeneous equa-
tion

(A* + A?) y, = 0.
Solution The characteristic equation is ”(r — 1)* (7 — 2r + 2) = 0”.This

polynomial equation has one double root ”r = 1”7and two complex conjugate
roots "r = 1447, therefore the fundamental solutions may be written as follow

nw W NT
=1 y=mn, y3= QECOSIa Ys = QESZ'HI

Example4 Evaluate the fundamental solutions of the following DFE

"(AS — 6A* 4 9A% — 4) y, = 07.

Solution We have ”(r — 1)¢ — 6(r — 1)* + 9(r — 1) — 4 = 0”which yields
"ri=re=2, r3=—-1, r, =1r5 =3, r¢ = 07so the fundamental solutions
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may be written as follow "y; = 2", yo =n 2", y3 = (—1)", ys=3", y5=
n 3" ye=20".

Lemma 1 Prove the accuracy of the following equalities.

n—1
=0
1 n—1
X =20 (5)
=0

Proof:The proof is easy, consider A Z}:& fi= Z?:o fi— Z;:é fi = FIn
Equality (5) is the inversion of (4).

Remark 2 Each of above identities are used for finding particular solution of
the nonhomogeneous difference equations with constant coefficients therefore
we can solve each of the following equations

Ayn = fm Amyn = fn

Example 5 Find the particular solution of the following difference equation

Ay, = cosng

Solution We can write

L ) ”Z‘l o L2 e ]
= —(cosn = CcOoS = =S8N COS— — —
yp =  (cosme 2 ie =3 5 $leosy = 3

Example 6 Find the particular solution of the following difference equation

A3y, = 120n + 60

Solution By division operation we can write

n—1 n—1
_1. _ 1 1+ 60) = L L 60n2) = (5602
Yp = P(Z(120n+60)) = A2(]':0(120‘7 +60)) = A(A(GOn )= A(j:0 605%)
1 n—1
= Z(10n(n —1)(2n—1)=10) (25° =352+ j) =5n(n —1)*(n — 2).

<
I
=)
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Example 7 Find the particular solution of the following difference equation

1
APy, = cosL —; )™
Solution We can write
n—1 . n—1 .
1 1 1 1 1 2 1 1
= g cos"EIT L Z% - g—iﬂmW) — 1L o

3 Main Results

Forward (r, s)-difference operator and the particular solution of the
nonhomogeneous difference equations

DefinitionWe define the forward (r, s)-difference operator A, ; as follow

Ar,syn = TYn+1 — SYn = (TE - S)yn

where v, is the approximate value function y(z) at point =, € [xq,Z,,], then
two operators A, ;7 and "rE — s” are equivalent.

Corollary 1 A, is a linear operator and A1; = F—1=A and A,, =rA.

Example 8

(n+ 1)m

A2’6(3n0087§3—ﬂ. = 2x3" " cos 3

—6X3”cosn§ = —3”“(008%%—\/532’71%).

Four principal operations in vector space of operator A,
we define
(Z) Arl,s + Arz,s = AT1+7‘2,S
Z’L) Ar,s1 + AT‘,SQ = Ar,51+52
1) Ay s —DNpys =Dprys
Ar,s1 - AT‘,SQ = AT,SI*SQ
A7'1751 X A7'2752 = A7'2752 X AThSl
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. Ary s
(’UZ) ﬁEAh,Sl( ! )

79,59 A’I‘Q ,89

(3, ) A

ATQ,SQ

We define order and inversion of the forward (r, s)-difference operator consider
(1) AL = Alr,s s.t. A%’an =0n < DNrsgn = fn
(1) ArsArs = A2 A (AT) = AT

r,8)

Remark 3 Addition operation and multiplication operation are commutative
and associative, namely

(ArhSl + AT2,52> + A1“3783 = ATLSI + (Am,sz + AT3,53> = AT1+T2+T3,S1+82+837

ATLSI X (AT2752 X A7’3753) = (ATLSI X AT2752) X AT&SS

Theorem 4 The forward (r, s)-difference operator is linear operator, in addi-
tion to, every order of it and every polynomial ofA, ; and inversion A, ;-1 are
linear too.

Proof:The proof is easy and left to the readers.

