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Abstract

In this paper, we consider the following unidimensional nonlinear
parabolic problem

9 = (Jug|P~2ug)s + f(u) on (—L,L) x RY,
(P)Q u(£L,t) =0 on RT,
u(z,0) = up(z) on|—L,L|.

We begin by describing the set E(L) of nonnegative equilibrium solu-
tions to the motivating example, which consists of problem (P) with
the special choice f(u) = u(l — u)(u — a) and 0 < a < 3. This will
be followed by the study of existence, uniqueness and stabilization of
solutions to problem (P) when f is a general function satisfying suitable
assumptions. Finally, we show, in part of application, the stability of

the trivial solution and of a large positive equilibrium solution.

1 Introduction

The aim of this paper is the study of the large time behaviour of nonnegative
solutions to the initial boundary value problem

% = (‘ux’p_qu)ac + f(u) on (_L7L> X R+7
(P)u(+L,t)=0 on R,
u(z,0) = up(x) on]—L, L.

where p > 1, f is locally lipschitz continuous with f(0) = 0 and wug is bounded.
This kind of problems arise in many fields of science: Non-newtonian fluid
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mechanics, gas or fluid flow in porous media, spread of certain biological pop-
ulations,...

We primarily focus our study on a motivating example, which consists of prob-
lem (P) with the special choice

1

fu) =u(l —u)(u—a) where 0<a< o

We base our analysis on properties of the time-map related to the elliptic

problem associated with problem (P) in this case, in order to obtain char-

acterization of nonnegative equilibrium solutions and thus describe in detail
their set £ = FE(L) that we can write as

E(L) = E*(L) U{0},

since v = 0 is a trivial solution. According, we shall show here the following
results.

If p €]1, 2], there is one critical parameter value L, > 0, such that

i) EX(L)=0forall 0 < L < L,
i) E*(L,) consists of one isolated positive solution,

iii) for all L > L,, E*(L) consists of two isolated positive solutions
noted respectively s = s(L) and ¢ = ¢(L) with s < qon (=L, L).

If p €]2, +-00|, there exist tree critical values of L: 0 < L, < L, < L
and such that

i) EX(L)=0forall 0 < L < L,
i) E*(L,) consists of one isolated positive solution,

iii) £*(L) consists of tow isolated positive solutions noted respectively
s and ¢ with s < g on (=L, L) for L, < L < L,,

iv) for L > L, N a positive integer, and NL, < L < (N + 1)L,
E*(L) consists of one isolated positive solution ¢ and N j-parameter
families S;(L), j = 1,..., N of nonnegative solutions for L} < L <
LY, however, for L > LY it contains only Nj-parameter families
S;(L), 7 =1,...,N of nonnegative solutions.

Our work extends interesting results obtained by D.Aronson, M.G.Crandall
and L.Peletier in 2], where the study of the set of equilibrium solutions E(L)
extends the one done by Smoller and Wasserman in [13], and determinate it
for problem (P) with a cubic nonlinearity f when the elliptic term is of the
form (u™),, with m > 1, instead of (|ug|P™%uy)s,-

In our study of E(L), we distinguish two cases according top > 2or 1 < p < 2.
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In the case where p > 2, we show that Lg < 400 and that the set of equilib-
rium solutions is the same as in the study done in 2] even if their parameter
LY is infinite. In contrast, when 1 < p < 2, Our set E(L) is characterized
by similar elements to those found by smoller and wasserman in [13] for the
operator Ug,.

On the other hand, the detailed description of F(L) allows us to prove that
u(t,up) converges, as t tends to +oo, to a limit in E(L). More precisely, we
establish the stability of the trivial solution and of the large positive solution
¢, obtained in the first part, of the elliptic problem associated with problem
(P) by exhibiting suitable invariant set K C X, where X is a complete metric
space of functions, and K N E(L) is either {0} or {q(L)}.

These last stabilization results are obtained thanks to a general stabilization
theorem that we establish for the general problem (P), after proving various
basic existence, uniqueness, comparison and regularity theorems of problem
(P), and defining a complete metric space of functions in which orbits of prob-
lem (P) are precompact. Moreover, if 0 < up < 1 and u(t,up) is solution of
(P), then we show, by means of a Lyapunov function associated with (P) that
the w-limit set

w(ug) = {w € X, u(t,, up) — w inX, for some sequence (t,) with tn7H—o>ooo}
is contained in FE(L).

