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Abstract. Let E be a real reflexive Banach space which admits a weakly
sequentially continuous duality mapping from F to E*, and K be a nonempty
closed convex subset of E. Suppose that T, S : K — K are two nonexpansive
mappings such that F' := F(ST) = F(T) N F(S) # 0. For arbitrary initial
value z¢p € K and fixed anchor u € K, define iteratively a sequence {z,} as
follows:

{yn = ﬂnxn + (1 - ﬂn)Txn

Tnt1 = At + (1 — a,)Syn, n >0,

where {a,,}, {8,} C [0,1] satisfies proper conditions. We prove that {z,}
converges strongly to Pru as n — 0o, where Pp is a unique sunny nonexpansive
retraction of K onto F'. Also we prove that the same conclusions still hold in
a uniformly convex Banach space with uniformly Géteaux differentiable norm
or uniformly smooth Banach spaces. Our results extend and improve the
corresponding ones by Tae-Hwa Kim and Hong-Kun Xu [Strong convergence
of modified Mann iterations, Nonlinear Anal. 61(2005) 51-60].
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1. Introduction

Let K be a nonempty closed convex subset of a Banach space E and let
T, S be two nonexpansive mappings from K into itself (recall that a mapping
T : K — K is nonexpansive if [|Tx — Ty|| < ||z —y|| Vz,y € K), {an}, {60}
is two sequences in [0, 1]. In 1953, Mann [6] introduced the following iterative
procedure in Hibert space: for z¢ € K,

(1.1) Tpt1 = Ay + (1 — ay)Tx,, n>0.

Later Reich [10] studied this iterative procedure (1.1) in a uniformly convex
Banach space whose norm is Fréchet differentiable and obtained that if T

has a fixed point and Z an(1 — ay,) = 00, then the sequence {z,} converges

weakly to a fixed pomt of T. A generalization of Mann iterative schemes was
given by Takahashi and Tamura [5]. This scheme dealt with two nonexpansive
mappings:

Yn = BT xn + (1= By)xn,n > 1.

S.H. Khan and H. Fukhar-ud-din [3] further generalize the iteration scheme
(1.2) to the one with errors.

In 1967, Halpern [12] firstly introduced the following iteration scheme: for
nonexpansive mappings 7' and y, xg € K,

(12) {xn+1 = nSYn + (1 — ay)xy,

(1.3) Tpt1 = @y + (1 —ap)Tx,, n>0.

He pointed out that the control conditions lim,,_,, ca,, = 0 and 220:1 oy, = 00
are necessary for the convergence of the iteration scheme (1.3) to a fixed point
of T'. Later, many authors studied the iteration scheme (1.3), for instance, see
4, 13, 15, 19].

Recently, Y. Kimura, W. Takahashi and M. Toyoda [9] studied the following
iterative scheme for two nonexpansive mappings 7', S in a uniformly convex
Banach space with uniformly Géteaux differentiable norm. For zg, u € K

{xn+1 = apu+ (1 — an)yn

(1.4)
Yn = BnSan+ (1 — Bn)Tx,, n>0.

At the same time, Tae-Hwa Kim and Hong-Kun Xu [2] dealt with the follow-
ing iterative scheme for one nonexpansive mapping 7" in a uniformly smooth
Banach space. Forzgy, u € K,

Yn = Bnn+ (1 — By)Tx,, n>0.

In this paper, motivated by Tae-Hwa Kim and Hong-Kun Xu[2] and S.H.
Khan and H. Fukhar-ud-din[3] and Y. Kimura, W. Takahashi and M. Toyoda|9],
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we consider the following the following iterative scheme (1.6) for two nonex-
pansive mappings S, T. For xg, u € K,

Tpt1 = apu+ (1 — a,) Sy,
Yn = Bnn+ (1 — 5y) Ty, n>0.

We will prove several strong convergence results in a reflexive Banach space
E which admits a weakly sequentially continuous duality mapping J from
FE to E* or in a uniformly convex Banach space FE with uniformly Géteaux
differentiable norm or in a uniformly smooth Banach space E.

