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Abstract

This paper deals with the blow-up profiles of the nonnegative solu-
tions to a degenerate reaction-diffusion system with nonlinear nonlocal
sources involved in a product with local terms, subject to the homoge-
neous Dirichlet boundary conditions. It will be proved that If py, ps <1
and q1q2 > (m — p1)(n — p2) the nonlocal terms play a leading role in
the blow-up profiles, i.e. the system has global blow-up and the uni-
form blow-up profiles are obtained. This extends a recent work of [10],
which considered the uniform blow-up profile of the single equation of
the same system.
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1 Introduction

In this paper, we study the following coupled degenerate parabolic system with
nonlinear nonlocal sources
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= Au" + u / v (z,t)dx, xeQt>0,
Q

= Av"™ 4+ vP? / u®?(x, t)dz, x e Q,t>0, (1.1)
0

u(z,t) = v(z,t) =0, x € 00Q,t >0,
[ u(z,0) = up(z),v(z,0) =vo(x), €€,

where © C RY is a bounded domain with smooth boundary 09, m, n >
1, p1, p2, q1, g2 > 0. The initial data ug, vy are nontrivial nonnegative
bounded smooth functions and vanish on 9. Many physical phenomena have
formulated into nonlocal mathematical models(see [2, 5, 6, 10, 11] and the
reference therein).

In recent years, a numbers of works have contributed to the study of the
blow-up profiles of the semilinear parabolic system. Souplet’s elegant work
[11] plays a critical role in this area. The method (or modified method) in [11]
was extensively used in many other works, we refer the readers to [6, 8, 9, 10]
and the references therein.

In [10], Liu et al have considered the following single equation

w = uP(Au+ aur/ u'dr), €, t>0, (1.2)
Q

with null Dirichlet boundary condition. When p + r < 1, they have obtained
the following limit under some hypotheses
tliljg w(x, t)(T* = )YPH+s=D — (4 | Q| (p+ 7+ 5 — 1))/E7P77=9),

In [4], Du considered the global existence and non-existence of system (1.1),
and obtained that
Theorem A. If m < p; or n < py or 1o > (m — p1)(n — p2), then the
nonnegative solution of (1.1) blows up in finite time for sufficiently large values
and exists globally for sufficiently small initial values.

Furthermore, if m > py1, n < pa, ¢ > m —p; and ¢u > n — po, they yielded
the blow-up rates of system (1.1) under some appropriate hypotheses. But for
problem (1.1), it seems that the blow-up solutions have global blow-up and the
blow-up is uniformly in any compact subset of the domain 2 provided that
p1, p2 < 1land g1q2 > (m —p1)(n—ps). Motivated by this result, we will prove
it in this paper.

Throughout this paper we assume that ¢;qo > (m — p1)(n — py) and the
initial data uo and UO satisfy the conditions as follows
(Hy)Auf(x z) [q vt (x)dx >0, Avg(z z) [qud (x)dz >0 for x e
Q.

(Hy)Aug(xz) <0, Avg(z) <0 for ze Q.

Now let us state our main results.
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Theorem 1.1 Assume (Hy) — (Hz) hold and (u,v) is a classical solution of
(1.1) which blows up in finite time T*. Let py, pa < 1, then the following
statements hold uniformly on any compact subset of Q.

(i) If p1, p2 <1 and qiqo > (m — p1)(n — pa2), then

a1 1-po
lim u(:v,t)(T* — t)9 :‘ Q ’79 atne‘m*(l*m)(lfpz)quz*(lfm)(lfpg),
t—T*

lim v(z,t)(T" — ) = Q|77 eqlquu—qil)(l—pg)gqlquul:sz)(l—pg)7

t—T

. 1+q1—p2 - L+ga—p1
where = ae—(—-p)1-p2) 7= G@e—0-p)(i-p2)°

. 4 1+qg—pe
lim logu(z,t) | log(T* —t) | 1= ———=,
t—T* & ( ) | g( ) | q192

. 4 14+@—m
lim logv(z,t) | log(T* —t) |7 '= ————*=.
t—T* & ( ) | g( ) | q192

2 Proof of the Theorem 1.1

In this section we will give the proof of Theorem 1.1. We first introduce some
transformations. Let U(z,7) = u™(z,t), V(z,7) = (n/m)"/""(z,t), 7 =
mt, then (1.1) becomes the following system not in divergence form:

