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Abstract
Interpolation of 2n + k data by spline spaces of order k with n knots

is studied. Some conditions on existence of interpolating splines are
given. Numerical methods for constructing a solution are suggested.
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0. Introduction

Grandine [1] has given a characterization of spline spaces of order k£ with
a set of n simple knots, i.e., linear spaces of dimension n + k, from which
Lagrange interpolation at 2n 4+ k£ data might be possible. Recently, we have
extended his results to Hermite interpolation by splines with multiple knots
and have obtained some results on uniqueness of interpolating splines [2].

In this paper we give some conditions on existence of interpolating splines.
In the case of linear splines we establish a simple characterization of the spline
solution. Finally, we make some comments on determining the solutions nu-
merically applying the Newton method for vector-valued functions.

1. Characterization of Minimal Spline Interpolation

The considered Hermite problem of interpolating 2n + k£ data by a spline
of order k (k > 2) with n knots (n > 1) counting multiplicities is as follows:
Let be given real data points

To < ...<xp,

each of them of multiplicity m; +1 (m; > 0), i =0,...,[, such that

!
p=maxm; < k—2, Z(mﬁ—l)z?n—l—k,

0<i<l o -
=0
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and a data vector {y;;}7", !, We arrange the data points according to their

multiplicities by

{20y s Zonak1} = {Toy- -+ X0, -+, XTpyo o X}y (1.1)

m0+1 ml-i-l

and set, for h € CP[xg, ], the jth divided difference of h with respect to

{2i,. ., zigj} by .
pih = [zi,..., zigslh, 1,5 >0

where ]
(2 - s Zprglh = ah(q)(zp)
if z, = ... = 2,14 Replacing h by a function y € C?[xg, x;] such that

y 9D () =y, j=0,...,m;, 1=0,...,1,
we analogously define the jth divided difference of the given data vector
{yji}g":iofzo with respect to {z;,..., 24} by
1y =[z,...,zieily, 4,5 > 0.
The spline space Si(T") of order k of interest is defined by a knot vector
T:to=xg<t1<...<t, <z =111 (1.2)

where each t; has multiplicity 1 < k; < k—1—p,2=1,... ,r, such that

T
E kl =n,
1=1

ie.,

Se(T) = {s:]totrsr] = R:sD(t:) =sDt), j=0,...  k—k —1,

i=1,...,7r s, €lly_4,i=0,...,r}

tit1)

(IT;_; denotes the linear space of polynomials of degree at most & — 1). Tt is
well-known that dim Sg(7T) = n + k.

We are interested in solving the minimal Hermite interpolation problem
(H): Under what conditions on the data does a knot vector T of the above
type exist such that

for some s € Si(T')?
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An answer to this question is closely related to certain properties of the
class {B;};";" of B-splines of order k to the knots {z;}37¢"~". These functions
satisfy the well-known representation

Bi(t) = (—1)"k[zi, ...,z — ) i=0,...,2n — 1

where the kth divided difference is evaluated with respect to the function
x — (t — )k (for details see e. g. [2]).

The main result in [2] can now be stated as follows.

Theorem 1. Consider any set of 2n+k ordered data points as in (1.1), any
data vector {yji}?éofzo and any knot vector T as in (1.2). Then the following
statements are equivalent:

(1) There exists a solution s € Sg(T) of problem (H).
(2) The vector of the kth divided differences of the data, i.e.,
Y = (16Y, 1YY, - - s i3, —19)"

can be written as a linear combination of the columns of

Bo(t) -+ B&MO() -+ Bot,) - BTVt

k1—1 kr.—1
pry= | Bt o BYUE) o Bilk) e BUTU()
Bona(t1) -+ BESV(t) o Bona(t,) oo BoriU(t,)

Remarks. (1) Theorem 1 is an extension of the main result in [1] where a
characterization is given for the case when m; = 0 for all 7 in (1.1) and k; =1
for all ¢ in (1.2), i.e., Lagrange interpolation by splines with simple knots.
In addition, it is supposed in [1] that the solution knot vector T satisfies an
interlacing property.