(1.6)

2. Preliminaries

Throughout this paper, it is assumed that E is a real Banach space with
norm ||-||, and let J denote the normalized duality mapping from E into 2
given by

J(@) =A{f € B (2, f) = =1L el = [1F113 ¥ 2 € B,

where E* denotes the dual space of E and (-, -) denotes the generalized duality
pairing. In the sequel, we shall denote the single-valued duality mapping by
J, and denote F(T) = {z € E;Tx = z}. When {z,} is a sequence in E,
then z,, — z(respectively x, — =z, x, — z)will denote strong (respectively
weak, weak®) convergence of the sequence {z,} to x. In Banach space E, the
following result (the Subdifferential Inequality) is well known (Theorem 4.2.1
of [16]). Vx,y € E, Vj(zx +y) € J(z +y),

(2.1) lz+yl” < ll=]* + 2y, 5 (@ + y))-

Let E be a real Banach space and 7' a mapping with domain D(T") and
range R(T) in E. T is called (respectively, contractive) nonexpansive if for any
x,y € D(T), such that

1Tz =Tyl <l =yl
(respectively, ||Tz — Tyl < Gz —y|| for some 0 < < 1.)

Recall that a Banach space F is said to be smooth, if the limit

0 et tyl — |
t—0 t

exists for each z,y on the unit sphere S(E) of E. In this case, the duality
mapping J is strong-weak* continuous (Lemma 4.3.3 of [16]). Moreover, if for
each y in S(E) the limit defined by (2.2) is uniformly attained for z in S(E),
we say that the norm of E is uniformly Gateaux differentiable. A Banach
space F is said to uniformly smooth, if the limit (2.2) is attained uniformly
for (z,y) € S(E) x S(E). A Banach space E is said to uniformly convex if its
dual space E* is uniformly smooth.

It is well known that the (normalized) duality mapping J(x) (Vax € E) is
single-valued if and only if £ is smooth (Theorem 4.3.1 and theorem 4.3.2 of
[16]). If £ has a uniformly Gateaux differentiable norm, then the (normalized)
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duality mapping J : E — FE* is norm to weak® uniformly continuous on
bounded sets of E (Theorem 4.3.6 of [16]). Every uniformly smooth Banach
space FE is a reflexive Banach space with uniformly Gateaux differentiable
norm, and the (normalized) duality mapping J : F — E* is single-valued
and norm to norm uniformly continuous on bounded sets of E' (Theorem 4.3.4
and Theorem 4.3.7 of [16]).

If C are nonempty convex subsets of a Banach space E and D is nonempty
subset of C', then a mapping P : C' — D is called a retraction if P is continuous
with F'(P) = D. A mapping P : C' — D is called sunny if

P(Px +t(x — Px)) = Pz, Yz € C

whenever Pz+t(z— Px) € C'and t > 0. A subset D of C!lis said to be a sunny
nonexpansive retract of C' if there exists a sunny nonexpansive retraction of C'

onto D. For more details, see [7, 8, 16]. The following Lemma is well known
7, 16).

Lemma 2.1. Let C' be nonempty convex subset of a smooth Banach space E,
h#DcC,J:E— E* the normalized duality mapping of E, and P : C — D
a retraction. Then the following are equivalent:

(i) (x — Pz,j(y — Px)) <0 for allz € C and y € D;

(ii) P is both sunny and nonerpansive.

Hence, there exists at most a sunny nonexpansive retraction P from C onto
D.

In 1980, Reich [13] showed that if £ is uniformly smooth and F(T) is the
fixed point set of a nonexpansive mapping 7' from K into itself, then there is
the unique sunny nonexpansive retraction from K onto F(7T).

Lemma 2.2. (Reich[13]) Let K be nonempty closed convex subset of a uni-
formly smooth Banach space E and let T : K — K be a nonexpansive mapping
with a fized point. Then F(T) is a sunny nonexpansive retract of K. Further,
For each fized u € K and every t € (0,1), and let z; € K be a point satisfying

ze=1tu+ (1 —1t)Tz.

Then {z:} converges strongly to Pu as t — 0, where P is the unique sunny
nonexpansive retraction from K onto F(T).

