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Abstract

In this paper, we introduce the concepts of fuzzy complex number,
the operations of fuzzy complex number, the concepts of convergence for
fuzzy complex number-valued sequence and the fuzzy complex number-
valued mapping. Then the fixed point of fuzzy complex number-valued
mapping is discussed, some existent theorems of this mapping are given.
It will establish a foundation for researching fuzzy complex analysis .
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1 Introduction

Since the concept of fuzzy complex numbers was first introduced by
J.J.Buckley in 1989, many papers were devoted to studying the problems of
the concept of fuzzy complex numbers, operations, mappings between fuzzy
complex number sets, and problems of the limit, continuity, differential and
integral of fuzzy complex number-valued mappings were further researched
from different aspects, and many important results were gained(see [1]-[11]).
The frame of fuzzy complex analysis theory has had its primary shape and
tends to form a new branch of mathematics step by step (see [6]). This new
branch subject will be widely applied in fuzzy system theory, especially in
fuzzy dynamical system theory, and will also be widely applied in the field of
computational intelligence (see [6][11]). It is well known that the fixed point
theory plays a very important role in mathematic theory and applications,
in particular it has important value in finding root of algebraic equation and
numerical mathematics. However few papers were devoted to researching the
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problem of the fixed point of fuzzy complex number-valued mapping. There-
fore, based on author’s researches in recent years, this problem is investigated
in this paper and gain some important conclusions.

2  Preliminary concepts

Let R be a set of real number, C = {z +iy|z € R,y € R,i = v/—1} a field
of complex number, a finite closed interval X = [X~, X ] is called a closed
interval number on R, I(R) denotes the set of all closed interval numbers on
R.

For arbitrary interval X = [X—, Xt Y =Y, Y] € R, Z =X +iY =
{x+iy € Clr € X,y € Y,i = v/—1} is called a closed complex interval
number, I(C) = {Z = X +iY|X,Y € I(R),i = v/—1}denotes the set of all
closed complex interval numbers on C, "« = {+, —, X, =}’ is a binary operation
on I(C),(when x = Z; + Z5,0 ¢ suppZs)

Definition: ForVZ, = X;+iY;, = [X,, X[ |+i[Y, ,Y,[] € I(C), (k= 1,2)
Zyx Zy = {2|3(z1,22) € Z1 X Zo,z = z1 x 2} and X = [X—, XT]|Y
Y=, Y "] € I(R). Specifically, for k € RT = [0, +00), let k- X = [k X~ kXT],
Let k-Z = (kX)+i(kY) = [kX ™, kX 4ilkY ™, kY], Let Z, = X, +iY; (k
1,2) € I(C), Zy C Zy & X; C Xy, Y] C Y, If XY are convex sets o
Z C C and

]
=

Z={x+iyeClre X,yeY} (1)

then Z is a convex set on C'.
Let Z C C, Z is called a convex set on C, if and only if 2z, = z, + iy, €
Z,(n=1,2,--+), and

Jirroloznzgcli_)rgo(xnj%yn):z:x+iy:>’z::1:—|—iy60’ (2)
Complex set Z is called a closed convex complex set, if it satisfies (1) and
(2). Clearly, we have:
Theorem 2.1 Let C' be a field of complex number, Z C C', and Z be a
bounded set, then Z is called a closed convex set, if and only if Z be a closed
complex interval number.

3 The concept and operation of fuzzy complex
sets and fuzzy complex numbers

Definition 3.1 Let C' be a field of complex number, mapping Z:C —[0,1]
is called a fuzzy complex set, Z(z) is called the membership function of fuzzy
set Z for z, F(C) ={Z|Z : C — [0,1]} denotes all fuzzy complex sets on C.
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Definition 3.2 .
1) Zo ={z=x+1iy € ClZ(z)
2) Zo ={z=x+1iy € C|Z(2)

= Z(x +iy) > a} is called a-cut set of Z.

Z(x +1y) > a} is called strong a-cut set of

NIAA

(3) Zg = suppZ = {z = v +iy € C|Z(z) = Z(x +iy) > 0} is called support
set of Z.

