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Abstract

For A > 0, n € Ny, in [3], the authors introduced the operator DY,
which is a generalized Ruscheweyh derivatives operator. In this paper,
some results on coefficient inequalities, growth and distortion theorems,
closure theorems and extreme points for the class of analytic functions
defined by aforementioned operator are obtained.
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1 Introduction

Let A(m) denote the class of functions of the form

fR)=z+ ) at,  (meNy;:={1,23, .}, (1.1)

k=m+1

which are analytic and univalent in the unit disk U ={z: 2z € C and |z| < 1}.
Also, let 7 (m) denote subclasses of A consisting of functions f of the form

o0

f(z)=2z— Z lax| 2", (me Ny :=1{1,2,3,...}. (1.2)

k=m+1
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In [3], the authors introduced the following linear operator Dj3:
z
— )M * Dsf(2)

where D) f(z) = (1=X)f(2)+Azf'(2), d > —1, A > 0 and z € U which implies
that

2(z" 1Dy f(2)"

n!

DY f(z) = , (ne Ny =NuU{0}).

It is clear that,

DYf(2) = (1= Nf(2) + A2f'(2) = Daf(2),
Dif(2) = (1= N=f'(z) + (/') A>0.

Note that if f is given by (1.1), then we can write

DYf(z) =z + Z [1+ Ak —1)]C(n, k)ax",
k=m+1

where A > 0,m,n € Ny and

R =

Let K{(m, «) the subclass of A(m) consisting of functions f which satisfy
2Dy f(2)
RS ——=—== 1 > q, z € ),
{ B3 (2) et
for A\ >0, mneNyjand 0 <a < 1.

Further, we define the class 7K} (m, «) by:
TKY(m,a) = K{(m,a)NT(m)
for A >0, mneNyand 0 < a < 1.

Note that 7K} (m,a) C K}(m,«a). Also note that various subclasses of
K¥(m,«a) and TKY(m,a) has been studied by many authors by suitable
choices of n, A and m. For example
TK)(1,a) =T*(a), TK}(1,a) = C(a), TK)(m,a) = T,(m),
TK)(m,a) = Cu(m), TKY(m,a) = P(m,\,a)(0< )< 1),
andTKy(m,a) = C(m,\,a)(0 < A < 1),
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etc. The classes 7*(«) and C(«) were introduced and studied by Silverman
[1], and the classes 7, (m) and C,(m) were studied by Chatterjea [7](see also
Srivastava et al. [2]). Whereas the classes P(m, A, «) and C(m, A\, o) were,
respectively, studied by Altinats [6] and Kamali and Aknulut [4]. Finally
we note that when A = 0 in class K} (m,«) we have the class R,(«), was
introduced and studied by Ahuja [5].

2 Coefficient Inequalities

In this section, we provide a necessary and sufficient condition for a function
f analytic in U to be in 7 K}(m, a).

Theorem 2.1 Let f be defined by (1.1). If0 < a <1, A >0,

(e 9]

> (k= o)L+ Ak = D]C(n, k)|ax] < (1 - ), (2.1)

k=m+1
where m,n € Ny, then f € K¥(m,a).

Proof. Assume that (2.1) holds true. It is sufficient to show that

D) |
Difz) ST
We have
(D3 f(2) 1| 2(DY f(2)) — Dy f(2)
Dy f(2) D} f(2)

S (k= D[+ AGK = D]C(, Farst

- z+ _i 14+ Mk —1)]C(n, k)ayz*
S (k= D1+ Ak = D]C(n. k)ay

< hemn _
L= > [T+ Ak—=1)]C(n,k)|ax]

k=m-+1

This last expression is bounded above by 1 — . We have

(e 9]

> (k=D + Ak - DIC(n, k)|ax|

k=m+1
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o0

<-a){1= 3 [L+Ak=1]Cm k)],
which is equivalent to i
Y., k=@l + Ak - DIC(nk)lax| < (1—0a) O

by (2.1). Hence f € K}(m, ).

Theorem 2.2 Let f be defined by (1.2). Then f € TK{(m,a) if and only if
(2.1) is satisfied.

Proof. In view of Theorem 2.1, it suffices to show the only if part. Assume

that
c— S KL+ Ak = D]C(n, k)|ag|
AD3fR) b=t
R et [ R = > a.
$f(2) z— > [T+ Xk —=1)]C(n,k)|ag|z*
k=m+1
Choose values of z on real axis so that Z(gél ,ch((:)) " is real. Letting z — 1~ through
real values, we have
L= > kL4 Ak = 1D]C(n, k)arl® = a— Y a[l+ Ak = 1)]C(n, k)|ax|2".
k=m+1 k=m+1
Thus we obtain
> (k= o)L+ Mk —D]C(n, k)|ax] < (1—a),
k=m+1

which is (2.1). Hence the theorem.

