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Abstract

Data envelopment analysis is widely applied approach for measuring the
relative efficiencies of a set of decision making units(DMUs) using var-
ious inputs to produce various output are limited to crisp data.In this
paper, the focus will be on the CCR model because the CCR model was
the original DEA model. All other models are extensions of the CCR
model obtained by either modifying the production possibility set of the
CCR model or adding slack variables in the objective function. How-
ever, in real-world problems inputs and outputs are often imprecise.This
paper develops DEA models using imprecise data represented by fuzzy
sets.By use of a ranking function we introduce the approach to solving
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the fuzzy CCR model (FCCR) and fuzzy DCCR model (FDCCR) with
fuzzy data.
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1 Introduction

One approach for measuring the relative efficiencies of decision making units

(DMUs) which consume multiple inputs to produce multiple outputs is data

envelopment analysis (DEA) developed by Charnes et al.(1978,1979).This ap-

proach is essentially the counterpart of the pare to optimality in economics

which states that a DMU is said to reduce the consumption of one input, an-

other input will necessarily be raised in producing the same amount of output,

or when it tries to raise the production of one output, another output will nec-

essarily be reduced in consuming the same amount of input (see, for example,

Ferguson and Gould,1975). To deal quantitatively with impression in decision

process, Bellman and Zadeh (1970) introduce the notion of fuzziness.In the

conventional DEA approach a set of weighs which satisfies a set of constraints

is selected to give the highest possible efficiency measure for each DMU. when

some observations are fuzzy the goal and constraints in the decision process

become fuzzy as well. since the DEA model is essentially a linear program, one

straightforward idea is to apply the existing fuzzy linear programming (FLP)

to the fuzzy DEA problems. In this paper we use a new method for fuzzy linear

programming to treat fuzzy DEA models.

2 Preliminarie

Definition 2.1. We represent an arbitrary fuzzy number by an ordered pair

of functions (u(r), u(r)), 0 ≤ r ≤ 1, which satisfy the following requirements:

• u(r) is a bounded left continuous nondecreasing function over [0,1].

• u(r) is a bounded left continuous nonincreasing function over [0,1].
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• u(r) and u(r) are right continuous in 0

• u(r) ≤ u(r) ,0 ≤ r ≤ 1.

A crisp number α is simply represented by u(r) = u(r) = α, 0 ≤ r ≤ 1.

Theorem 2.1. for arbitrary fuzzy numbers x = (x, x), y = (y, y) and real

number k,

1. x = y if and only if x(r) = y(r) and x(r) = y(r).

2. x + y = (x(r) + y(r), x(r) + y(r)).

3.

kx =

⎧⎨
⎩

(kx, kx), k ≥ 0

(kx, kx), k < 0
(2.1)

Definition 2.2. The suport of a fuzzy set Ã is a set of elements in X for

which μÃ(x)is positive.

Definition 2.3. A convex fuzzy set Ã on � is a fuzzy number if the following

conditions hold:

• Its membership function is piecewise continuous.

• There exist three intervals [a, b], [b, c] and [c, d] such that μÃ(x) is in-

creasing on [a, b], equal to 1 on [b, c], decreasing on [c, d] and equal to 0

elsewhere.

Remark 2.1. In the above defintion, we say interval [b, c] is the modal set of

fuzzy number Ã .

Definition 2.4. Let Ã = (am, au, al) denote the triangular fuzzy number, where

[al, au] is the suport of Ã and am its modal set.

Remark 2.2. We denote the set of all trapezoidal fuzzy numbers by F (�). we

obtain a triangular fuzzy number, and we show it with:

ã = (a(r), a(r)) = ((am − al)r + al, (am − au)r + au)
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2.1 Ranking functions and Fuzzy linear programing prob-

lems

Several methods for solving fuzzy linear programing problems can be Fang

(1999),Lai and Hwang (1992),Maleki et al (2000).one of the most convenient

of these methods is based on the concept of comparison of fuzzy numbers by

use of ranking functions.In fact,an efficient approach for ordering the elements

of F (�) is to define a ranking function τ : F (�) → � which maps each fuzzy

number into the line, where a natural order exists. We define orders on F (�)

by

1. ã � b̃ if and only if τ(ã) ≥ τ(b̃).

2. ã � b̃ if and only if τ(ã) > τ(b̃).

3. ã � b̃ if and only if τ(ã) = τ(b̃).

where ã and b̃ are in F (�).

