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Abstract. The purpose of this paper is to introduce the following general
composite modified implicit iteration schemes:

Tp = QpTp_1 + (1 - Odn)Ty?ym
Yn = TnTn-1 + Sply + T wn 1 + w3y,
Tn+ Sp+tn +w, =1, {an}, {ra}, {sa}, {ta}, {wn} €10, 1],

where T,, = Tymoan, for common fixed points of a finite family of asymptot-
ically nonexpansive mappings {7;}Y¥, in Banach spaces, and to prove weak
and strong convergence theorems. The general composite modified implicit
iteration scheme presented in this paper included various previous concrete it-
eration schemes. Hence, the results presented in this paper extend, generalize
and improve the results of Xu and Ori, Oilike, Zhou and Chang, and other
authors.
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1. INTRODUCTION AND PRELIMINARIES

In recent years, the implicit iteration scheme for approximating fixed points
of nonlinear mappings has been introduced and studied by various authors.

In 2001, Xu and Ori [1] introduced the following implicit iteration scheme
for common fixed points of a finite family of nonexpansive mappings {7},
in Hilbert spaces:

(1.1) Ty = pnTp_1 + (1 — ) Thx,,n > 1

where T, = T,moan, and proved weak convergence theorem.

In 2004, Osilike [2] extended results of Xu and Ori from nonexpansive map-
pings to strictly pseudocontractive mappings. By this implicit iteration scheme
(1.1), he proved some weak and strong convergence theorems in Hilbert spaces
and Banach spaces.

In 2002, Zhou and Chang [3] introduced the following modified implicit
iteration scheme for common fixed points of a finite family of asymptotically
nonexpansive mappings {7;}%, in Bnanch spaces:

(12) Ty = OpTp—1 + ﬂnTg'xnan > 17

where T,, = Ty,moan, by this modified implicit iteration scheme (1.2), Zhou and
Chang proved some weak and strong convergence theorems in Banach spaces.

In this paper, we introduce the general composite modified implicit iteration
schemes

Tp = QpTp—1 + (1 - an)Tq—?ynu
(1.3) Yn = TnTp_1 + Sptp + 6, T0 T, + w, T,
Tn+ 8y +t, +w, =1, {on}, {rn}, {sn}, {ta}, {wn} € [0, 1],

where T,, = T,moan, for common fixed points of a finite family of asymptot-
ically nonexpansive mappings {7;}Y, in Banach spaces and prove weak and
strong convergence theorems. The general composite modified implicit itera-
tion scheme presented in this paper included various previous concrete iteration
schemes

Observe that if K is a nonempty closed convex subset of a real Banach
space F and T : K — K is an asymptoticaaly nonexpansive mapping, then
for every v € K, a,r,s,t,w € [0,1] and positive integer n , the operator
S = Starstwn) : . — K defined by

Sr=au+ (1 —a)T"(ru+ sz + tT"u + wT"z),n > 1
satisfies
|Sz—9Sy|| = (1—a)[|T"(ru+sz+tT"u+wT"z)=T" (ru+sy+tT"u+wT"y)||
< (1= a)k,||(ru+ sz +tT"u +wT"x) — (ru + sy + tT"u + wT™y)]||



nonexpansive mapping 829
< (1= a)(wky + skn)[lz — )|

for all 7,y € K. Thus, if (1—a)(wk2+sk,) < 1 the S is a contractive mapping,
then S has a unique fixed point z* € K. Thus there exists a unique z* € K
such that

r=au+ (1 —a)T"(ru+ sz* + tT"u + wI"z").

This implies that, if (1—a,,)(w, k2 +s,k,) < 1, the general composite modified

implicit iteration scheme (1.3) can be employed for the approximation of com-

mon fixed points of a finite family of asymptotically nonexpansive mappings.
New, we give some definitions and lemmas for our main results.

e Recall that E is said to satisfy Opial’s condition if, whenever {z,} is a

sequence in F which converges weakly to x € E, then

limsup ||z, — x| < limsup ||z, —y|, Yy € E z#y.

n—-+o0o n—-+0o

Let D be a closed subset of a real Banach space £ and T': D — D be a
mapping:
e T is said to be demi — closed at the origin if, for any sequence {z,} C D
which converges weakly to xy and {T'z,, } converges strongly to 0, then T'xy = 0.
e T issaid to be semi — compact if, for any bounded sequence {x,} C D with
lim, oo |2, — Tx,|| = 0, then there exists a subsequence {z,,} C {z,} such
that {x,, } converges strongly to z* € D.
e T is said to be asymptoticallynonexpansive if, there exists a real sequence
{kn} C [1,4+00) with lim,,_,« k, = 1 such that

|T"x — T"y|| < kullz —yl|l, Va,ye D,n>1.

e Let {Tz}f\i , are NV asymptotically nonexpansive mappings, it is easy to see
that, there exists real sequence {k,} C [1,+00) with lim, ., k, = 1 such that

T e — T y|| < kullz—y|, YVe,ye D,n>1,1=1,2,3--, N.