(2) As we have shown in [2], problem (H) is not uniquely solvable, in general.
But assuming an interlacing property

Zoi—1 < by < 2944k—2, © = 1,...,n (IP)

for every solution knot vector T = {t;}/*] where

~

tAOZto, £1 ::£k1 :tl, 7£nfkr+1 :-":fn:trathrl:trJrl:

in [2] we have shown the uniqueness of the interpolating spline s € Sy (T).
An important role for the following arguments plays a result on the sign
behavior of y given in [2].
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Theorem 2. If statement (2) of Theorem 1 is true, it is necessary that
the vector 'y has at most n — 1 sign changes, i.e., there do not exist indices
0<ip<...<i, <2n—1 such that

uij-ufj+1y<0,j20,...,n—1.

2. Necessary Conditions for Spline Solutions

Using the arguments in the proof of Theorem 2 we obtain additional infor-
mation on the sign behavior of the vector of the kth divided differences.

Let us assume that problem (H) has a solution s € Sg(7"). This implies

that

37 - (,ulgy, :ulfya s 7M]2€n71y)t = (:ulgsv le5> - 7M]2§n715)t‘

To simplify notations we omit the upper index k& of the components of y in
the following statements.

Theorem 3. Suppose that for some indices 0 < py < ... < p; < 2n —1
(j > 1) thefollowing is true:

o [ = J1,, is an open interval where I, = (2., 2p,+%), P=0,...,7;
p=0
¢ INT ={to,-. s tj 1 ={tm, - st tmits e stmats e st stq}, for
N -~ 7  \ ~~ > N\ /
kom Kmt1 kg

somel <m<qg<r;
° %vp € I, (resp. %Vp € I,,NI, ), p=0,...,j—1, for some indices
p0§A0</\1<...</\j_1§pj.

Then the vector
(HpoS, oy S5 - - - :,Upjs)

has at most j — 1 sign changes (resp. at most j — 1 weak sign changes or each
component is zero).
Proof. First note that

j:ikiﬁn

by (1.2). We follow the lines in the proof of proposition 3 in [2]. In view of our
hypotheses, property (3.13) in that proof is satisfied (with o = 0). Let B, be

the B-spline of order k& with the knots {zi}fi;f, ie.,
supp By, = (25,1 Zpptk)s P=0,...,7J.
Suppose first that
%vp € I, = (2, 2, 4k) = intsupp By,, p=0,...,j — 1.

Now using properties (2.12) and (3.14) in [2] we obtain
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i detM(ﬂOa y Pp—15 Pp+1, - - - 7pj> 205p207 aja
(] detM()\o, ,)\jfl) > 0,

J ,
e 0= E:O(—l)”p to,s det M(po, ...\ Pp—1, Pptis- - Pj)- (2.1)
p:
M (v, ... ,v;) denotes a (j x j)-submatrix of B(T') where py <1y <1vp <...<
vj < p; defined by
M(Vl,... ,Vj) =

Boy(tw) - BY" U(tn) o Bulty) - Bu" V()

By (tn) - B U(tw) oo By(ty) - BV(t)
Assume now that (j,,s, ... , t,,5) has j sign changes, i.e.,

PppiS - fo,s <0, p=1,...,7. (2.2)

This, in particular, implies that y,,s # 0 for all p.

Hence each summand in (2.1) has the same weak sign (nonpositive or nonneg-
ative). Since the resulting sum is zero, each term in (2.1) must vanish which
in view of (2.2) implies that

det M(po, ..., pp—1,Ppt1,----pj) =0, p=0,...,7.

This, however, contradicts the fact that
det M(Ao, ce ,Aj_l) >0

for some indices py < Ao < ... < Aj-1 < pj.
Thus we have shown that (j,s, ... , f1,,;5) has at most j — 1 sign changes.
To prove the second statement assume that the vector

(Koo -+ s oy )

has 7 weak sign changes, i.e.,

Mpp,ls'ﬂppSS()?p:l?“‘ 7ja

and
fio, s 7 0

for some [ € {0,...,7}. Since by assumption

;fvp € I, NIy, , = int supp By, Nint supp B, ,,
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it follows from (2.12) in [2] that

det]\/[(po,... y Pp—15 Pp+15 - - - ,p]) >O, pZO, ,j.

Now analogously arguing as in the first case we can verify that each summand
in (2.1) must vanish. But in view of the above properties, we have got

fps det M(po, - s pr—1, g1y - p5) # 0,

a contradiction.
Thus we have shown that the vector (u,,s, ... ,,,s) is either zero or has at
most j — 1 weak sign changes. a

Remarks. (1) While the vector (uoy, ... , 2,—1y) has at most n — 1 sign
changes by Theorem 2 (if a solution exists), the number of weak sign changes
may not be bounded by n — 1. To show it let n =k =2, 2, =14,i=0,...,5
and

(b3, - p3y) = (0,0,2,1).