The following lemma is now immediate.

Lemma 2.1. Let τ be any linear ranking function.Then

1. ã � b̃ iff ã − b̃ � 0 iff −b̃ � −ã.

2. ã � b̃ and c̃ � d̃ iff ã + c̃ � b̃ + d̃.

We restrict our attention to linear ranking function, that is, a ranking function

τ such that

τ(kã + b̃) = kτ(ã) + τ(b̃)

for any ã and b̃ belonging to τ(�) and any k ∈ �.

Here, we introduce a linear ranking function that is similar to the ranking func-

tion adopted by Maleki (FJMS)(2002). For a fuzzy number ã = (a(r), a(r)),we

use ranking function as follows:

τ(ã) = 1/2

∫ 1

0

(a(r) + a(r))dr. (2.2)
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This reduces to

τ(ã) = 1/2(am + 1/2(al + au)). (2.3)

Then, for triangular fuzzy numbers ã == (am, au, al) and b̃ = (bm, bu, bl),we

have

[ã � b̃] ⇐⇒ [(am + 1/2(al + au)) ≥ (bm + 1/2(bl + au))]. (2.4)

Authors who use ranking function for comparison of fuzzy linear programming

problems usually define a crisp model which is equivalent to the Fuzzy linear

programing problem and then use optimal solution of this model as the optimal

solution of fuzzy linear programming problems. We now define fuzzy linear

programming problems and the corresponding crisp model.

Definition 2.5. A fuzzy linear programing problem (FLP) is defined as fol-

lows:

min z̃ � c̃x

s.t. Ãx � b̃

x ≥ 0,

(2.5)

where ”�” and ”�” mean equality and inequality with respect to the ranking

function τ , Ã = [ãij ]m×n, c̃ = (c̃1, ..., c̃n),

b̃ = (b̃1, ..., b̃m)T ,x = (x1, ..., xn), and ãij , b̃i, c̃j ∈ F (�) and xj ∈ � for i =

1, ..., m; j = 1, ..., n.

Definition 2.6. Any x which satisfies the set of constraints of (FLP)is called

afeasible solution. Let S̃ be the set of all feasible solution of (FLP).We say

that x∗ ∈ S̃ is an optimal feasible solution for FLP iff c̃x∗ � c̃x for all X ∈ S̃.

Definition 2.7. We say that the real number a corresponds to the fuzzy num-

ber ã, with respect to a given linear ranking function τ , if a = τ(ã).

However the following theorem shows that any FLP can be reduced to a linear

programing problem.

Theorem 2.2. The following linear programing problem (LP) and the FLP

in (2.5) are equivalent:
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min z = cx

s.t. Ax ≥ b

x ≥ 0,

(2.6)

where aij , bi, cj are real numbers corresponding to the fuzzy numbers ãij , b̃i, c̃j

with respect to a given linear ranking function τ , respectively.

Proof:By considerate the ranking function and definition (2.6) it is to see that

every optimal feasible solution of FLP(2.6) is an optimal feasible solution of

LP(2.7), on the other hand, every optimal feasible solution of LP(2.7) is an

optimal feasible solution of FLP(2.6).

Remark 2.3. The above theorem shows that the sets of all feasible solutions

of FLP and LP are the same. Also if x̄is an optimal solution for FLP, then x̄

is an optimal solution for LP.

Corollary 2.1. If problem LP does not have a optimal solution then FLP does

not have a optimal solution either.

Similar to the duality theory in linear programing (see for example,Bazaraa

et al.), for every FLP, there is an associated problem which satisfies some

important properties.

For the FLP

min c̃x

s.t. Ãx � b̃

x ≥ 0,

(2.7)

define the dual fuzzy linear programming problem (DFLP)as

max wb̃

s.t. wÃ � c̃

w ≥ 0,

(2.8)

Theorem 2.3. (Fundamental theorem of duality). For any FLP and its cor-

responding DFLP, exactly one of the following statements is true.

1. Both have optimal solutions x∗ and w∗ with c̃x∗ � w∗b̃.

2. One problem has unbounded objective value, in witch case the other in-

feasible.

3. Both problems are infeasible.
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3 DEA and fuzzy DEA models

The most frequently used DEA model is the CCR model, name after Charnes,

Cooper and Rhodes (1978). Suppose that there are n DMUs, each of which

consumers the same type of inputs and produces the same type of outputs. Let

m be the number of inputs and let r be the number of outputs.All inputs and

outputs are assumed to be nonnegative, but at least one input and one output

are positive. The following notation will be used throughout this paper.