To this end, we shall follow the same approach used by Aronson, Grandall and
Pelletier in |2] for problem (P) when the elliptic term is of the form (u™),,.
Let us mention works [5] and [6] of A.El hachimi and F.De Thelin, where the
authors showed stabilization results for problem (P) when Q ¢ RY, N > 1;
their approach was based on the use of supersolutions of problem (P), they
also obtained that w(ug) C E(L) by using regularizing effects that they estab-
lished through their analysis.

This paper is organized as follows: we devote the second section to determi-
nate the set of equilibrium solutions of the motivating example. In section
III, we return our attention to the general case of (P) and establish existence,
uniqueness, comparison and stabilization theorems. Finally, section IV, con-
tains applications of precedent general results: we prove the stability of some
equilibrium solutions in the case of our motivating example.

2 Equilibrium solutions

We begin our analysis by establishing a characterization of equilibrium solu-
tions to problem (P) in the case where f is defined by

fu) =u(l —u)(u—a) with O<a<%.
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Definition 1. A function u : [—L, L] — R™ is called an equilibrium solution
of problem (P) when it is a classical solution of the following problem

g@{xﬁgzggaﬂw:o on (~L, L),

It is clear that u = 0 is a trivial solution of problem (P,). We shall show
below that, in this case, problem (P) possesses nontrivial solutions obtained
under some conditions on L > 0.

2.1 A characterization of equilibrium solutions
We set

F(s)z/osf(t)dt and A, (u) = (]%);/OH (F(3) fUF(U»;,

we have the following

Proposition 1. u is a positive solution of problem (P.) if and only if
—1 " d

(=) Yl for <L
P ) (Fu) = F(v)

where 1 € (a,1) and L € RY are related by A\,() = L and « is the unique
root of Fin (a,1).

B =

RS

Proof. Let us consider the following problem

o [ =2ty + £a) =,
“”{wo:ummo:a

with £ € (=L, L) and p € RT.

We shall seek conditions on £ that allow problem (P*) to be equivalent to (FP,)
in the sens that a solution of (P) is also a solution of (P.); since, for a positive
solution u of problem (FP,), there exists £ € (—L, L) such that «/({) = 0 and
0 < u(z) < u(€), for all x € (=L, L).ie. there exist & and p for which u is a
solution of (P)).

Conversely, let u be a solution of (P)).

In the case where p = 1, the unique solution of (Pf) is u = 1, since f is a
locally lipschitzian function satisfying f(1) = 0.

For 1o > 1, it is clear that solution of (P7) is convex on its domain of definition
since we have f(u) < 0 for u > 1.
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Consequently, there is no solution of problem (P) satisfying the boundary
condition u(£L) = 0, when p > 1.

Hence, we consider p € (0,1).

Next, multiplying the equation of problem (P*) by ' gives

(') + flupd =0,

So, for u < p, we get

This last equation has a sense provided that F'(u) — F(u) > 0.

First, it is easy to see that F' is nonincreasing on (0,a) and that there exists
a unique «a € (a,1) such that F(a) =0, F(z) > 0 on (o, 1) and F(z) < 0 on
(a, ).

Arguing as in 2], page 1004, we obtain

(%)i/j (F(u) iUF(U)); = |z = ¢, for a<p<l. (2.1)

Remark 1. The singularity at v = p in (2.1) is integrable for p > 1 since

i F ) = F(v)
v— U u — U

= f(u) >0,

which implies that F(u) — F(v) > M(u — v) for some M >0 and v near .

Remark 2. The integrand in (2.1) can be extended down to u =0 as follows

3 |

Ap(p) = (%) ’ /0# 00 fUF(v)) : for a<p<l. (2.2)

=

Indeed, for any v € (0,u) we have F(u) — F(v) > 0, and so (2.2) is well
defined.

Now, if u is a solution of (P,), we have u(+L) = 0, then

Ap(p) = |L = €[ = [L+¢],

which implies that £ = 0, and so,

(%)p /uu (F() iUF@)); = |zl, for |z| < L.

This ends the proof of proposition 2. O
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Lemma 1. \,(a) < 400 if and only if p > 2.

Proof. Since
Flv)—-F
L F(v) ~ Fla)
v—a U —
there exists 6 > 0 and M > 0 such that

= fla) >0,

F(a) — F(v) > M(a —v), Yo € (a— 9, a).