In 1984, Takahashi and Ueda [14] also proved the existence of sunny non-
expansive retractions in uniformly convex Banach space with a uniformly
Géteaux differentiable norm.

Lemma 2.3. (Takahashi -Ueda [14]) Let K be nonempty closed convex subset
of a uniformly convex Banach space E with uniformly Géteaux differentiable
norm. Supose T’ : K — K is a nonerpansive mapping with a fized point. Then
F(T) is a sunny nonezpansive retract of K. Further, For each fized v € K
and every t € (0,1), and let z; € K be a point satisfying

ze=1tu+ (1 —1t)Tz.
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Then {z:} converges strongly to Pu as t — 0, where P is the unique sunny
nonexpansive retraction from K onto F(T).

If Banach space E admits sequentially continuous duality mapping J from
weak topology to weak star topology, then by Lemma 1 of reference [11], we
get that duality mapping J is single-valued. In this case, duality mapping J
is also said to be weakly sequentially continuous, i.e. for each {z,} C F with
x, — z, then J(z,) = J(z) ([7, 11]).

A Banach space FE is said to be satisfy Opial’s condition if for any sequence
{z,} in E, z, = x (n — o0) implies

limsup ||z, — x| < limsup ||z, — y||,Vy € E with x # y.
By Theorem 1 of reference [11], we know that if £ admits a weakly sequen-
tially continuous duality mapping, then E satisfies Opial’s condition, and F is
smooth, for more details, see reference [11].We also know that in [? spaces with
p > 1 and p # 2, the normalized duality mapping J is not weakly sequentially
continuous, but there exists a duality mapping that is weakly sequentially
continuous.

In the sequel, we also need the following lemma which can be found in the
existing literature |7, Lemma 2.

Lemma 2.4. Let C' be a nonempty closed convex subset of a reflerive Ba-
nach space E which satisfies Opial’s condition, and suppose T : C' — FE is
nonexpansive. If asn — oo, x, =~ x,x, — Tx, — 0, Then v = Tx.

The following lemma modified Xu [17, Lemma 2.1], also see L.S.1iu[18] and
Y.Song and R. Chen[20, 1].

Lemma 2.5. Let {a,} be a sequence of nonnegative real numbers satisfying
the property

Any1 < (L= n)an + s + Bny, 1 >0,
where {%} C (0,1), {B.} CR and {)\ } C R such that
(i) Z Yo = 00 or equivalently H (1 —7,) =0
(i1) hmsup)\ <0y

TL—>OO

(ii1) Z |Bn] < +o0.

Then {an} converges to zero, as n — 0.

3. Main Results

At first, we will show the fixed point set F'(T") of a nonexpansive mapping
T is sunny nonexpansive retraction of K in a reflexive Banach space E which
admits a weakly sequentially continuous duality mapping J from E to E*.
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Lemma 3.1. Let E be a reflexive Banach space which admits a weakly sequen-
tially continuous duality mapping J from E to E*. Suppose K is a nonempty
closed convex subset of E. Suppose that'T : K — K is a nonexpansive map-
ping with F(T) # 0. Then the fized point set F(T) of T is sunny nonexpansive
retract of K.

Proof. For a given u € K, we can define a contraction 7; : K — K by
T; =tu+ (1 —t)T. An application of the Banach contraction principle yields
a unique fixed point z; of T} for each t € (0,1). Notice that the assumption
that F(T) # () guarantees the boundedness of the net {z;}. At this point,
following the proof lines of Theorem 2.2 in Yisheng Song and Rudong Chen
[1](f(xy) =u and P = I), we can get that

z—pe€F(T), t—0,
and p satisfies the following variational inequality:
(u—p,jly —p)) <0, ¥y € F(T).

Let Ppryu = PI% r; = p, we obtain that

(u = Preryu, j(y — Pperyu)) <0, Yy € F(T).