Definition 3.3
(i) Z € F(C) is called a convex fuzzy complex set on C, if and only if for
Va € [0,1], Z, is a convex complex set on C.
(ii) Z € F(C) is called a closed fuzzy complex set on C, if and only if for
Va € [0, 1], Z,, is a closed complex set on C.
(i) If Z € F(C), supp Z is a bounded set, or for Ya € [0, 1], Z, is a bounded
set, then Z is called a closed convex fuzzy complex set, if and only if for
Va € [0,1], Z, is a closed complex interval number (ordain ( is a closed
complex interval number on C).

Definition 3.4
(1)Z € F(C) is a normal fuzzy complex set on C, if and only if {z € C|Z(z) =
1} # 0
(i) if supp Z is abounded complex set , Z is called a finite fuzzy complex set;
(iii) if for Yo € (0,1], Z is a bounded complex set, Z is called a bounded
fuzzy complex set.
The finite fuzzy complex set and the bounded fuzzy complex set are generally
called bounded fuzzy complex set.

Definition 3.5 A normal convex fuzzy complex set on C'is called a fuzzy
complex number; a normal closed convex fuzzy complex set is called a closed
fuzzy complex number ; a normal bounded closed convex fuzzy complex set is

a bounded closed fuzzy complex number. we write
Fy(C) = {Z|Z be a bounded closed fuzzy complex number on C'}

As a whole bounded closed fuzzy complex number on C, Fy(C) is a very
important set, and it plays a very significant role in the research of fuzzy com-
plex analysis. From the conceptual analysis above, it is obvious that bounded
closed fuzzy complex number possesses nicer property, its operation becomes
very facility and it provides much advantage to us in application. Since its level
complex set is closed complex interval numbers. In the following we present
the operation of fuzzy complex number.

Let % be an algebraic operation on ('

x:CxC—C, (21,22) > w=2 %2

Since the extension principle of complex fuzzy sets, we have operations



742 Shengquan Ma and Dejun Peng

among fuzzy numbers as follows:
Xl F()(O) X F()(C) — F()(O)

(E,D) - ExD= U a(E,*D,)
ae(0,1]

where
Eyx Dy ={w|3(z1,22) € Ey X Dy, 21 % 29 = w}

(ExD)(w)= V (E(z1)AD(2))

Z1*¥29 =W
For arithmetic operation "+, —, X, +” we have
(E + D)(w) = Zl+\z/rw(E z1) A D(zg))

(£ —-D)(w) = Zlf}é_w(E 21) A D(2))
= Zl\éc(E(Zl A D(z1 — w))
(E-D)(w) = . Z\Q/ZW(E(ZQAD(%))
(E+D)(w) = zl+\z/2:w(E(Zl) AD(z)) (0 ¢ suppD)

According to the above definition, we have operation property of fuzzy
complex numbers as follows:

Theorem 3.1 Let Z;, = X; + Yy € Fy(C), (k = 1,2), then for Ya € (0, 1],
we have
(1)(%1 :|:~Zg)a = Zl,a + Zg7a.
(2)( . Z%)a = Zl,a . Zg7a.
B)NZ1+ Zs)o = Z1a + Zo-
(4)(kZ1)a = kZ14, k€ R.

Z
Zy

4 The convergence of fuzzy complex number
sequence

Let P(R™) be the set of all non-empty compact convex subset on R™. If
Ay, Ay € P(R"™). Then Hausdorff distance is defined by

H(Al,AQ) = inf{a > O’AQ - B(A1,€>,A1 - B(AQ,S)} on p(Rn)

where B(A,e) = {x € R"|d(z,A) < ¢} is a e-neighborhood of a compact
convex set A, d(z, A) = ing{]x —al:a € A} is a distance from z to a compact
ae

convex set A, where | - | is Euclid norm on R™.
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We give uniform Hausdorff distance D in Fy(C'), where D is defined by

D(Z,W) = sup H(Z.,W,), VZ,W € Fy(C)

0<r<1

Then D is a perfect and non-separable distance on Fy(C), and then (Fy(c), D)
is a perfect metric space. Since linear operation is continuous on Fy(C'), there-
fore (Fo(C), D) is also a linear metric space. If we showed topological T' on
Fy(C), then (Fy(C),T) is a topological space. Thus (Fy(C), D) is a linear
topological space too, denoted by (Fy(C), D, T).