Finally the result is sharp with the extremal function f given by

f(z) =2 - (k —a)[1 + Ak — 1)]C(n, /f)z

(k>m+1, meNy). O
(2.2)

Corollary 2.1 Let the function f defined by (1.2) be in the class T K{(m, «).
Then we have

l—«a

k—a)[l+ Ak —1)]C(n,k)

lag| < ( (k>m+1, me Ny). (2.3)

This equality is attained for the function f given by (2.1).
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3 Distortion Theorems

A distortion property for function f to be in the class 7 K} (m, «) is given as
follows:

Theorem 3.1 Let the function f defined by (1.2) be in the class T K}(m, ).
Then for |z| = r we have

l—a +1

— mrTh <

T mri—aiewmcmmrn | SHEIs
l—a m+1

(m+1—a)l+ x)Cln,m+1)
with equality for

l—«

(m+1—a)[1+ Mm]C(n,m+ 1)Zm+17 (z=Fr). (3.1)

fe) =2~

Proof. In view of Theorem 2.2, we have

o0

(m+1—a)[l+Am]C(n,m+1) Z |lag|
k=m+1

< f: (k — )[1+ Ak — D)]C(n, k)|ag| <1 — o,

k=m+1
Hence
FEI<r+ >0 Jalr® < e+ Y
k=m+1 k=m-+1
<r+ l-a m+1
- (m+1—a)[l+ Am]C(n,m+ 1)
and

oo oo
FE=r= D laslrt > r =™ >
k=m+1 k=m+1

11—«
>r—

P
- (m+1—-a)[l+ Im|C(n,m+1)

Thus complete the proof. O
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Theorem 3.2 Let the function f defined by (1.2) be in the class T K}(m, ).
Then for |z| = r we have

(m+1)(1—-a) . /
(m+1-a)l +>\m]0(n,m+1)r <[f(»)] <
1 + (m+1)(1-a) o

(m+1—a)[l+ Am]C(n,m+ 1)
with equality for

(m+1)(1 - a) mtl

(m+1—a)[l +Am]C(n,m+ 1) ; (z = Fr).

f(z) =2 -

Proof. we have

If'(2)] <1+ Z Elag|/r*' < 1+ (m+1)r Z lag|
k=m+1 k=m+1
(m+1)(1—«) "

L (m+1—a)[l+Am]C(n,m+ 1)T

IA

and

P21 3 kgt

> 1—(m+1)r Z ||
k=m+1 k=m+1
. (m+1)(1—-a) o
(m+1—a)[l+ Im|C(n,m+1)
This complete the proof. O

Corollary 3.1 Let the function f defined by (1.2) be in the class T K{(m, «).
Then the disk U is mapped onto a domain that contains the disk

-«
(m+1—a)[l+Am|C(n,m+1)

lw| < 1—

The result is sharp with extremal function (3.1).

4 Extreme Points

We shall now determine the extreme points of the class 7K} (m, «).
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Theorem 4.1 Let f,(z) =z and

11—« %
(& — )L+ Ak - N]C(n k)~

fr(z)=2z— (k=m+4+1,m+2,..;\>0;n € Np).

Then f € TK{(m, ) if and only if it can be expressed in the form

= Z e fr(2)
k=m
where pux > 0 and i pe = 1.
k=m
Proof. Suppose that
fz) = Z trefu(2) = pnfu(2) + Z fi fr(2)
k=m+1
B -« i
= fnE Z “’“[ — )L+ Ak —N]Cn k)~

k= m+1

B l—«o k
= pnz+ Z 12 Z M = )1+ Ak — N)]C(n, k)~

k=m+1 k=m+1
11—« %
= 2 K ek z
(Z ) kzm:H kE—a)[l+ Xk —N)]C(n, k)
= z-— Z uk Z".
Rt a)[1+ A(k = N]C(n, k)

Then

l—« (k —a)[l + Ak —N)]C(n, k)
Z “’“( Q)L+ Mk — N]C(n, k)) ( l-a )

k=m+1

= Z uk—Zuk—um—l—umél

k=m+1

Thus f € TK}(m,a) by Theorem 2.2.
Conversely, suppose that f € 7K} (m,«). By using (2.2) we may set

= (k —a)[1+ Ak — \)]C(n, k) o] and g, —1— iuk'

11—«
m+1
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Then
F(2) =" mfel2),
k=m
and the proof of Theorem 4.1 is complete. O
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