By Lemma 2.1, we obtain that Pp(r) is sunny nonexpansive retraction from K
to F(T'). The proof is completed. O

Theorem 3.2. Let E be a reflexive Banach space which admits a weakly

sequentially continuous duality mapping J from E to E*. Suppose K is a

nonempty closed convex subset of E, and S, T is nonexpansive mappings from

K into itself such that F := F(ST) = F(T)NF(S) # 0. Let {a,} and {5,}

be a sequence of positive numbers in [0, 1] satisfying the following conditions:
(A1) lim o, = 0;

(A2) Y a1 — an| < 400 or (A2)" lim =1:
n=1

o0 i
(A3) > ay, = o0
n=1
(B1) lim G, =0;
(B2) 21 |Bn+1 — Bn] < +00.

For argz'tmry mitial value xo € K and fixed anchor u € K, define iteratively
a sequence {x,} as follows:

3.6
(36) Tnt1 = apu+ (1 — a,)Syn, n >0,

Then {z,} converges strongly to Ppu, where P is the unique sunny nonezx-
pansive retraction from K onto F.
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Proof. First, we show we use an inductive argument to prove ||z, — p|| < M,
Vp € F and n > 0, where M = max{||zo — p||, |[u — p||}. The result is clearly
true for n = 0. Suppose ||z — p|| < M, then by the nonexpansivity of T’ .S,
clearly T,, = 3,1 + (1 — 3,)T is nonexpansive and F(T') = F(T},,), so we have

251 —pll = llar(u = p) + (1 — ar)(Syx — p)||
<o llu—p| + (1 —a) llye — pll
<ay|lu—pll + 1= ) | Trzs — pl
<agllu—pll + (1 — o) llzx —pl| < M.

Therefore, ||z, —p|| < M,Vn > 0. So the sets {z,} is bounded, and the set
{Tx,}, {Sz,} are also bounded. Putting C' = sup{||z,||, ||Tz.|, ||Szn|}. Now
neN

we show
T [[7s1 — 2l = 0.
Using (3.6), we have
9n = Yn-1ll = Tnrn — Tn12p1|

<|NThxn — Thxpall + | Tazn—1 — To12n |
<Jwn = Tp-ill + 1B = Ba—alllzn-1 + Trn]]
<llzn — zp-1|l + 2C8n — Bp-1l.

Thus,

[Zn+1 = @all =llanu + (1 — 0)Syn — (an-1u + (1 = 1) Syn-1)|
<l — an-allull + (1 — an)[[Syn — Syn—]
+ o — a1 ||| SYn—1]|

S(l — Oén>Hyn - yn—l” + ’Oén - Oén—ly(HuH + C)
<(1 = ap)l|an — zpoa ]l + o — an_a|(JJul| + C)
+ 20’671 - Bn—l’
Qn—1
=(1— o) |z — Tps || + |l — |([full +C)
+2C|Bn — Bu-1|-
By (A2) and (B2) we have
> (an = ana|(fJull + C) +2C18, = Bual) < +o0.
n=1
So adding to (A3), which satisfies Lemma 2.5 (A, = 0). By (A42)" we have
lim |1 — == (Ju]| + €) = 0,

n

So adding to (A3) and (B2), which also satisfies Lemma 2.5. Hence, we have

(3.7) lim ||zp41 — 2, = 0.
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Setting A = ST, obviously A is nonexpansive mapping from K to itself. Next
we prove

(3.8) lim ||zp41 — Azpta| = 0.

n—oo

By (3.6), condition (A1) and {T'x,}, {Sz,} boundary, we get
(3.9) 201 = Synll = amllu = Sya| — 0.
and
[2n1 = STwnpll <l#nts = Syall + 1Sy = STal| + [[ST2n — ST 4]
Sl = Znall + 201 = Synll + lyn — Taza|
Sl = Zngall + 201 = Synll + Bnllzn — Taa|

Using (3.7), (3.9) and condition (B1), we obtain (3.8) holds.