Lemma 2 Prove that

A3 () ) = s (6)

A= 1 () )
5., gt

Al Y u) =2, )

A (Gl =Gy I 9

Proof:The proof is easy, above equations are used in solving of NDFE with
constant coefficients.

Remark 4 Under the forward (r, s)-difference operator A, s , the nonhomo-
geneous difference equation may be written as follow
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([T A s)pn = fa (10)

Whereas 7,7 = 1,2, ..., m” can be real distinct, repeated or complex number.

Useful Results (a # 2)

(Z) Ar,s = a"(ra - S) = Alr,s = rsis'
In general
(”) A;If,san = (TCL - 8) a® = A’“ a" = (raans)k

(iii)  A(2)"=0
(iv)  Ars(a"yn) = a" Drasyn
(v) AL (a"yn) = a" AL,
Lemma 3 Prove that
AF () "y = (2)"(sA)* yn (11.1)
A ()" = ()" Ay (11.2)
Proof: Equality (11.1) is proved by the mathematical induction.

Particular case Suppose that y,, = n*, then
Ak (nF(2)" = Klsh(2)" (12)

k

(2" = (2 (13)

Example 9 Evaluate 5—(2"n)
1,2
Solutiongi—(2"n) = 2" 45 (n) = 2" 5z 3310y j = 2" 5 (5 (57 + )

n—4 n
= 230 (50 = 352+ 25) = 5n(n — 1)(n — 2)(n — 3)
Example 10 Find the partlcular solution of A173yn = 3"sin(g )"

Solution Write y, = sm( ™) and use (12), thus
1 nw 1 V3 (2n— )7
n—2 _aqn—2 - (VY
» =3 A2(3)—3 A(Q cos— )
n—1
3 27 —1 3 3n—2 2n —1
=3"" 2(% cos( J G )W) =3"2(= 4+ —n)+ 5 sm(( n G >7T)

Theorem 5 (shift exponential) Let P be a polynomial, then
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P(Ar,s)((g)nyn) = (f)nP(SA)yn (14'1)
pAlrs ((f)nyn) = (i)np(iA) Yn (14.2)

Proof: The proof is easy by using Lemma 3.
Example 11 Find the particular solution of the following D.FE.

(E* — 10E® + 35E% — 50E + 24)y,, = (8n + 12)2"

Solution This equation may be written as follows

(E - 1)(E - 2)(E - 3)(E - 4)yn = AA1,2A1,3A1,4yn

(AI,Q + 1)A1,2(A172 - 1)(A172 — 2)yn = (8n -+ 12)2”

Now divide two sides of this equality into coefficient of y,,, using the formula
(11.2), we have

n + 4)2m) 2n 8n + 12)

P (A1 27121 2(A1o—1)(A12-2) (2AT1)2A2A—1)(2A—-2)

n—4 1 _ on
2 (A+%)A(A7%)(Ail)(8n+12)—2 (n+4)

Solution of NDE with constant coefficients

We know that every nonhomogeneous difference equation with orderm can be
written in the form (10).Therefore each of the following forms may be written
in the form of (10).

(10) is written as follows

1 f 1 1 1
UYp = =7 n =
: Hj:l A s,

Examplel2 Find the particular solution of the following NDFE
A2,1A2,3yn = 2"n?

Solution Write y, = A2711A2’3 (2"n?) = A; (A;?) (2"n?)) = ﬁ(Q"(n2—8n+28))

1,2 _ 32 368
Remark5 In using of the identity (15), we may use iterative divisions, in
addition to, we can use the decomposition fraction, consider

1 Ay + Ao Al r1 — r2

Arg,so Arg sy Arg,sy’ T281—7T152 2 r182—T251

A

1,51
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1 - _A Az As
Arys1Brg,sgBrg,sg — Ary sy T Arg,sg + Arg,sg’
2 2 2
A = ™1 A, = 2 A. = 3
1 (ras1—r182)(r3s1—7r183)7 * 2 (r152—72851)(r352—7T283) 7 * 3 (risz—rszs1)(r2s1—ris2)

4 Discussion and results

The shift operator E method in solving of non-homogeneous difference equa-
tions with constant coefficients is a new method which we can solve all of
NHDE with constant coefficients by using this method.
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