Definition 4.1 D-convergent: Let {Zy, Z,,n > 1} C Fy(C), {Z,} is said
to converge to Zy in metric D on Fy(C), if and only if for Ve > 0, 3N € N+,
such that n > N, we have

D(Zn, Zy) < €

where N+ = {1,2,---}. Denoted by Z, = Z,.

Definition 4.2 L-convergent: Let {Zy, Z,,n > 1} C Fy(C), {Z,} is said
to converge to Zy in r-level on Fy(C), if and only if for Ve > 0, IN € N,
such that for VO < r < 1,n > N, we have

H(Z!, Z5) < e

Denoted by Zn EN Zo, where Z;, Z{; are r-cut level sets of Z,, and Zo respec-
T
tively .
In accordance with the definition of D-convergent and L-convergent, we
have the following theorem:

Theorem 4.1 For {ZO,Zn,n > 1} C Fy(C), we have Z, D, Zo = 7, £,
Zo.
Proof: Obvious .

5 Fuzzy complex number-valued mapping and
it’s the fixed points

Definition 5.1 Fuzzy complex number-valued mapping f : Fo(C) — Fo(C)
is increasing, if for VZ,, Z, € Fy(C), Z1 C Zs, then f(Zl) C f(ZQ)

Definition 5.2 Let (Fy(C), D) is a perfect metric space, f : Fy(C) —
Fy(C) is a fuzzy complex number-valued mapping, and Z, € Fy(C)

(1) f is called continuous at Zo, if and only if for Ve > 0, 3§ > 0,such that
for VZ € Fy(C), D(Z, Zy) < §, we have

D(f(2), f(Z)) < e
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(2) f is called r-level convergent at Zo, if and only if for Ve > 0, 30 > 0,
such that forVZ € Fo(C) and for Vr € [0,1], H(Z", Z]) < §, we have

H([f(2)]" [f(Z)]") < e

Definition 5.3 Fuzzy complex number-valued mapping f : Fo(C) —
Fy(C) is called Lipschtz continuous, if for Z, Zy € Fy(C), there exists a con-
stant L > 0, such that

where L is a Lipschtz constant.
Definition 5.4 Let (Fy(C), D) is a metric space, f : Fo(C) — Fy(C) is a
fuzzy complex number-valued mapping , if 3o € (0, 1), such that

VZ,W € Fy(C), D(f(Z2), f(W)) < a-D(Z,W)

then f is called a fuzzy complex number-valued compression mapping on

Obviously, a fuzzy complex number-valued compression mapping must be a
continuous mapping on Fy(C'). It can be proved directly by using the definition
above.

Main Results

Theorem 5.1 Let (Fy(C), D) is a perfect metric space, f is a fuzzy complex
number-valued compression mapping on (Fy(C'), then f exists a unique fixed
point on (F(C).

Proof: For VZ, € Fy(C) let

Zl - f(ZO)7ZQ - f(Zl) = f2(20)7 e 7Zn = f(Zn—l) = fn(ZO)v U

In the following we prove that {Z,} is D-convergent on Fy(C).
In fact,

D(Zm-‘rla Zm) = D(f(Zm):f(Zm—l)g S a - D( ms Zm:l) ~
= Q- D(f Zm—1)7 f(Zm—Q)) < 052 : D(Zm—h Zm—2)
< - <a™-D(Zy, Zy)

thus when n > m, we have

D(Zma Zn) S D(Zma Zm—i—l) +-+ D(Zn—la Zn)
S (Odm + Oémil 4+ 4 Odnil)D(Zo, Zl)
1 — qn—™ L
= " Y D(Zo, 2y)
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Since 0 < a < 1 so when n > m, we have

D(Zp, Zy) < o™ D(Zy, Z1) — 0 (m — o)

Therefore {Z,} is D-convergent on Fy(C).

By the perfection of Fy(C'), then 3Z € Fy(C) such that Z, — Z (n — o).
Since
D(Z.S(2) € DZ Zn)+ D(Z £(2)
s Zm

D(Z,Z) +a  D(Zp-y, Z)

IAINA

Hence when m — oo, we have D(Z, f(Z)) — 0, therefore D(Z, f(Z)) = 0, i.e.
f(2)=2. ) o

Uniqueness : if there exists another Z’ € Fy(C), such that f(Z') = Z,
then

Because 0 < o < 1, thus D(Z,2') =0, ie. Z =2

This complete the proof of the theorem.