On the other hand, by Lemma 3.1, we know F' = F'(A) is the sunny non-
expansive retract of K, and denote Pr a sunny nonexpansive retraction of K
onto F'. We next show that
(3.10) lim sup(u — Ppu, j(2n+1 — Pru)) < 0.

n—oo

Indeed, we can take a subsequence {z,,+1} of {z,41} such that

lim sup(u — Pru, j(zp41 — Pru)) = klim (u— Ppu, j(xn,+1 — Pru)).
We may assume that x,, 11 — 2* by E reflexive and {x,41} bounded. It follow
from Lemma 2.4 and (3.8) that 2* € F(A) = F'. Hence by Lemma 2.1 and the
duality mapping J is weakly sequentially continuous from E to E*, we obtain
lim sup(u — Ppu, j(2p41 — Pru)) = (u — Ppu, j(z* — Ppu)) < 0.
Finally we show that z,, — Ppu. As a matter of fact, Using (2.1) and (1 —
an)? < (1 —ay,), we get

|zns1 = Prull® =[(1 — @) (A — Pru) + an(u — Pru)||?
(3.11) <(1 - o) 2 — Prul?
+ 20y, (u — Ppu, j(xp41 — Pru))).
Using Lemma 2.5, (A3), (3.10) and (3.11), we conclude that z,, — Ppu. O

Remark 1. Since the condition (A2),(A2)" and (B2) are mainly used to
show z, 11 — x,, — 0, if condition (B2) is replaced by condition

(B2)" lim Bn = Boci] = 0, then the result still holds.
a

n—oo
Using Lemma 2.§, we know that in a uniformly convex Banach space E
with uniformly Géteaux differentiable norm, the fixed point set F'(T") of non-
expansive self-mapping 7" on nonempty closed convex subset K of E is sunny
nonexpansive retract of K. So we can also get the following theorem:
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Theorem 3.3. Let E be a uniformly convexr Banach space with uniformly
Géteauz differentiable norm. Suppose K is a nonempty closed convex sub-
set of E, and S, T are nonexpansive mapping from K to K such that F =
F(ST)=F(S)NF(T) # 0. The sequence {x,} is defined by (3.6), and {a,}
and {Bn} are two sequences in [0, 1] satisfying the conditions (A1), (A2) or
(A2), (A3), (B1), (B2) or (B2). Then x, — Ppu, where Pp is a sunny
nonexpansive retraction from K into F'.

Proof. As in the proof of Theorem 3.2, we can reach the following objectives:
(1) {zn}, {Sz,} and {Tz,}is bounded;
(2) Tpy1 — xn — 0 as n — o0;
(3) Putting A = ST, then

F=FA)=FT)=F(S)NnFK(T), x,— Az, — 0 (n — 00).
We next show that z,, — Pp(u), (n — 00).

Indeed, putting z; = tu+ (1 —t)Az;, by Lemma 2.3, we obtain Ppu = PH& %,
where Pp is a sunny nonexpansive retract from K to F. Using (2.1) and
equality z; — z, = (1 — t)(Azy — x,) + t(u — x,), we get

lze = zall® S(1 =) | Az — 2all® + 28{u — @0, j (2 — @)
<1 =2t +12) ||z — @l* + an(t)
+2t(u — 20, 5 (2 — xn)) + 2t || 20 — 20|
where
an(t) = |[xn = Azl (22 = @l + ll2n — Azal]).
It follows that

. t 1
(3.12) (u—zt,j(xn — 2)) < iHZt_an2+2_tan(t)'

We claim that a,(t) — 0 as n — oco. Indeed, since {z,}, {z:} is bounded,
{Az,} is bounded. So that {z, — Ax,} and {z — x,} is bounded. Using
lim ||z, — Az,[| = 0, we obtain

an(t) = ||xn — Azl (2|2t — 20| + ||2n — Azp]]) = 0 as n — oo.

Taking n — oo in(3.12),

M

?