Thus,

/04 dv < 400 for p>1.
=8 (F(a) — F(v))

On the other hand, since

B =

i FO=F®) __£0)
v—07t —V 2

there exist € > 0, m; < 0 and my < 0 such that

F)-F
my < % < Mo, Yo € (0,¢).
Hence,
_1 [“dv ¢ dv 1 [“dv
(=ma) "/ —5 = / T<(—m2)r | .
0 vr o (F(0)— F(v))» 0 vr
So,
/ dv T < +00 if and only if p > 2.
0 (F(0) = F(v))»
Consequently

Ap(@r) < +00 if and only if p > 2.
[l

In the next, we shall give conditions on L in order to obtain the existence
of a positive solution for problem (P,).
We shall begin by proving some properties of the associated time-map.

2.2 properties of the time-map
Proposition 2. We have the following properties of A,
(i) Ap € C((e, 1)), for any p > 1,

(i1) A, is continuous at o for any p > 2,
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(ii1) lirr%)\p(u) < o0 if and only if p > 2,
n—
(ZU) }LILI}Y)‘;)(/'O = =00, fO’I’ any p > L,
(v) lin%)\;(,u) = 400 for any p > 1.
n—

Proof. (i)Define

H dv
= | e F

which becomes by the change of variables 7 = %, as Ay () = pGp(p), where

! dv
G,(1) = .
W=}, o re

One can easily verify that the function G, is derivable on (o, 1) and that

/ L (Y flu)—7f(rp
Gy = [ =TI gy
PJo (F(p) = F(rpp))
Hence, it is straightforward that A, € C'((a, 1)).
(11)By lemma 1, it suffices to show that lim A\, () = Ap(«) for p > 2, to obtain
p—a
(ii).

Indeed, we can write

Ap(p) = Li(p) + Ia(p),

where

@ dv #
I“”_A<ﬂm—Fmﬁ e I””_L<ﬂm—F@ﬁ'

It is straightforward that

p—o

On the other hand, for v € [0, a] we have,
1 1
T < T
(F(p) = F(v))r  (=F(v))r

By lemma 1, the second part function of the inequality is integrable only for
p > 2. Hence

lim7y () = Ap(a) forany p> 2.
p—a
(iii) We have
. 1 1
lim =

BU () — Flrp))r (F(1) = F(r))7
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and
! dr ) '
/ T < +00 if and only if p > 2,
1—e (F(l) — F(T))p
then, we deduce (iii).
(iv)From
Ap(p) = pGp(p),
we have X " )
A () = _/ o) = Op(0) )
w0 Jo () — F())
where

Op(1) = pF (1) — puf (1)
Since 0,(a) = —af(a) < 0, there exists d, > 0 such that

— <0, Vi € [o, a4 6y).
On the other hand, 6,(0) = 0. Then there exists v, € (0, ) such that
0,(a
,0) ~ 6,0 <~ e o,y

So, for € [, + §,) and v € [0, ,] we get
Op(c)

0,(p) — 0,(v) < pT <0. (2.3)
e A () = () + Ja(p),
where
T e
and Jo(p) = piu /V: ( Fe(l;f;bi;fzg§f+;

Arguing as above, we can show that near u we have

b1t = Op(v)
(F(u) = F(v)"

c

LS

~ (n—v)

and so Jo(p) remains bounded as u — a.
Now, using (2.3), we obtain that

O,(c) [ dv
< o= Fo
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But for v < 7, < «, we have

1 1

llm 1 — 19
b= (Fp) — F)'5 (=F(0)'s

hence, in order to obtain (iv) it suffices to study the singularity of the function

UV — ﬁ near zZero.
(=F(v)) P
Near zero we have

< Mma.

So, by application of Fatou’s lemma we deduce that

) K dv
lim oI = +00.
rmedo (F(p) — F(v) e

Therefore

ilir(ll/\p(lu) = —O&0.

(v)Using the change of variables 7 = . We can write

x<>-1£1(%w»—@hm

T pde (F(u) - Flrp)'t
Moreover,
o) =) 8)(1) ~By(r)
=L (F () = F(rp) ™ (F(1) = F(r)"
and
yg%w =0,(1) > 0.

Hence, we deduce that, for some positive constant ¢, we have
c 0,(1) — 0,(7) c

oz < : : T 14+2°

L=7)"r  (FA)=F()"» A—7)">

Now, since

/1 Op(1) — 0,(7) _dr = +oo,
1—c (F(1) — F(7))"*»

/1 Op(1) — 0,(7)

1
1 (F(1) = F(7))""
and so, by application of Fatou’s lemma, we get

we have

T = +00,

E_.H}AP(“) = +00.
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I.ADDOU obtained in |7] more properties of A,. We shall recall the follow-
ing one, which will be used near.