( UT:Url(AU—l-aUpg’/VqS(x,T)dl‘), reQT>0,
VT:V”(AV—i—pr‘*qu‘*(x,T)dx), reQT>0, (2.1)
Q
Ulx,7)=V(x,7) =0, xed, >0,
\ U(I,O) = UO(x)aV(an) = ‘/O(I)7 x €1,

where ry = (m—1)/m, 1y = (n—1)/n, ps = p1/m, @3 = q/n, ps =p2/n, G =
@/m, a = (m/n)"/"=D b = (m/n)P0/00 Uy(x) = ug'(e), Volz) =
(m/n)"/ "=V (z).
Remark. Clearly, when m = n, p; = pa, ¢1 = qo, uo(z) = vo(z), system (2.1)
is reduced to a single equation (1.2), the uniform blow-up profile of which has
been considered by Liu et al in [10]. And the uniform profile of the special
case p3 = py = 0 of system (2.1) have been considered by Duan et al in [6].
Under these transformations, the assumptions (H;) — (Hy) become
(H)AUy(z) + aU*(z) [o Vi (x)dz > 0, AVh(x) + bVy*(z) [, Ug* (x)dz >
0, forxe Q.
(H) AU(x) < 0, AVo(x) <0, forze Q.
In section 4 of [4], Du have given the existence of the classical solution
(U, V) of (2.1) under the hypothesis (H}).
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Before we prove Theorem 1.1, we give the following Lemmas.

For convenience, we denote

£(r) = /QU‘“(dex Fr /f

g(T):/qus(x,T)dx, Glr )_/0 o(s)ds.

Lemma 2.1 Assume that (U,V) is a classical solution of (2.1) which blows
up in finite time T, = mT*. If p1 <1, po <1, then

lim g(7) = lim G(7) =00, lim f(7r)= lim F(7) = oc.

T—T% T—Tx T—Tx T—T%

Moreover, U and V' blow up simultaneously.

Proof. In view of (U, V') blows up in finite time T}, We have || U(-,7) ||oo + |
V(,7) [oo— 00, as T — T,. Without loss of generality we may assume that ||
U(+,7) ||oo— 00, as T — T.. Suppose on the contrary that lim, 7, g(7) < occ.
So, from the equation of U in system (2.1), we know that U exists globally for
any Up(x)(see [12]), since 0 < p3 = p;/m < 1. This leads to a contradiction.
Therefore lim, 7, g(7) = co. It can be deduced that lim, 7, || V(-,7) [[ec= 00
from g(7) = [, V®(x,7)dx and lim,_7, g(7) = co. Then we conclude that U
and V blow up simultaneously. N

Next we infer that lim, ., G(7) = oco. Set U(7) = max,.q U(x,7). By
Theorem 4.5 of [7] we know that U(7) is Lipschitz continuous and

U'(r) <U(r)g(r)  ae. in [0,T}). (2.2)

In view of r; + p3 = 1+ (p1 — 1)/m, integrating (2.2) over (0, 7), we obtain

1 ~ 1 ~
P R(n) < aG(r) + ———— 0 P(0), if < 1,
U ) £ 60 T D0, i
logU(7) < aG(7) +1og U(0), if pp=1.

(2.3)
From lim,_, U(7) = oo, it follows that lim,_z, G() = oo.

Furthermore, from lim,_7, || V(-,7) |[co= 00, applying the similar argu-
ments as above to the equation of V' in system (2.1), we have lim, ., f(7) =
lim, 7, F(1) = 0. O

To prove Theorem 1.1, we try to show the relationships among U, V, F(r)

and G(7). We use the notation f(7) ~ g(7) for lim,_, QEZ; =
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Lemma 2.2 Under the conditions of Theorem 1.1, the following statements
hold uniformly on any compact subset of €.
(i). If p1 <1 and py < 1, then

UV (g 1) ~a(l —rp — p3)G(7), V2P (2, 7) ~ b(1 — ry — pg) F (7).
(7). If p1 <1 and py =1, then
UYm=ps(z 1) ~a(l —ry — p3)G(7), logV(x,7) ~ bE(T).
(#ii). If p1 =1 and ps < 1, then
logU(z,7) ~ aG (1), V2P, 7) ~ b(l — 1y — pg) F (7).
(). If py = pa = 1, then
logU(z,7) ~aG(T), logV(x,T)~ bF(T).