Where, real sequence {k, } is called the uni formly asymptotically nonexpansive
coef ficient of {T;},.

Lemma 1.1. % Let E be a uniformly convex Banach space, K be a
nonempty closed convex subset of £ and T : K — K be an asymptotically
nonexpansive mapping. Then [ — T is demi-closed at zero.

Lemma 1.2. “ Let {a,} and {b,} be two nonnegative sequences which
satisfying the following conditions:

400
ani1 < (14 by)a,, n > ny, an < +oo.

n=1

Then the limit lim,, ., , a,, exists.
Lemma 1.3. [ Let E be a uniformly convex Banach space and a, b be two
constants with 0 < a < b < 1. Suppose that {t,} C [a,b] is a real sequence
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and {z,}, {y.} are two sequence in E. Then the conditions

n—-+4oo
and
limsup ||z,|| < d, limsup ||y,|| < d,

n—-+o0o n—-+o0o

imply that lim, o ||©n — yn|| = 0, where d > 0 is a constant.

2. MAIN RESULTS

Theorem 2.1 Let E be a real uniformly convexr Banach space which satis-
fying Opial’s condition, K be a nonempty closed convex subset of E, {T;}X, :
K — K be N asymptotically nonexpansive mappings with nonempty com-
mon fized points set F'. Let {c,}, {rn}, {sn}, {tn}, {wn} be five real sequences
in [0,1] and {k,} be the uniformly asymptotically nonexpansive coefficient of
{T Y, satisfying the following conditions

(1) S 2 (ky, — 1) < +o0,

(i) there exists constants a,b such that 0 < a < a, <b< 1 and0 < a <r,

(iii) For any bounded sequence {z,} C K,

lim |77z, — Taal =0, i=1,2,3,- - N.

K
n—oo

Then there exists sufficient large positive ny, such that for any initial x,,, € K,
the general composite modified implicit iteration processes {xn}5e, 1 defined
by (1.3) converges weakly to a common fized point of {T;}N ;.

Proof Firstly, from the condition (i7) we know that, there exists sufficient
large positive ny such that, if n > n; then (1 — a,)(w, k% + s,k,) < 1, so that
(1.3) can be employed for the approximation of common fixed points of a finite
family of asymptotically nonexpansive mappings.

For any given p € F' and n > n;, we have

(2.1) [lyn =pll < lrn(zn-1—=p) + (20 —p) +tn(T} 201 — p) + wn (T, 20 —p)||
<l = pll + sullzn = pll + tal| Ty wn—1 — pll + wa|| Ty w0 — p|
< rpllzn-1 = pll + snllwn — pll + taknllzn-1 — pll + waknllzn — p|

< (1 F tokn)||2n—1 — pl| + (50 + wnky)||zn — 2|

In addition

|20 = pll = lan(zn—1 — p) + (1 = @) (T yn — p)||

(2.2) < apl|@n-1 = pll + (1 = o) | T3'yn — 1|

< amllzn-1 = pll + (1 = an)knlyn — pl|-

Substituting (2.1) into (2.2), we get

[2n—=pll < oml[2n—1=pll+ (L =0m)kn[(rn+takn) | 2n-1—pll+ (sn+wnkn) |20 —pl]

< [an+ (1 =an)kn(rn+takn)] |21 —pll+ (1 —an) k(s +wnkn) |2, —pl|.
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Which leads to
[1 - (1 - an)kn(sn + wnkn)] Hxn _pH < [an +(1— O‘n)kn(rn + tnkn)] ||.1Zn_1 —p”

Using the condition (ii) , if n sufficient large then 1 — (1 — av, )k (Sn + wpky) >
5 > 0, so that

[ -1 = pll

o — pll < an + (1 — ) (ry + taky)ky,

1 — (1= an)kn(sn + wpky)