Proposition 3. For any p > 1, we assume that

1

0,(n) <0 for all p € (0, z,)
with strict inequality in an open interval I, C (0, x,], and
Hg(u) >0  forall pexy,l).

Where x, is some point in (0,1) for which 9; changes sign.
Then, the time map A, admits a unique critical point; which is a minimum.

Proof. (See |5]). O

Remark 3. In order to interpret the results of proposition 2 and proposition
3 we translate them to the following graphs of A, as follows:

L L
g
1
LP
s | Ly
fat Fp 1 b= Hp 18
l<p=<2 p>2

This interpretation takes form in the following

Lemma 2. Let p, be the unique root of the equation \,(n) = L stated in
proposition 3 and L, = \,(11,). Then for all p € (1,2], we have A\,((a, 1)) =
[L,, +00) and

no solution, if 0 <L < Ly,
Ap(p) = L has { one solution, if L =L,,
two solutions noted juy (L) and p, (L), if L > Ly,

where u:j and i, are respectively the largest and the smallest solutions of
L= X(p)-
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Lemma 3. For p €]2,400), set L) = lirr%)\p(u), L, = \y(a) and suppose that
n—
LY > L. Then we have \p([a,1)) = [Ly, L) and

no solution, if 0 <L < Ly,
Ap(1t) = L has § one solution, if L =L, or L, <L <L)
two solutions noted (L) and p, (L), if L, <L <L,

Theorem 2.1. The set E*(L) of positive solutions of problem (P,) can be
characterized as follows: for any p > 1

- If 0 < L < L, there is no positive solution for problem (FP,).

-IfL=1L, (resp L =L, and L, < L < Lg), forp e (1,2] (resp p > 2),
problem (P.) admits one positive solution denoted by u(., 1,).

- If L > L, (resp L, < L < L), for p € (1,2](resp p > 2), problem (P.)
admits two positive solutions denoted by s(., L) = u(., ) and
q( L) = ul(, )

Remark 4. By proposition 2, A\, is a continuous function of u’s if and only if
p>2; sou(.,a) =u(.,pu, (L)) generates families of nonnegative solutions of
problem (P.) on intervals (=L, L) with L > L, for p > 2.

So that u(.,a) extended by 0 for L, < |z| < L is also solution of (P.) for
L > L; and so does the function defined by

v\, = .
0 if |z —h|> Lzl,;

provided that |h| < L — L), and p > 2.
More generally, let N be a positive integer and L satisfying L > NL;. For
each vector £ = (&1, ...,&Nn) such that

—L<&—L, G+ L, <&a—L,i=1..,N—1land & + L, < L; (2.4)

it is straightforward that the function

e [He—ga) i gl <L
v(x, &) = 0 if |$_§i|>L11?7 fori=1,...,N,

is a nonnegative solution of problem (P,).

Let Sy(L) denotes the collection of functions v(., ) where £ € RY satisfies
(2.4). We have the following
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Proposition 4. For p > 2 and L > L, we set

where N 1s the integral part of %
p
Then we have

E*(L) = {q(., L)} US(L).

Theorem 2.2. The set E(L) of positive solutions of (P.) is given by the fol-
lowing

e Forp €]1,2] we have

{0} for 0 <L <L,
E(L) = {0.q(., Ly)} for L =Ly,
{0,s(.,L),q(.,L)} for L, <L.

e Forp €2, +00) we have

{0} for 0 < L < Ly,
{0,¢(.,L,)} for L =1L,
{0,s(.,L),q(.,L)} for L, <L <Ly,
{0,q(.,L)}US(L) for L> L,

E(L) =

Remark 5. In our study of E(L), we distinguish two cases according to p > 2
orl <p<2.

In the first case where p > 2, we find that Lg < 400 and prove that the
set of equilibrium solutions is the same as the one obtained by D.Aronson,
M.G.Crandall and L.Peletier in [2] for p = 2. While in the case where
1 < p < 2, we show that the set E(L) is characterized by similar elements
to those found by smoller and Wasserman in [13] for the operator u,,.