It is easily seen that

8 By(t1) By(t2) %; 8
o =& : + 2 : =al o | T 3 2/3
1 Bs(th) Bs(t2) 0 1/3

where ¢; € R arbitrarily, ¢, = 3/2 and ¢ = 10/3. Hence by Theorem 1,
T ={0,3/2,10/3,5} is a solution knot vector. Moreover, the vector (0,0,2,1)
has n (= 2) weak sign changes. This is no contradiction to Theorem 3, because
neither (0,0,2) nor (0,0, 1) satisfy all the hypotheses of the theorem. In the
first case we obtain I = (xg,xz4) = (0,4), INT = {t1,t2}, however ty ¢ [1NI, =
(1,3) N (2,4) = (2,3). A similar argument holds in the second case.

Note that T" satisfies property (IP).

(2) The vector of the kth divided differences can even have the maximal number
of 2n — 1 weak sign changes: Asin (1)let n=k=2, 2, =4,1=0,...,5 and

(M(Q)yv s 7u§y) = (17 07 07 _1)

Again using Theorem 1 it is easily verified that 7' = {0, 1,4, 5} is a solution
knot vector. Nevertheless, it follows that the vector (1,0,0,—1) has the max-
imal number of 2n — 1 (= 3) weak sign changes.

In the case when k = 3 we obtain some more information on the number
of sign changes of the vector of divided differences. Moreover, if k = 2, we are
even able to give a simple construction of a solution knot vector (if it exists).

Corollary 4. Let k = 3 and assume that m; = 0, i.e., z; = x;, i =
0,...,2n+2 (simple knots). Moreover, assume that problem (H) has a solution
s € S3(T), where T satisfies property (IP). Then the following statements hold:
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(i) The vectors (pos, 1, pras) and (fon—3S, fan—28, an—15) have at most one
sign change;

(i1) if to € (w3,24) rESP. tn1 € (Top_o,Ton_1), then (pos, 18, pas) resp.

(H2n—38, hon—28, fan—15) has at most one weak sign change or each com-

ponent 1S zero;

(117) the vector (fio;—1S, [12iS, 2115, H2i+2S) has at most two sign changes, i =

1,...,n—2;
(iU) if t; € ($2i,$2i+1) and tiyo € ($2i+3,flf2i+4); then (MQFlS, ..., M2it2s) has
at most two weak sign changes or each component is zero, 1 =1,... ,n—2.

Proof. To simplify the proof we may assume that the solution vector T’
consists of simple knots only. Hence, T' = {wo,t1,... ,tn, Tonta}, ;i < tj, if
i < j. Since T satisfies property (IP), it follows that

Toi—1 < by < Toit1, 1= 1, RN (23)

To prove statement (i) we apply Theorem 3: Set p, = p, p = 0,1,2. Then
2

I, = (zp,Tpy3), p=10,1,2, and I = |J I, = (zo,25). Moreover, it follows from
p=0

(2.3) that
TN (zo, 75) = {t1, 12}

and
t € (z1,23) C IoN Iy, ty € (x3,25) C Is.

Hence by Theorem 3, (s, 118, p128) has at most one sign change. The same
property follows analogously for (f9,—3$, flon—25, fian—15)-

This proves (i).

To prove statement (ii) assume that to € (x3,24). This implies that

tlefoﬁfl, tQEIlﬂIQ,

and by Theorem 3, (uos, 1115, f125) has at most one weak sign change or each

component is zero.

The statement for (pg,—3s, fan—28, tian—15) follows analogously.

This proves (ii).

To prove (iii) resp. (iv) we again apply Theorem 3: Set p, = 2i — 1 + p,

3

p=0,...,3. Then I, = (Xoi—14p, Tois24p), p = 0,...,3, and [ = |J [, =
p=0

(in_l, $2i+5). From (23) it follows that

TN = {titiq1, tiya}
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and
ti € (-1, T2i11) C Lo, tiy1 € (Tait1, Toigs) C L1 N Iy,
tive € (T2its, T2iys) C 1.