Notation

• DMUj is the jth DMU.

• DMUo is the target DMU.

• Xj ∈ Rm×1 is the column vector of inputs consumed by DMUj .

• Xo ∈ Rm×1 is the column vector of inputs consumed by DMUo.

• X ∈ Rm×n is the matrix of inputs of all DMUs.

• Yj ∈ Rs×1 is the column vector of outputs consumed by DMUj .

• Yo ∈ Rs×1 is the column vector of outputs consumed by DMUo.

• Y ∈ Rs×n is the matrix of outputs of all DMUs.

• λ = (λj)n×1, λ ∈ Rn is the column vector of a linear combination of n

DMUs.

• θ is the objective value (efficiency) of the CCR model.

• V ∈ Rm×1 is the column vector of input weights.

• U ∈ Rs×1 is the column vector of output weights.

In the CCR model, the multiple input and multiple output of each DMU are

aggregated into a single virtual input and a single virtual output, respectively.

The CCR model and its dual are formulated as the following linear program-

ming models:

(CCR)
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max
s∑

r=1

uryro

s.t.
m∑

i=1

vixio = 1;

s∑
r=1

uryrj −
m∑

i=1

vixij ≤ 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.9)

(DCCR)

Min θ

s.t.

n∑
j=1

λjxij ≤ θxio, i=1,...,m

n∑
j=1

λjyrj ≥ yro, r=1,...,s

λj ≥ 0, j=1,...,n

(3.10)

From the dualty theorem of linear programming, the optimal objective values

of the CCR and DCCR model are equal. Let θ∗ be the optimal objective value

(efficiency value). Using the constraints
∑m

i=1 vixio = 1 and
∑s

r=1 uryrj −∑m
i=1 vixij ≤ 0 in (CCR),an efficiency value θ∗ of the target DMU falls in

the rann of (0,1]. To determine which DMUs are efficient, we introduce the

definition of Pareto-Koopmans efficiency (1978,1985) as follws:

Definition 3.1. (Pareto-Koopmans Efficiecy).A DMU is fully efficient if and

only if it is impossible to improve any input or output without worsening some

other input or outputs.

From definition, at the optimal solution,the DMUo with θ∗ = 1 may not

be Pareto-Koopman efficient if it is possible to make additional improve-

ment(lower input or higher output) without worsening any other input or

output.Therefore, we introduce vectors of input excesses and output shortfall

as follows:

S− = θXo − Xλ,

S+ = Y λ − Yo
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where S− ≥ 0,S+ ≥ 0 are defined as slack vector for any feasible solution (θ, λ)

of the DCCR model.Then a DMU is Pareto-Koopman efficient if θ∗ = 1 and

all opimal slack values are zroe.

For the CCR model, Pareto-Koopmans efficiency. A DMU with θ∗ = 1 but

with an excess in inputs and/or a shortage in outputs is ”technically” efficient

but is ”mix” inefficient owing to the fact that there are some inputs or outputs

that can be improved.

In addition to the CCR model, other well-known DEA models include the

”BCC” model, named after Banker, Charnes and Coopers (1984), the ”addi-

tive” model, the ”free disposal hull” (FDH) model, and ”slack-based measure

of efficiency” (SBM) model.

In this paper, the focus will be on the CCR model because the CCR model

was the original DEA model. All other models are extensions of the CCR

model obtained by either modifying the production possibility set of the CCR

model or adding slack variables in the objective function. Hence, an approach

developed for solving the CCR model can be adapted for other DEA models.

3.1 Data envelopment analysis with fuzzy data

In recent years, fuzzy set theory has been proposed as a way to quantify

imprecise and vague data in DEA models. fuzzy DEA models take the form

of fuzzy linear programming model. The CCR model with fuzzy coefficients

and its dual are formulated as the following linear programming models:

(FCCR)

max

s∑
r=1

urỹro

s.t.
m∑

i=1

vix̃io � 1;

s∑
r=1

urỹrj −
m∑

i=1

vix̃ij � 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.11)

(FDCCR)
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Min θ

s.t.

n∑
j=1

λjx̃ij � θx̃io, i=1,...,m

n∑
j=1

λj ỹrj � ỹro, r=1,...,s

λj ≥ 0, j=1,...,n

(3.12)

where X̃o is the column vector of fuzzy inputs consumed by the target DMU

(DMUo), X̃ is the matrix of fuzzy inputs of all DMUs, Ỹo is the column vector

of fuzzy outputs consumed by the target DMU (DMUo), Ỹ is the matrix of

fuzzy outputs of all DMUs.