3 general case

This part is devoted to the various basic, existence uniqueness continuous

dependence on initial data comparison and stabilization results concerning
problem (P).
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Throughout this section, we set Q2 = (=L, L) and Q; =  x [0, t].
Let us consider problem (P) defined by

% = (|um|p_2um)m + f(u) on (_L7L> x R*,
(P)Qu(£L,t) =0 on RT,
u(z,0) = up(x) on|—L,LJ,
and assume that the data f and wug satisfy the following assumptions

(Hy) f:R — Ris alocally lipschitzian function satisfying f(0) = f(1) = 0.
(Hy) ug € L®(Q) N W, P(Q) and 0 < ug < 1.

Definition 2. e By a solution u of problem (P) on [0,T] we mean a func-
tion satisfying the following properties:

(i) we C([0,T], L'(Q)) N L=(Qr) N L>(0,T, Wy (%)),

(”) fQ u(t)@(t) - f th uwpr — |ux|p72um90x = fQ u090<0) + f th f‘p;
for all ¢ € CY(Qr) such that ¢ >0 and p(£L,t) =0V t €[0,T].

e A solution on [0,00) means a solution on each [0,T], ¥V T > 0.

o A subsolution (supersolution) is defined by (i) and (it) with equality re-
placed by < (>).

3.1 Existence, uniqueness and continuous dependence for
problem (P)

Theorem 3.1. Assume that assumptions (Hy) and (Hs) are satisfied, then,
problem (P) admits a unique solution such that 0 <u <1

Proof. The solution of problem (P) is obtained as a limit, as ¢ — 0, of a
sequence u. whose terms are solutions to a regularized problem associated
with problem (P).

Since uy € L=(Q) N WyP(Q), then there exist a sequence ug. in C3°(Q) such

that 0 < upe < 1 and || up — e ”W&’p(ﬂ) p— 0.
E—>

Consequently, the regularized problem associated with problem (P) defined by

% = ASu+ fo(u) on Qr,
(P.) s u(£L,t) =¢ on (0,7],

u(z,0) = up-(z)  sur €,

where ASu = V.¢(Vu), ¢(Vu) = (|Vul* + )’z Vu and (f.) C CY(R™),
such that f. converges uniformly, as ¢ — 0, to f, %{f (u(t,z)) < K, for some
constant K > 0, and f.(0) > 0, possesses a unique solution u, € C*'(Qr)

satisfying 0 < u, < 1, and we have the following estimates.
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Lemma 4. For e > 0, we have
(i) | %% || 20072200 < C,
(i) || e ||, m w10 )< C,
(i13) || we [|Loo.rwre@)< C,
(1) 1 6470) | < -

Remark 6. These estimates are proved in [5] and [6] in the case where problem
(P) is defined on a bounded subset Q of RN with N > 1. The solution u of
problem (P) is showed to belong to L>(0,T, W'P(Q) N L>®(2)). It remains to
show that w € C([0,T), L*(Q)) to conclude that u is a solution of problem (P)
in the sens of definition 2.

On the one hand, from estimates (i) and (i) we have

due
8_?; is bounded in L*(0,T, L*(Q)),

and
u. is bounded in L*®(0, T, W'?(Q)).

On the other hand, according to the Rellich-Kondrakov theorem (see [1] in
page 144), the space W'P(Q) is compactly imbedded in LI(Q), V1 < ¢ < +oo
and p > 1 in the case of a unidimensional space. This allow us to conclude,
by application of corollary 4 of [12], that there exists a subsequence u., such
that ¢, — 400 and u.,, — w in C([0,T], L*(?)). Consequently u., — u

n—-+o0o

in C([0, 7], L}(R)), since C([0,T], L2())  C([0,T], L\ (). O

Remark 7. The space WHP(Q) is compactly imbedded in LY(Q), for 1 < q <
+oo, only if N = 1. But, it’s compactly imbedded in LP(Q)) for any N € N*.
So, when N > 1 and p > 2, we have LP — L2, then, we can apply corollary 4
of [12] again to obtain that u € C([0,T], L*(Q)).

Proposition 5. Let uy and up be two solutions of problem (P) on [0,T] asso-
ciated respectively with ugy, fi and uge, fo. Then

| ur(t) —ua(t) [z <l wor — o2 |z + | f1 — fo lor@) - (3.1)

Proof. If uy and uy are two solutions of problem (P) associated respectively
with ug; and wugy, then for any test function ¢ € C'(Qr) with ¢ > 0 and
o(£L,t) =0, we have

—u _ v — VPPV = [V P Vg edf —
/Q (un(t) — s (£)) (1) / / (1 =) o) drdt

U — U2

/Q<U01 — Ug2)p(0) +//t(f1 — fo)pdxdt.