(1 — ap)kn(sn + wpky) — 14+ ap + (1 — @) (1 + tokn)kn
1— (1= an)kn(sn + wyky)

(1 — ap)[kn(sn + wiky) + (ry + toky)ky — 1]

1 — (1= an)kn(sn + wpky)

kn(sn + wpky) + (rn + tokn )k, — 1

< [1+ Jllzn-1—pl

<[1+ zn-1 — pll

<N -
e e PR LG
14 Snk? + w, k2 + rpk? + t, k2 — 1]” H
Tpq —
- 1 — (1= an)kn(sn + wyky) 1-p
k2 -1 2
=1+ "—llzn —pl =1+ a(k‘i — D]||zn-1 — pl
2

Since condition (i) is equivalent to Y o (k2 — 1) < +oo , by lemmal.2 we
know the limit lim,, ., ||z, — p|| exists and so let

(2.3) lim ||z, —p|| = d.
Hence {z,} is bounded sequence. Therefore, it follows from (1) and (3) that
limsup ||y, — p|| < d,

which implies that
(24) limsup |y, — pl| < limsup ky ||yn — pl| < d.

From general composite implicit iteration scheme (1.3), we have

(25) T an(@ns —p) + (1 - 0)( Ty — p) = lim [l — pll = d.
By lemmal.3 and (2.3)(2.4)(2.5), we get

20 i 1175~ 1] = 0

Again, form the general composite modified implicit iteration scheme (1.3) and
(2.6), we have

lim ||z, — z,—1]] = lim (1 — @) || Ty — Tn-1]| = 0,
so, for any i = 1,2,3,---, N, that
(2.7) lim ||z, — Tyt = 0.

On the other hand
(2.8) N Tzn — 2ol < Mln — 2ol + 1T Y0 — Toal| + (1T Yn — Ty ||
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< l#n = zpall + 1 T7Yn — Tnall + kallyn — @nl|
= |20 — Tpall + 1T Yn — Tl + Eallyn — Toa || + Kpllzn — 201 |
= (1 +k)llzn — zocall + 1T Yn — oa | + Eallyn — 2ol
Now, we consider the third term on right of inequality (2.8), by the general
composite modified iteration scheme (1.3) we have

(2.9)  Nyn — Tonea|| = 1t T wn—1 + Wi L@y + $pxn — (1 — 1) Tpa ||
= [t T w1 + W, Ty, + Sy — (Sp + ty + Wy)Tp_1||
= [t T wn 1 — tyxn + w, T, — wpdy, + (Sp 4ty + wn) (T — Tpo1)||
< (s + tn + wo)||[2n — Tpa || + tal| T @01 — @0l| + wil| T e — 20|
< (sntta+wn)||lzn — o]l + | T o1 = T wn| 4+ (tn +wn) (| 17 0 — 4|
< (s + tn + wn)||lzn — Tpoa || + tkallzn—r — @all + (fn + wi) [ 1720 — @0
< (8 + tn + Wy + tokn)||Tn — Tn-1|] + (En + W) || TR e, — x4
Substituting (2.9) into (2.8), we have
1T e — anll < (U4 ka)llzn = nall + 1T yn — 2]l + Enllyn — 20
< (I +ka)llzn = ol + 115y — 2nal
Fhn[(Sn + tn + Wy + tokn) |2 — Tpo1 || + (tn + W) || T s — T40]]-
By removing the terms of above inequality, we get
(2.10)  [1 = kn(tn + w )T 20 — 2ol < M2y — 0| + [|17Y0 — ol

where M > 14k, + kn (8, + t,, + w, + t,ky,) is a constant. From the condition
(4i) we know that, if n sufficient large then 1 — k,(t, + wy) > § > 0, hence, it
follows from (2.6)(2.7) and (2.10) that

(2.11) nh—{EO |17z, — x| = 0.
Therefore, we have
(2.12) | Thzn — 2ul| < 20 — Tz || + | T3 20 — Toz,|
< @y — Tan|l + leTr?ilxn — T |
<@y — Tranll + leTg_lxn — T || + kil Ty — 2|
< @y = Traa|| + leTr?ilxn - TﬁfllenH
+|‘T£:11xn - T:;:llxnle + lengllxnfl — Tpoa || + krl|wn1 — 2|
< lwn = Twall + k|| T3~ — Ty ||
Hh | TS w1 = @l + (kat + K [J2n-1 — 2.
Therefore, combining (2.7)(2.11)(2.12) and condition (iii), we obtain
(2.13) nh_)rgo | Thzy — x| = 0.
Because for any ¢+ = 1,2,3,-- -, N, we also have
[2n = Torinll < lzn = ngill + (|04 — Toi®nsill + | Tosi®ngs — Dol

<N #n = Togill + [|Tnpi — TogiTnrill + kil g — a)-
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Thus, it follows from (2.7) and (2.13) that
hm HTTL+Z'Tn — an = O’ 7/ — 1’2,3’ .. .’N'

Because T, = T}, m0an, it is easy to see, for any [ = 1,2,3,---, N, that
(2.14) 1ir+n | Tz, — x| = 0.