DO | <+

(3.13) limsup(u — 2, j(x, — 2¢)) <
where M > 0 is a constant such that M > max ||z, — x,||* for ¢t € (0,1) and
for all n > 1. By letting t — 0 in (3.13) we have
(3.14) lim sup lim sup(u — 2, j(z, — 2¢)) < 0.

t—0 n—00
Next we show that

lim sup(u — Ppu, j(x, — Pru)) < 0.

n—oo
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In fact, noting that z; converges strongly to Pru, as t — 0, and that the set
{2zt — x,} is bounded, together with the fact that the duality map J is single-
valued and norm-weak™ uniformly continuous on bounded sets of a Banach
space E with a uniformly Géteaux differentiable norm, we get

[(u = Ppu, j(z, — Pru)) — (u— 2¢, j(xn — 2t))|

= |(u — Pru, j(zn — Pru) — j(@, — 2t)) + (2 — Pru, j(2n — 21))]

< ’<u - ppu,j(l'n - pFu) _](xn - Zt>>‘

+ ||zt — Prul| |2 — 2| — 0, as t — 0.
Hence, Ve > 0, 3§ > 0, such that V¢ € (0,6), for all n, we have
(u— Pru, j(xn — Pru)) < (u— 24, j(xn — 20)) + €.

Therefore,

lim sup(u — Pru, j(x, — Pru)) <limsup((u — 24, j(x, — 2¢)) + €.

Taking t — 0 and noting (3.14), we have
lim sup(u — Pru, j(z, — Pru))

< lim sup lim sup({(u — 2, j(xn — 2¢)) + €

t—0 n— oo

<e.
Since ¢ is arbitrary, we get
(3.15) lim sup(u — p, j(xp+1 — Pru)) < 0.

Finally we show that x, — Ppu. In fact, Using (2.1), we get
|1 = Prull* = [[(1 = an)(Anta — Pru) + an(u — Pru)|”
(3.16) <(1 - an) 0 — Praulf
+ 20, (u — Ppu, j(p41 — Ppu))).

Using Lemma 2.5, (A3), (3.15) and (3.16), we can easily obtain that z,, strongly
converge to Pp(u). The proof is complete. O

Since every uniformly smooth Banach space must be reflexive Banach space

with uniformly Géteaux differentiable norm, so using Lemma 2.2, we also
obtain the following theorem. As the proof is similar to theorem 3.3, we omit
it.
Theorem 3.4. Let E be a uniformly smooth Banach space. Suppose K is a
nonempty closed convexr subset of E, and S,’T" are nonexpansive mapping from
K to K such that F := F(ST) = F(S)N F(T) # (. The sequence {x,} is
defined by (3.6), and {a,} and {5,} are two sequences in [0, 1] satisfying the
conditions (A1), (A2) or (A2), (A3), (B1), (B2) or (B2)'. Then x, — Pru,
where Pr is a sunny nonexpansive retraction from K into F.
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In theorem 3.4, taking S = I, we can easily obtain the following corollary
which is Theorem 1 of Tae-Hwa Kim and Hong-Kun Xu[2].

Corollary 3.5. (T.H. Kim-H.K.Xu[2] Theorem 1) Let E be a uniformly smooth
Banach space. Suppose K is a nonempty closed convex subset of E, and T is
nonexpansive mappings from K into itself such that F := F(T) # 0. Let {c,}
and {Bn} be a sequence of positive numbers in [0,1] satisfying the following
conditions:

(i) an — 0,8, — 0;
(i) > = 00;
n=1

(111) Y |1 — an| < 400, D [Bus1 — Bu| < +00.
n=1 n=1
For arbitrary initial value xog € K and fized anchor u € K, define iteratively
a sequence {x,} as follows:

Tnt1 = apu + (1 — ap)yn, n >0,

Then {x,} converges strongly to Pu, where P is the unique sunny nonexpansive
retraction from K onto F(T').

Corollary 3.6. Let E be a reflexive Banach space which admits a weakly se-
quentially continuous duality mapping J from E to E* or a uniformly smooth
Banach space or uniformly convexr Banach space with uniformly Géteaux dif-
ferentiable norm. Suppose K is a nonempty closed convexr subset of E, and
T are nonexpansive mapping from K to K such that F := F(T) # (. The
sequence {x,} is defined by (3.17), and {a,} and {5,} are two sequences in
0, 1] satisfying the conditions (A1), (A2) or (A2)', (A3), (B1), (B2) or (B2)'.
Then x, — Ppu, where Pr is a sunny nonexpansive retraction from K into
F.
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