The fuzzy CCR models cannot be solved by a standard LP solver like a crisp

CCR model because coefficients in the fuzzy CCR model are fuzzy sets. With

the fuzzy inputs and fuzzy outputs, the optimality conditions for the crisp

DEA model need to be clarified and generalized. The few papers that have

been published on solving fuzzy DEA problems can be categorized into four dis-

tinct approaches: tolerance approach, defuzzification approach, α-level based

approach, and fuzzy ranking approach.

In the next sections we present a new possibility approach to solving fuzzy

DEA models.This approach applies the ranking function (3.2) to solve the

above FCCR and FDCCR.

Theorem 3.1. The following linear programing problem (CCR) and the FCCR

are equivalent:

(FCCR)

max

s∑
r=1

urỹro

s.t.

m∑
i=1

vix̃io � 1;

s∑
r=1

urỹrj −
m∑

i=1

vix̃ij � 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.13)
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(CCR)

max

s∑
r=1

uryro

s.t.

m∑
i=1

vixio = 1;

s∑
r=1

uryrj −
m∑

i=1

vixij ≤ 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.14)

where xij , yrj are real numbers corresponding to the fuzzy numbers x̃ij , ỹrj with

respect to a given linear ranking function τ , respectively.

Proof:By considerate the ranking function and definition (2.6) it is to see

that every optimal feasible solution of FCCR is an optimal feasible solution of

CCR, on the other hand, every optimal feasible solution of CCR is an optimal

feasible solution of FCCR.

Theorem 3.2. The above theorem shows that the sets of all feasible solutions

of FCCR and CCR are the same. Also if (Ū , V̄ )is an optimal solution for

FCCR, then (Ū , V̄ ) is an optimal solution for CCR.

Theorem 3.3. If problem CCR does not have a optimal solution then FCCR

does not have a optimal solution either.

Similar to the duality theory in linear programing (see for example,Bazaraa

et al.),for every FCCR, there is an associated problem which satisfies some

important properties.

For the (FCCR)

max
s∑

r=1

urỹro

s.t.

m∑
i=1

vix̃io � 1;

s∑
r=1

urỹrj −
m∑

i=1

vix̃ij � 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.15)

define the dual fuzzy linear programing problem (FDCCR)as
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Min θ

s.t.
n∑

j=1

λjx̃ij � θx̃io, i=1,...,m

n∑
j=1

λj ỹrj � ỹro, r=1,...,s

λj ≥ 0, j=1,...,n

(3.16)

Theorem 3.4. (Fundamental theorem of duality). For any FCCR and its

corresponding FDCCR, exactly one of the following statements is true.

1. Both have optimal solutions (U∗, V ∗) and θ∗ with V ∗T Ỹo � θ∗.

2. If one problem is unbounded then the other must be infeasible.

3. Both problems are infeasible.

Theorem 3.5. Let (U∗, V ∗) be an optimal solution for FCCR then there exists

at least one binding constraint such as
∑s

r=1 u∗
r ỹrj −

∑m
i=1 v∗

i x̃ij � 0.

Proof:Consider FCCR model:

max
s∑

r=1

urỹro

s.t.

m∑
i=1

vix̃io � 1;

s∑
r=1

urỹrj −
m∑

i=1

vix̃ij � 0 j=1,...,n

ur, vi ≥ 0, r=1,...,s, i=1,...,m

(3.17)

When we have (
∑s

r=1 u∗
r ỹrj −

∑m
i=1 v∗

i x̃ij ≺ 0; j = 1, ..., n) then (
∑s

r=1 u∗
ryrj −∑m

i=1 v∗
i xij < 0; j = 1, ..., n) where xij , yrj are real numbers corresponding to

the fuzzy numbers x̃ij , ỹrj with respect to a given linear ranking function τ ,

respectively and in CCR model equivalent to FCCR we have:∑s
r=1 u∗

ryrj −
∑m

i=1 v∗
i xij < 0; j = 1, ..., n with usual theorems in DEA it is not

true.
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4 Methodology and examples

We evaluate thirty branches of Tehran Social Security Insurance Organization

at this section.Each branch uses of four inputs in order to produce four outputs.

The labels of inputs and outputs are presented in under table.