Since E is uniformly convex, every bounded subset of E is weakly compact,
so that there exists a subsequence {z,, } of bounded sequence {z,} such that
{xn, } converges weakly to a point ¢ € K. Therefore, it follows from (2.14)
that

(2.15) B [Ty, =2, =0, VI=1,2,3,++ N

By lemmal.1, we know I — T} is demi-closed, it is esay to see that ¢ € F(T;) ,
so that ¢ € F = (I, F(T}), where F(T;) denote the fixed points set of 7.

Finally, we prove that the sequence {z,} converges weakly to ¢. In fact,
suppose this is not true, then there must exists a subsequence {z,,} C {z,}
such that {x,,} converges weakly to another ¢; € K, ¢; # ¢. Then, by the
same method given above, we can also prove that ¢, € F = (I, F(T}).

Because, we have proved that, for any p € F, the limit lim, ., ||z, — p||
exists. Then we can let

lim ||z, —ql| =di, lim ||z, —q = dy,
n—oo n—oo
by Opial’s condition of F, we have

di = limsup ||z, — || < limsup [[z,, — q1]| = da,

= limsup ||z, — 1| <limsup [lzy, — gl = di.
J—00 J—00
This is a contradiction, hence ¢ = ¢;. This implies that {z,,} converges weakly
to a common fixed point ¢ of {T;}1¥,, this completes the proof.

From the proof of theorem2.1, we give the following strong convergence
theorem:

Theorem 2.2 Let E be a real uniformly convexr Banach space , K be a
nonempty closed conver subset of E, {T;}Y, : K — K be N asymptotically
nonexpansive mappings with nonempty common fized points set F', and at least
there exists an T;,1 <1 < N is semi-compact. Let {c,}, {rn}, {sn}, {ta}, {wn}
be five real sequences in [0, 1] and {k,} be the uniformly asymptotically nonez-
pansive coefficient of {T;}Y., satisfying the following conditions

(i) :g(kn —1) < 400,

(i) there exists constants a,b such that 0 < a < a, <b <1 and0 < a <7y,

(iii) For any bounded subset C C K, the limit

lim | 7]z — T} 2| =0, 1 =1,2,3,-- -\ N

holds uniformly for all x € C. Then there exists sufficient large positive nq,
such that for any initial x,, € K, the general composite modified implicit
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iteration processes {x, Yoo, o defined by (1.3) converges strongly to a common
fized point of {T;}N,.

Proof From the proof of theorem2.1, we know that there exists subsequence
{zn,} C {x,} such that {z,,} converges weakly to some ¢ € K and satisfies
(2.15). By the semi-compactness of T}, there exists a subsequence of {z,, } (we
denote it still by {x,, }) such that

lim [|z,, —¢|| = 0.
n—oo
Because the limit lim,, . ||z, — ¢|| exists, thus we get
lim ||z, —¢|| = 0.
n—oo

This completes the proof.

Remark If r, = 1, the general composite modified implicit iteration
scheme (1.3) become modified Mann iteration scheme, so from therom2.1 and
theorem2.2, we obtain the convergence theorems of modified Mann iteration
scheme. If s, = 1, the general composite modified implicit iteration scheme
(1.3) become implicit iteration scheme of Xu and Ori, so from therom2.1 and
theorem2.2, we obtain the convergence theorems of implicit iteration scheme.
If s, +w, = 0, the general composite modified implicit iteration scheme (1.3)
become modified Ishikawa iteration scheme, so from therom2.1 and theorem?2.2,
we obtain the convergence theorems of modified Ishikawa iteration scheme. If
Sp +t, =0 or r, +1t, = 0, the general composite modified implicit iteration
scheme (1.3) become composite modified implicit iteration scheme, so from
therom2.1 and theorem2.2, we obtain the convergence theorems of composite
modified implicit iteration scheme.
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