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Abstract. In an earlier paper [1], the present author (along with D.K. Ganguly)
has shown that given any non-measurable (in the sense of Lebesgue) subset of the
real line R, these exists a class (E) of measurable sets of positive measures such

that MNE is again non-measurable for every E<(E). In the same paper, they have
also presented a Baire-category analogue of the same result. The purpose of the
paper is to extend both these results in more general settings.
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INTRODUCTION

The following is an well-known result of classical measure theory [2] :

There exists a set M (cP) such that for every Lebesgue measurable set E,
m«(MnE)=0 whereas m (MnE)=m(E), where m«(resp.m’) are the inner
(resp.outer) Lebesgue measure and m is the Lebesgue measure in P.

As an easy consequence of the above result, it follows that the set M is
non-measurable such that MnE is also non-measurable for every Lebesgue
measurable set E with m(E) > 0.

In an earlier paper, done with D.K. Ganguly, the present author has shown
that the above result can also be proved in such a manner so as to make it
applicable for every non-measurable subset of P. The statement of the result is as
follows :-
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*) Given any non-measurable subset M of the real line P, there is a
corresponding class (E) of measurable sets of positive Lebesgue measure (having
cardinality same as that of the later) such that MnE is again non-measurable for
every E € (E).

A set E (cP) is said to have the property of Baire if A = GAP, where G is
open and P is a set of first category (A representing symmetric difference). [3].

In the same paper referred to in the above, the authors have also proved the
following Baire category analogue of the above result :-

(**)  Given any non-Baire subset B of the real line P, there is a corresponding
class (E) of second category sets having Baire-property (having cardinality same
as that of the later) such that BNE is again non-Baire for every E e (E).

Now the property of P being a second countable topological space plays an
effective role in proving the above two results. Topological spaces, let alone
metric spaces in general are not second countable and so it is natural to enquire
regarding the extendability of the above two results in such general settings.
However, second countability could be generalized with the aid of a notion called
‘measure zero cardinal’ which has earlier proved itself as being effective in
establishing the measure analogue of the well known Banach category theorem
and also in extending an well-known decomposition theorem expressing P as the
union of a measure zero set and a set of first category [3]. The present paper
serves to extend the above two results, the first one by the use of ‘measure-zero
cardinals’ and second one related non-Baire sets with the use of c-locally finite
base. The results are divided in two sections the first one dealing with non-
measurability.

THE RESULTS

81. Let X be a metric space having a base 8 and p* be the metric outer
measure on X with u*(X) < c. The outer measure u* is non-atomic provided p*
({x}) = 0 for any x in X. A subset of X is F; (resp. Gs) if it is the countable union
(resp. intersection) of closed (resp. open) sets. A cardinal is said to have measure
zero if every finite Borel measure defined for all subsets of a set of that cardinality
vanishes identically if it is zero for points [3]. Every cardinal less than the first
weakly inaccessible cardinal has measure zero and that (assuming continuum
hypothesis) only exceedingly large cardinals can fail to be of measure zero. In
fact, ¢ has measure zero (assuming continuum hypothesis) and evidently any
cardinal less than one of measure zero has measure zero.
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Our result states :-

THEOREM. If 3 in X has a measure zero cardinal, then for every non-p*-
measurable set M, there exists ¢ # « € B such that M n E is non-u*-measurable
for every E € M, With E D «

LEMMA (Montegomery) [3]. Let {G,; o € A} be an well-ordered family of open
sets in X, and for each o e A, let F, be a closed subset of
H,=G,\|J G,.ThenE=] isF

P<a ael

PROOF OF THE THEOREM. Let {U, ; a € A} be an well-ordering of 3 and

V,=U_\ U U,.We claim that there exists oo € A such that M N E ¢ M, for
P<a

every E ;)V%.

If possible, on the contrary, let for every o € A, these exists a set E,, (e
M,+) with E, © V,, such that M N E,, and therefore M NV, is in M. We set W, =
M NV, (o € A). Certainly than W, N Wp = ¢ (a0 # 3) and moreover M= U W, .

ael

Now as p* (X) < oo and p* is regular, therefore for each o € A, we can express
W, = Ky U Z, where K, is F; and p*(Z,) = 0. Again by the same reasoning as
given above, there exists a Gs-set H,, < V,, such that H, > Z, and u* (H,) = 0.