(3.2)
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Let

o |VU1’p72VU1 — |VU2|p72VUJ2
n= Up — U .

From the monotonicity of the function & — [£|P72¢ and the fact that
| w1 — ug ||Leo()< M, we can deduce that the function 7 verifies the following
assertions

(i)n=>0
(ii) n € L¥ ().

In the following step we construct an appropriate function to use in (3.2) as a
test function and which enables us to conclude to inequality (3.1).
To this end, choose a sequence (7,,) in Cg°(2) such that (7,) converges to 7 in

LP,(Q) and let x € C§°(Q2) such that 0 < y < 1. Then the following parabolic
problem

Pnt = ThPnz = /\9071 on €1 x (O7T)7
on(£L,t) =0 on (0,7,
on(x,T) = x(2) on ,

admits a unique solution in C*(Qr): This result is allowed by the classical
theory developed in [8]. Moreover, we have the following assertions

(1) 0 <, <=1 on Q x (0,7),

(2) sup|pn.| < M.
QT

Set t =T and ¢ = ¢, in (3.2), to obtain

Jn—wp [ f (= )= ) = | o = )i 0)

(3.3)
+// ((fr = f2) + Mur — u2)) ey
Qr
But
[ [ =)= m)d < Cstplinal 1= g 1= 2 i

Then, by passage to the limit, as n — o0, in (3.3), we get

/Q(Ul(T)—Uz(T))X < /Q(U01—U02)+€_AT+/ /T((fl—f2)+)\(ul—Uz))J’eA(S_T),
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for all x € Cg°(©2) with 0 < x < 1.
Set, x(x) =1 on {z,uy(T) > ua(T)} and x = 0 otherwise. We have

/Q(Ul(t) —us(t))" < /Q(Um — up2) " +//t AT (fy = f2) + Auy — u2)) T

Thus, for A = 0, we deduce

[ )= o) < [ —wyt+ [ [ =

| ui(t) —uz(t) |21 <I| vor — o2 |z + | f1 = f2 lLru) -

Hence

Remark 8. In the proof of proposition 5 we obtained
/(Ul(T)—U2(T))X < /(U01—Uo2)+€_w+// ((fr=fo)+M(wa—up)) "D,
Q Q T

which is the equation that leads to estimation (3.1) and will also lead to the
point (i) and also to the comparison principle (i) in the following theorem.

Theorem 3.2. (i) Let uy and us be two solutions of problem (P) on [0,T],
associated respectively with initial data ug, and uge. Let K be a lipschitz
constant for f on [—=M, M|, with M = max(|| w1 ||ze@p): || Y2 [|z@r))-
Then

| ur(t) — ua(t) |2 o)< €' || uor — oz I|1(q) - (3.4)

(i1) Let u be a subsolution and 4 a supersolution of problem (P) with initial
data ug and Ug. If ug < ug then we have

u <.

3.2 Regularization

We begin this paragraph by proving the lipschitz property of the solution
operator of problem (P), by using the regularizing effects results concerning
evolution equations given in [4], which is an important ingredient used to prove
the main regularizing theorem.

Lemma 5. Under hypotheses (Hy) and (Hs), we have

i) The function t — u(t,ug) is lipschitz continuous from [, 00) into L'(Q)
with constant K, independent of ug.
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i) In the case where p > 2, the function t — ¢(Vu(t)) is continuous from
[7,00) into LY(Y), where ¢(x) = |z[P~2x.

Proof. (i)Let S(t,uo, f) denotes the solution of problem (P) at time ¢. So, by
inequality (3.1) the operator S satisfies

| S(t,uor, f1) =S, uoz, f2) || L1 < wor —uoz |1 + || fi=rfa I - (3-5)

On the other hand, it suffices to verify that /\ﬁS(At, ug, f) is a solution of

problem (P) associated with )\ﬁuo and A\7m-1 fy, to conclude, thanks to the
uniqueness of the solution of problem (P), that

AT S(AL wg, f) = S(E, AT Tug, A1 fy), A >0, (3.6)

where f\(¢)(.) = f(At)(.) and m = p — 1.