Let Zy € Fy(C) is a fuzzy complex number, denotes the e-spheroid (hyper
spheroid) of Zy by B(Zo,e) = {Z € Fy(C)|D(Z,Zy) < €}, B(Zy,e) is the
e-closed spheroid of Z;. So we have the following theorem that the result is
much better than in Theorem 5.1

Theorem 5.2 Let (F(C), D) is a perfect metric space, f : Fo(C) — Fo(C)
is a compression mapping on B(Zy, €), and D(f(Zy), Zo) < (1—a)e, a € [0,1).
Then f has a unique fixed point on B(Z, ).

Proof: we can prove: For VZ € B(Zy, ), then f(Z) € B(Zy,¢). In fact
for VZ € B(Zy,¢), i.e. D(Z,Zy) < e, Then

D(f(2), Zy) < D(f(2), [(Z)) + D(f(Z0), Z)
< a-D(Z,Zg)+ (1 —a)e
< ac+(l—a)e=c¢

ie. f(Z) € B(Zy,e).

Since closed spheroid B(Z, ) is a closed set of the perfect metric space,
and it is a perfect metric space too. Therefore Theorem 5.2 is correct by
Theorem 5.1.

Theorem 5.3 Let (Fy(C), D) is a perfect metric space, W = g(Z) is a
fuzzy complex number-valued mapping on Fy(C). If 3n € N such that ¢" is
a compression mapping on Fy(C), then g exists a unique fixed point on Fy(C).

Proof: Let f = ¢g", then f is a compression mapping on Fy(C), then by
Theorem 5.1. f exists a unique fixed point Zy on Fy(C). i.e. Zy = f(Z).
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In the following, we prove that ZO is the fixed point of g. In fact, since
fg=g"=gf, thus f(9(Zo)) = 9(f(Z0)) = 9(Z).

Therefore g(Zy) is the fixed point of f too, because the fixed point of f is
unique, so that ¢(Zy) = Zp.

Uniqueness: Suppose Z; is an arbitrary fixed point of g, since g(Z )= Z
we have . 3 3

9 () =9""(Z1) = =7

Hence Z; is also a fixed point of f = ¢", because f exists only one fixed point,
thus we have Z; = Z.

Therefore, f = g™ exists a unique fixed point Z on Fy(C).

Note: when n = 1, then Theorem 5.2 becomes Theorem 5.1. that is to
say Theorem 5.1 is the especial case of Theorem 5.2.

Theorem 5.4 Let (Fy(C), D) is a perfect metric space, f : Fo(C) — Fo(C),

D(f™(2).,f™(W))

AT 0, (n — 00), then f exists a unique fixed point

a, =  sup
Z,WGFQ(C)
on Fy(C).

Proof: Since lim a,, = 0, so that when n > N, we have a, < ; 1 Thus for

VZ,W € Fy(O), % < Llie D(f*(2),f"(W)) < 1D(Z,W). Then
by the Theorem 5.3, f exists a unique fixed point on Fy(C).

Theorem 5.5 Let B be a bounded closed set on Fy(C), f: B — B, For
VY Z,W € Fy(C), when Z # W we have D(f(Z), f(W)) < D(Z,W) then f
exists a unique fixed point on B.

Proof: we prove f is a compression mapping first. i.e. Ja € (0, 1], such

that for V Z,W € B we have

D(f(Z), f(W)) < aD(Z, W) (3)
Suppose it is not true, then for V n we have Z,, W,, € B, such that

. - 1 -

Since B is a bounded closed set on Fy(C) then B is a compact set, therefore
there exists {an} {Wnk} and Zo, Wo € B, such that an — Zo, Wnk — W.
In (4), we substitute Z,, W, with an, Wnk respectively, and then let & — oo,
we have

D(f(Zo), f(Wo)) = lim D(f(Zy,), f(Wy,))

k—oo

. (IR
> kh_{ilo(l_ﬁ)D(an’Wnk)
= D(Z07WO)

This contradicts with the supposition of the theorem, therefore (3) is correct.
By the Theorem 5.3, f exists a unique fixed point on B.
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