Proof. (i). From p; < 1, we have 1 — 7 — p3 > 0, then a direct computation
yields

oUl—ps

G = U (AU 4 ps(1 = po)U' 7 | VU [P +a(l = pa)g(r)

> Url(AUl—ps +a(l — p3)g(7)),

which shows that U'7P3(x, 7) is a supersolution of the following problem

wy = wrs (Aw + a(l — p3)g(7),) reQ, 0<7<Ti,
w(z, ) =0, xed, 0<7<T,,
w(z,0) = Uy (), x €.

In view of 0 < r1/(1 — p3) < 1, under the assumptions (H;) — (H)), it
follows from (4.15) in [3] that

1 e

S €% W RO 5

m—Toa(l —r —p3)G(r) =T a(l —r — p3)G(T)

~1 (2.4)

holds uniformly on any compact subset of 2. By comparison methods (see
[1]), we obtain
Utrs(x,7) > w(z, 1), for (z,7) € Q x [0,T,).

Hence from (2.4), the following limit holds on any compact subset of 2

1—r1—p3 . 1—r1—p3
lim inf — @7) o fiming LG e >1.  (2.5)
T—Ty &(1 - 7T — pg)G(T) 7T &(1 -7 — pg)G(T)
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On the other hand, it follows from the case p; < 1 in (2.3) that

[7‘1—7“1—])3(7-)
lim su < 1. 2.6
THT*p a(l —r —p3)G(1) ~ (2:6)

From U(7) = max,.q U(z,7), (2.5) and (2.6) guarantee that

Ut a,) | UC,7) s

lim = lim =1
T—T &(1 — T —pg)G(T) T—Tk &(1 — T —pg)G(T)
holds uniformly on any compact subset of €.
If p, < 1, by the similar arguments, we have
1—ro—ps . 1—ro—ps

T—T b(l ) —p4)F(7') - T—T b(l ) —p4)F(7')

holds uniformly on any compact subset of €.
(ii). If p; < 1, analogous to case (i), we have

Ul_”_pg’(x, 7) ~a(l —ry —p3)G(T).

If pp =1,ie 1—ry—py =0, using the similar computations as case (i),
we obtain

1—p4
V>V (AV
1 —ps

+ bf(T)) .

Hence V17P4 is a supersolution of the following problem:

2y = 2(Az 4+ b(1 — p4) f (1)), reQ, 0<7<T,
) =0, red, 0<7<Ts,
2(z,0) = V) P (x), x €.

Set
a(z,7) = b(1 — ps) F(r) — log 2, Mﬂ=4amﬂﬂww,

where ¢(y) > 0 is the eigenfunction corresponding to the first eigenvalue \
of —A in Q with [, ¢(y)dy = 1. Under the assumptions (H{) — (H}), using
the similar methods in [3], we have the following statement holds uniformly on
any compact subset of €2:

1 1 .
ooz L logx(7) e

= lim =1.
T—T% b(]_ — o — p4)F(T) T—T% b(]_ — o — p4)F(T)

Proceeding as case (i), we arrive at the corresponding conclusion.
Case (7ii) and (iv) can be treated similarly. O
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Lemma 2.3 Under the assumptions of the Theorem 1.1, for any given positive
constants 0 < 0, € < 1, ~ > 1, there exists T such that for all T € [T,T.), the
following statements hold.

(i). If p1 <1 and py < 1, then

1+g3—ro—p
esa(l+q —r — )(b(l — 1o —p)F(1)) Tromn

14+g94—71—-p3

< b(1+ g3 — 12 — pa)(a(l — XXT))T’
€db(1+ g3 — 12 — 4)(‘1(1 — T p3)G(T>>W3

1+g3—ro—p4

< 7a(1 +q4—71 — pg)(b(l — T9 —p4)F(7')) 1-ro—pg |
(ii) If p1 < 1 and py =1, then

1+q—7r1 —ps

T— log(a(l —ry —p3)G(7))

bqs
a(l+qs —1m —ps3)

+ log (ed) + log < bgsyF (1),

14+qs—17r1—p3
1—7r —ps

bagz0 F (1) < log(a(l — 1 — p3)G(T))

bgs
a(l+qs—1m1 —p3)

)
+logl + log
€
(7). If p1 =1 and ps < 1, then

14+qg3—1r2—ps
1—7r9—py4

log(b(1 — 79 — pa) F(7))

aqy
(1+ g3 — 12— pa)

+log (edy) + log 7 < agsyG(7),

1+Q3—7’2—

P4
log(b(1 — 7ry — F
T P os(b(1 — ra — pa)F(7))

aq0G(T) <

aqy
(1+q3—12—p4)