Now by properties (3.5), (3.6) of S and the Lipschitz continuity of f, we get,
by applying theorem 7 of [4], that the solution u of problem (P) verify, the
following regularizing effect of the solution u: for 7 > 0,0 < h < 7 and t > 0,
we have

1 T
7 | w(t + 74 h,uo) —u(t +7,u0) [[r1(0) = (ﬁ | (T + h, u(t, u)) — u(T, u(t, uo)) HL%Q))

N=

< —H(7, || u(t, uo) [|z1(e)),

where H is a nondecreasing function of its arguments. Moreover, since we
have 0 < u < 1, then || u(t,ug) ||p1< measQ = 2L. So, it follows that
77 H(7,2L) is a Lipschitz constant for ¢ — u(t,ug) on [, 00).
(ii) Following [5](in page 1392,1393), one can obtain that 2 ¢.(Vu.) is bounded
in L%(ty, 00, LP' ()) and from (iv) of lemma 6 we have that ¢.(Vu.) is bounded
in (0,00, L” (). Hence by application of corollary 4 of [12] we get the
continuity of the function ¢t — ¢(Vu(t)) from [, 00) into L'(Q).

0

Now, our main regularizing theorem is the following:

Theorem 3.3. Assume that assumptions (Hy) and (Hy) hold, p > 2 and let
u be the solution of problem (P). Then for each T > 0 there ezists a constant
M., independent of ug, such that

(i) ¢(Vu) € L*(Q) fort > T.
(ii) || (V) ||Ley< My and ess varg(Vu) < M, fort > 1.

To prove this result we shall use the following lemma.
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Lemma 6. Let v(t) be Lipschitz continuous function with constant K, and
w(t), z(t) be continuous functions from [0,00) into L' () with
V=W, + 2 in D'(Q).
Then w(t) € L>(S2) for all t and
ess var w(t) < Kmeas(Q)+ || z(t) ||L1(q) -

The proof is similar to that of lemma 15 in |2] and we avoid it.
By virtue of lemma 5, we can apply lemma 6 to the equation

ur = (¢(Vu))a + f(u)

which hold in the sense of distributions.

Thus, ¢(Vu(t)) € L>*(Q2) for t > 7 > 0 and the variation of ¢(Vu(t)) is
bounded by K.+ || f(u(t)) |1 (e, which is bounded.
Using corollary 2.4 of [11] we get

| (V(u)) L@ < ess vard(Vu).

So assertions of theorem 3.3 are hence proved.

3.3 Stabilization

Let p> 2,0 <wp <1 and u=u(t ug) the solution of problem (P) associated
with ug. For each 7 > 0 define the semiorbit

v = {u(t,ug), t > 7}

According to theorem 3.3, we have 7, (ug) C X,, where X, is the metric space
whose elements w € L>(2) satisfy

0<w<1, wy, € L2Q), ||wy||re@< M, and essential variationg(w,) < M.

Where M. is as in theorem 3.3.

Lemma 7. i) The space X, equipped with the metric
d(u,v) =l v —wv @) + || (w =) [[r@)
18 compact.

ii) The semi-orbit 7y, is precompact.
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Proof. i) It is clear that X, is complete. Moreover X, is bounded in W (Q),
and is thus precompact in L'(€2).

On the other hand the subset {¢(w,),w € X,} is bounded in L*>(Q2) and in
variation. Thus, it is precompact in L'(2) and then by the L>®-boundedness,
the set {w,,w € X,} is precompact in LP(§2) for every 1 < p < oo. Conse-
quently X, is compact.

ii) Since v, C X, which is compact, then (i7) follows. O

The following statement is an immediate result of lemma 7.

Corollary 1. i) If (u,) C X; and || up — u |[z1@)— 0, then u € X, and
d(tp,u) — 0.

ii) The solution u(.,ug) € C((0,00), X), where X is the space defined by
X={uel> ), 0<u<l, wu,ecllP(Q)}.
Define the w-limit set as

w(ug) = {w € X, u(t,,uy) — w inX, for some sequence (t,) with t,, — oo}.

We have the following

Proposition 6. Assume that hypothesis (Hy) and (Hs) are satisfied and that
p > 2, then

i) w(ug) is nonempty and connected in X,
i) if w € w(ug) then u(t,w) € w(ug) fort > 0.

Proof. 1) Since 7, is precompact, then w(ug) is nonempty.

ii)As u(t,, ug) — win X and so in L'(Q) we get, by assertion (3.4) of theorem
3.2, that u(t + t,,uo) — w(t,w) in L'(Q) and thus in X.

Hence, as u(t + t,, up) = u(t, u(ty, uo)), we get u(t, w) € w(ug). O

Now, the main result of this section is the following.

Theorem 3.4. Let hypothesis (Hy) and (Hz) hold and p > 2. Then w(ug) C
E.