The set U K, is Fs by the above lemma. We now show that p*

aelA

(U Za].:o by showing that ,u*(U Ha]:O.

ael ael

Foreachoa € A, VyisFsandso V, = U F,.Wwhere F, is closed. But

n=1

then [ J H, = 0 (F,,nH,) :D U (F,,nH,) where each Fon N H,

aelA aeA n=l n=l aeA
isGs. Let T, ={J (F,,nH,)andEc A. Then | J (F,,nH,) being Borel
aelA acE

(which can be easily checked), the set function y(E) = y*[U (F,.n Ha)) is

acE
defined for all subsets E of A which is evidently a finite Borel measure and also
non-atomic. As @ possesses a measure zero cardinal, consequently, pu*(T,)=0 for

each n and therefore u*(U H“j = ,u*[U T”J =0. Thus M becomes the union
n=1

ael
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of an F, set and a set of u*-measure zero is u*-measurable — a contradiction. This
establishes our claim.

Now as it is obvious that {E € M~/ E2V, }o{E € Mx/ EDU, } the
theorem is proved upon setting U, =U and M~ (U)={E e M\~ [ED U }.

NOTE. Taking a look at the proof of the above theorem a little more closely, one
doesn’t fail to note that instead of choosing M~ (U ), we may also choose the
collection {E < X/ E o U } which is in fact larger and also endowed with a
filtered structure.

82. In a topological space X, a family R of subsets of X is termed as ‘locally
finite’ if every point in X has a neighbourhood which meets only a finite number

of members of R. It is called o (or countably) locally finite if R = U R, where
n=1

each R, in particular is a locally finite family. For any family R of subsets of X,

another family @ of subsets of X is said to be a refinement of R (or, sometimes is

also said to refine $R) if for each B in @, there is an element A of R containing the

set B. In particularly, @ is called an open refinement provided all the members of

@ are open sets.

The following result is an extension of the result proved in [1] in
connection with Baire property of sets.

THEOREM. If the topology of X possesses a c-locally finite basis, then for every
non-Baire set B, there exists ¢ = U which is open in X such that B n E is non-
Baire forevery E o U.

PROOF. Let {B, : a € A} be a o-locally finite basis corresponding to the
topology of X. We first show that if F, (< B,) for each o in A are sets of first

category, then sois | F,.

ael

Now F, (a0 € A) being sets of first category, we may write F, = U Fons
n=1

where F,, are nowhere dense sets in X. Also, as {3, : a € A} is o-locally finite,

['e]

®= (] ® where each 3, is locally finite by definition.

n=1
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Now, | J F, = | (Q Fa,nj=0 ( J Faan,so what we wish to show

ael aelA n n=1

above could be reached once we are able to establish that U {F,:B,e®} isa

a

set of first category for each n (e [).

But {Fa:Bae@n}:U {0 Fa’n:Bae@n}=O {U FM:Bae@n} We
a n=1

ael n=1 aeh

claim that U {Fe.n: By € B,} is nowhere dense for each n (e [).

Let G (# ¢) be open and x (e X). Then by definition of local finiteness,
there exists an open neighbourhood O of x which meets only a finite number of
B.’s sayB,, B .., B belonging to the family @&, Now

a, ! ay

F.nF., . F, being nowhere dense sets such that F, ' < B, , we may select

N «a

open sets O, (# ¢) such that O, (cGnO,), O, <O, (i < j)and 0,(F.. =0

Kk
(i=1,2 ..,k;j=12 ..,k.Weset 0= O, . Then O ( ¢) is open, O (<
i=1
k
G) and Oﬂ(U Fam]:¢ which proves the claim. Hence U{F, : B, € &} and

i=1

therefore U F, is a set of first category.

aelA

We now claim that there exists o (e A) such that B n E is non-Baire for
every E(2B,).

If possible, on the contrary, for every a € A, there exists a set E, (2 B)
such that BNE,, and therefore B m B, is a set with Baire-property. We may write
BnB,= (Go \ Py) U Qq Where G, is open, Py, Q. (< B,) are sets of first

category and (Go\Po)MQq = ¢. From what we have derived above U Q,isa

ael

set of first category. Moreover, as
{U G, \PH)\(J 6, \U Pa)}gU (U Pa\Pﬂj which is a set of first
ael aelh aelh PeA ael

category, it followsthatB=B N X = U (B m B,) becomes a set having Baire-

aeA



2118 S. Basu

property which contradicts our choice of the set B. This finally proves the
theorem.

NOTE. It is interesting to note that although in theorem 1 (dealing with non-
measurable sets) we needed an well-ordering of the basis 3, no such requirement
Is essential in proving theorem 2 (dealing with non-Baire sets).
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