+10gl§ + log
€ b

(). If py = ps = 1, then
aqq€y
bgsd

)
aq,0G(7) < log 444 + bgsy F(7).
bgsey

log +bg30 F (1) < aquyG(T),
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Proof. (i). p1 < landp, < 1. Inviewof F'(7) = f(1) = fQ Ui(x,m)dz, G'(1) =
g(1) = [ V®(x,7)dz, from case (i) of Lemma 2.2, we have

a3

F,(T) N| Q | (a(l_rl_p?))G(T))l*ﬂl{%, G,(T) N| Q | (b(]_—TQ—le)F(T))l*TQ*M

as 7 — T,. Then, for chosen positive constants d < 1 <+, there exists ¢y < T,
such that for all tm < 7 < T,
_a _a
0[] (a(l—r —p3)G(r)) 7w < F(4) < v [ Q (a(l —r1 — p3)G(1)) 7771778,

a3 a3

51 Q1 (b(1 =7y = p)F(7) =271 < G'(7) 7| Q] (b(1 = 1y = pa) F(r)) 727

And thus, for any 7 € [to, T%)

S(a(l — ry — p3)G(r)) i < AF _fa(l—r - pg)G(T))l‘f4‘p3 @)

Y(b(1 =y — p)F(7)) e~ AG ™ §(b(1 1y — py) F(r)) 77

From the right side of (2.7), we get

5(b(1—r2—p4)F(7))1*Tq23*1’4 dI' < v(a(l—rl—pg)G(T))1*qu4*P3 dG, forT € [to, Ty).

Integrating above from ¢y to 7, it follows that

1t+g3—7r2—pyg 1tag—r1—p3

(b1~ ra — p))F(s) " 1ol = r1 = py)Glr) PR
b(1 +q3 — 79 — pa) a(l+q —r1 —p3)

. (28)

|t0 —

Due to lim, 7, F/(1) = co and 1 —ry —ps = (1 —p2)/n > 0, for given constant
0 < e < 1, there exists g : tg < tg < T, such that

1+93—12—p4 1+43—712—p4

F e () < (1—)F - (1), for 7 € [to, T.).

Hence, from (2.8), it can be deduced that for all 7 € [to, T,)

1+g3—ro—py

eda(l+qy—r1 —p3)(b(1 —ry —py)F (7)) T-r2=ra

14+94—71—-p3

<Ab(1+ g3 — 12 — pa)(a(l — 7 — p3)G(T)) T-res . (2.9)

Application of the similar analysis as above to the left side of (2.7) guar-
antees that there exists ¢§ < T, such that for all 7 € [t, T})

1tag—r1—p3

€0b(1 +q3 — 12 — pa)(a(l — 71 — p3)G(7)) T-1rs

1t+g3—ro—py

<va(l+qs—11 —p3)(b(1 — 1y —pa)F (1)) Tr27ra . (2.10)
Set T' = max{fo, t}, then (2.9) and (2.10) ensure case (i) of Lemma 2.3.
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Analogous to case (i), we can draw the other conclusions of Lemma 2.3.
O
Proof of Theorem 1.1. Choose {d;}°,, {€}, {7}, satisfying 0 <
0;, ¢ <1 and ~; > 1, @ =1 .. 00, with ¢;, €, 3 — 1, as i — oo.
Putting (6, €, v) = (&, €, ;) in Lemma 2.3, we get T; < T, such that the
corresponding (i) — (iv) of Lemma 2.3 hold for all T; < 7 < T,

(1) p1 <1, po < 1. From case (i) of Lemma 2.2 it follows that for such
sequences {0; 2, {7i}:2,, there exists {t;}3°, : t; < T, witht; — T\, asi —
0o, such that for all 7 € [t;, T,)

Si(a(l—r1—ps)G(7)) 175 < Ut (z,8) < yi(a(l—r —ps)G (7)) Trms. (2.11)