To prove this theorem, we will introduce the function V' : X — R defined

by
vier= [ (3le¥ - Fio)) o

where F(r) = [ f(s)ds.
One can easily check that V' is continuous and satisfies the following statements
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Lemma 8. under assumptions (Hy) and (Hy) we have
uy € L*(0, 00, L*(Q))

and

/t /Q(m2 V(alt o) < Viu(s,u)) fort>s>0. (3.7

Proof. Forug € WP (Q)NL>(R), we choose ug, C CS°(Q) such that ug, — uq.

Let u,, the sequence of solutions of (P) associated with ug,, we so get that

/: /Q(unt)2 +V(un(t, uon)) < V(un(s, ton)),

and by letting n — 400 we get

/: /Q(ut)2 FV (ult o)) < V(uls, ug)).

Now, we are ready to prove theorem 3.4

Proof. (of theorem 3.4).
By lemma 8, the function t — V' (u(t,ug)) is nonincreasing for ¢ > 0. More-
over V' is continuous on X, thus we have

V(w) = infV (u(t,up)) for w € w(ug).

t>0

On the other hand, form The assertion (i7) of proposition 6, w(ug) is an in-
variant subset of X, so

V(u(t,w)) =V(w) Yw e w(ug), Yt > 0. (3.8)

Then, from (3.8) and (3.7), we can deduce that (u(t,w)); = 0 and thus
u(t,w) = w. This means that w is a solution to problem (P) and thus satisfies
the following relation

/Q (s 2s00 + F(w)g) = 0,

with ¢ € C1(Q), ¢ > 0 and p(£L) = 0.

But this implies that A,w + f(w) = 0 only in D'(Q2). Now, since w € L>(f)
and f is lipschitz, then |w,[P~2w, € C*(Q). Moreover, w = 0 at +L. Conse-
quently w € F. O]
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4 Applications

This part is devoted to the study of the stability of some equilibrium solutions
of the motivating example, namely v = 0 and u = ¢, using the stabilization
result proved above. To this end we begin by defining the notion of subsolutions
and supersolutions of problem (P*)

Definition 3. A weak subsolution of problem (P*) is a functionu € C([—L, L))
for which [o,(|W/[P~20/¢'+ f(u)p)dz > 0 for all o € CH(Q), ¢ > 0 and p(+L) =
0 and u(£L) <0.

A weak supersolution is defined by reversing the inequality and u(£L) > 0.

Next, let u and u be respectively a subsolution and a supersolution of
problem (P*) and define

[u, 1] = {w € L®(Q) N W'P(Q),u <w < @ a.e on Q}
Proposition 7. If uy € [u,u] such that (Hs) is satisfied, then

i) u(t,up) € [u,u] for all t > 0.
and

i) w(ug) C [u,a]NE.

Proof. To prove (i), we use theorem 3.2 and the definition of w and % which
are time-independent.
The statement (i) follows immediately from (i) and proposition 6. O

Corollary 2. If ug € [u,u] such that hypotheses (Hs) is satisfied and
[u,a) N E ={g} is a singleton, then u(t,up) — g in X ast — oo.

Now, as examples of application of corollary 2 to problem (P) where
f(u) = u(l —u)(a — u), we will determinate some domains of attraction for
some isolated elements of E(L).
Example 1
For p > 2, let L € [L}, L)) and choose [ such that

mas(|&, — L. |ew + Lil) <1 < L.

where
A={{=(&,&%,...&n) eRY,—L < fl—Lzlﬂ 5¢+L;1) < fi+1—L113, i=1,.,N-1, 5N+L110 <L}

Then
(z) = q(z, 1) of xel[-11],
0 if x¢[-11.
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is a subsolution of (P.). On the other hand u = ¢(0, L) is a supersolution of
(P.)
So,

lim w(t,ug) = q(L) for uy € [u, ul.

t—-+o00

The domain of attration for ¢(., L) is

q(. L) p(. —&.L) g0, L) ql.. 1)

Example 2
For p > 2, let L € [L,, L)) and choose [ € [L, L)]. Set

ﬁ(x):{p(l’,l) if wel-11,
0 if x¢[-11.

Then @ is a supersolution of (P,). Also u = 0 is a subsolution of (P.).
In this case, we have

tligl u(t, up) = 0 for ug € [u, u.

—l-L & -L} ST Ev—Lp Ev Evt+Lp LI

Domain of attraction for O where p > 2 and L € [L,, L))
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