Input Output

1 The number of personals The total number of insured persons

2 The total number of computers The number of insured persons’agreements

3 The area of the branch The total number of life-pension receivers

4 Administrative expenses The receipt total sum (Incom)

Table1.The labels of inputs and outputs.

The total dates are related to a chronological sections of 2003(A-D). The total

triangular Fuzzy dates has been viewed in tables (2).It is considered that ”M”

as number middle,”U” as number up and ”L” as number low.For example if

(Ĩ1 = (IM1, IU1, IL1) denote a triangular fuzzy number then we use ranking

function as follows:

τ(Ĩ1) = 1/2(IM1 + 1/2(IU1 + IL1)). (4.18)

After using of ranking function τ , the dates are given as crisp and then with

applying explained method on the essay the results are presented in the table

(4).
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Input 1 Input 2 Input 3 Input 4 Output 1 Output 2 Output 3 Output 4 θ∗

1 94.91 85 4000 89300200.67 56572.33 37.16 1332.41 169.16 0.79

2 77 93 2565 85025580 36798.25 13.33 8470.66 333.66 1.00

3 76.5 87 1500 911447170.8 35714.08 31.416 10820.58 229.83 0.86

4 92.91 93 1500 911447170.8 35714.08 31.41 10820.58 229.83 0.87

5 90.16 85.33 1680 92167454.92 53870.5 26.58 8105.08 326.75 0.95

6 102.66 97 3750 78966919.67 73430.16 12.66 8105.08 326.75 1.00

7 94.5 90.5 3313 79493485.17 45056.33 18.16 1648.08 141.5 1.00

8 86.16 92.41 1500 79493485.17 45056.33 18.16 1648.08 141.5 0.71

9 103.41 92 1600 153439927.2 86265.5 64.08 12114.16 178.16 1.00

10 102.5 96.16 1725 77960013.08 47131.25 24.41 6706.58 214.75 0.89

11 95 79 1920 100704537.3 40478.66 170 12114.16 178.16 1.00

12 77.83 91 4433 92118083.33 39597.75 20.66 7519.25 153.91 0.78

13 104.83 104.16 2500 88756293.75 57482.41 42.75 7611.83 274.583 0.91

14 88.25 95 2800 59769138.42 88940.75 35.58 645.5 108 1.00

15 81.33 93.66 1127 71782212.67 48592.91 22.41 7416.75 192.83 1.00

16 89 85.41 1127 71782212.67 48592.91 22.41 7416.75 192.83 1.00

17 91.5 104 3400 147562525.8 83533 19.83 4913.75 142 0.72

18 114.16 93.91 1304 79763145.5 83533 19.83 4913.75 142 1.00

19 96.41 98 4206 132489092.7 46484.66 16.58 1622.58 267.91 0.78

20 86.58 101 1340 83499803.42 29717.16 130.41 14642.16 277.25 1.00

21 113.41 123 2191 108737313.3 102586.75 39.91 2176.66 216.08 0.60

22 113.41 123 2191 108737313.3 102586.75 39.91 2176.66 216.08 1.00

23 79 100 2140 60940728.17 53218.83 58 10191.25 148.16 1.00

25 98.41 90 1960 93199199.67 73751.5 45.5 4415.5 251.33 1.00

26 74.83 84.5 3375 75652227.83 43513.83 23.58 596.16 300.08 1.00

27 104.41 102.25 2540 108386428.6 78861.16 37.25 9155.58 194.58 0.97

28 99.33 97.25 1603 476709469.2 72145.41 70.83 11176.58 167.41 0.98

29 73.16 79 2300 84387893.42 38500 22.33 1443.08 81.08 0.58

30 62564.25 92 2930 80225938.08 63917.41 22.16 11378.41 259.75 1.00

Table 4. The crisp data for 30 branches of Insurance Organization.

the θ∗ of all DMUs are denoted in the last column of table (4). As it is

apparent in above table, we see the efficient in 16 branches and the inefficient

in remained 14 branches. It is viewed the most inefficient in the branch 29.

5 Conclusion

The purpose of this study was to develop the DAE models to DMUs with

fuzzy data that since the level of inputs and outputs for DMUo are not know

exactly, we respect to a given linear ranking function then, in this cases, the

DAE models solve when inputs and outputs data are fuzzy , we try to use a

fuzzy linear programing method to approach for efficiency measures by Fuzzy

linear programing and applied to a numerical example.
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