Denote 77 = max{t;,7;}, then (2.11) and case (i) of Lemma 2.3 assert that

)

for all T < 7 < T,

94

F(r)> 6| 2| (a(l ) — p3)G(r)) ™7

€0 a1 a(l +q —1r1 — p3) s a4(1+a3—r2—p4)
>0, 1 Q T+qa—r1-p3 TFaa—r1-»p3 (h(1 — ro — F(T (taa—ri=p3)(1=r2=pa)
> 2122 (ot n b, (1 = r2 = po)F(7)
(2.12)
F(r) <
Yi a4 a(l +q4—71 — pg) a4 24(1+a3—r3—pyg)
Q| (-2 )TFaa—r1-»3 Ttag—r1-p3 (b(1—1r9—n4 ) F' (7)) OFaa—r1-p3)T-r2—p1)
||yt S 1 b (B(1-r2-p) F()
(2.13)
: __ qa(l1+gz3—r2—p4) _ 1 _ 1+g2—p1
Notice that 1 (I4+q1—r1—p3)(1—r2—ps) =~  o(1—p2) <0, where o = q192—(1—p1)(1—p2)

is defined in Theorem 1.1. Integrating (2.12) and (2.13), we obtain that for all
Tr <7 <T,

ci | Q| é%(%%ltﬂzzzlzzgl)f:zz§%fzz§ < (T, — 1) (b(1 ——rg-—-p4)17(7))zﬁfi57

1+q3—r2—pa)
<C|Q L(a(lthM*Tl*pB))H_uzﬁ
- no \ b(1+q3—ra—pa) ’

(2.14)
where ¢; = (S(Q)Hugiirps C. = (V_)m
1~ Y i 9 [ Fy’L 6i6i .
By letting i — oo in (2.14), we can deduce that
_—1 b a(l —r = e
(b(l — T9 — p4)F(T)) 6(1_1102) ~ _(a( + qa ™ p3) ) 1+q434§~1_p3 (T* _ 7—)‘

no b(1+4 g3 —ray — pa)

In view of 1 —ry — py = (1 — p2)/n, it follows from case (i) of Lemma (2.2)
that

(T~ 7V, 7) ~ (| )

no

(14+qs—m — p3))ﬁ (2.15)
(14 g3 — 12— pa)
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holds uniformly on any compact subset of €.
Similarly as above, it can be inferred that

b(1+gs — 1> — pa) )m;f% (2.16)
a(l+qy—1m1 — p3)

(L. =) U (7)o~ (| Q)7

; _ 1+q1 —p2
holds uniformly on any compact subset of €2, where 6 = e g

Combining (2.15), (2.16) with the transform about (u(z,t), v(z,t)), We
can draw the conclusion of case (i) of Theorem 1.1.

(1) pp = 1 or py = 1. we divide this case into three subcases (a) p; <
1, pp=1, (b)pr =1, pa <1, (¢) pp =p2 =1. We first discuss subcase (a).

Analogous to the beginning of the proof of case (i), it follows from case (i7)
of Lemma 2.2 and case (i7) of Lemma 2.3 that for all T} <71 < T,

4

F'(t) >6 9] (a(l —r; —p3)G(r))Tr1-r3
)T (

7;0; bqs

q1

a(l+qs—r1 —ps3) ) T+a1-p2 exp! bq3qad;
14+q—71—p3

€

>0 | Q2 (

q1
a1 a(l4+qqs—11 —p3), Fa-r bq3q40;
Fl ()<~ | Q i€;0;) 1-r1i—p3 ex
()—’YZ| |(VZZZ) ( bq;g ) p(1—|—Q4—7”1—p3

Application of similar analysis as in case (i), we get
1 o
lim bF(7) | log(T* —t) | 1= — #4117 P8
T—T% q3q4

Since d; ,€;,7; — 1, asi — oo and G(1), F(7) — 00, as 7 — T, then by case
(77) of Lemma 2.3

(2.17)

lim bE(T) _lta-n-p
r—T. log(a(l —r — p3)G(7)) (1 =71 —p3)gs
Hence
. 1 1=7r1—ps
TILI% log(a(l —m —p3)G(7)) |log(T — 7) |7 = I (2.18)

By joining (2.17), (2.18) and case (i7) of Lemma 2.2, we have

14+q—1r —
4344

log V(z,7) ~ bF(T) ~ D3 log(TL — 7) |, (2.19)

log U(, 1) ~ log(a(1 — 1 — p3)G(7)) ~ i Hog(T, —7) | (2.20)

1 —r —ps
uniformly on any compact subset of €.
The corresponding conclusion in Theorem 1.1 of subcase (a) can be directly

F(7))

)

F(7)).

drawn by combining (2.19), (2.20) with the transformation about (u(z,t), v(z,t)).

Finally, we can verify subcase (b) and (¢) by similar means of subcase (a)
and case (i). So we complete the proof of Theorem 1.1. O
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