Hence statement (iii) follows from Theorem 3. Statement (iv) follows analo-
gously, because then

ti € (T2, Toiy1) C Io N 1y, tize € (i3, Toipa) C Lo N Is.

This completes the proof of Corollary 4. O

In practise one would be interested in an algorithm to construct a solution
vector T of the considered interpolation problem. In the case when n =1 (one
interior knot) Grandine [1] has given a simple condition for an optimal knot
r1 <ty < xp. If it exists, it is a solution of

- (33 )

In the following we establish a method to determine optimal knots in the case
when k = 2: Let 2n + 2 ordered data points {(z;,v;)};"¢" be given. We are
interested in a solution of

s(x;)) =y, 1=0,...,2n+1 (2.4)
by a spline s € S3(T") where
T:ty=x90<t1 <...<tp, <Topsy1 =tns1.
To obtain a characterization we suppose a weak interlacing property for T
Toim1 <t; < X9, i=1,...,m. (2.5)

It is easily verified (see the definition in Section 1) that the linear B-splines
{B;}?":! to the knots {z;}2"! are given by

e r <w <
Tiy1—Ti) +1
BZ(ZL’) = ﬁz . ﬁ, if Tiy1 < I < Tiva,
0, elsewhere,
where 3; = x,jfx,, i=0,...,2n — 1. Then the matrix B(T') in Theorem 1
has the form
By(t1) -+ Boltn) Bog=r 0
. : Bltl—_:vl 0
N . T2—T1
T4—1
B(T) = : : = 0 ﬁQm:—xZ:a 0

to—x3
O3 = 0

Bon—1(t1) -+ Ban—1(tn) : 0
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Assume now that
S; = (,uoyv L) 7u2n71y>t7

the vector of the second divided differences of the data, and suppose that for
a vector ¢ = (c1,...,¢,)"

y = B(T)c
or, equivalently,
To; — t; ti — Toi—1 .
CiBoig———— = [l2i—2Y, Cili1—— = loi—1Y, 1=1,...,n.
X2 — T2i—1 Lo; — T2i—1

Thus for each ¢ we have a system of two equations for ¢; and ¢; which are
independent of the corresponding system with j # 7. To obtain solutions we
distinguish several cases.

(i) Assume that po; oy = po; 1y = 0. We set ¢; = 0, and take any t; €
[Ti—1, Tai).

(i1) Assume that pg; oy = 0 and g1y # 0. We set ¢; = % and t; = ;.

iii) Assume that pg;_oy # 0 and pg;_1y = 0. Weset ¢; = £2=2Y and t; = x9;_;.
B2i—2

(iv) Assume that po; oy - po;—1y # 0. Then, since §; > 0 for each i, and by
(2.5),

To; — t; ti — Toi1

>0, pPajog———— >0
T

B2i—2
X 2i — X24—1

2 — L2i—1
which implies that a solution (¢;, ;) exists if and only if pi9; oy pio;—1y > 0.
In this case we obtain a unique solution

1
" Boiifiziay + Bai—afizi 1y

t; [T9i—1B2i—112i—2Y + T2iB2i—2pb2i—1Y].

(This formula remains true if only one of the terms {fo; oy, f1o;_1y} is
nonzero. The resulting knot is the same one as in the corresponding cases

(i) or (iii).)
Hence we have shown the following statement.
Theorem 5. Under the above hypotheses there exists a solution s € Sa(T)

of (2.4) if and only if
H2i—2Y - H2i—1Y > 07 L= ]-7 cee N

In this case we obtain a solution knot vector T as follows:
If pgi—oy = proi—1y = 0, then any t; € [w9_1, 2], otherwise,
1

ti -
Bai—1t2i—2y + Bai—afl2i—1Y

[$2i71ﬂ2i71/12i72y + 57521‘52@'72#2@'719]-
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Remark. If the vector y has a strong sign change from pio; oy to pg;_1y for
some ¢, then there does not exist any solution s € Sy(7’) of (2.4). On the other
hand, y can have n — 1 strong sign changes, but each of them from pe;_1y to
Loy, and a solution would exist by Theorem 5.

3. Some Numerical Tests

Grandine [1] has presented some numerical examples on optimal spline
interpolation having computed the knots as solutions of a nonlinear least-
squares problem. In the following we also study the problem of determining
a solution s € Sg(T') of (H) numerically (at least for the case of Lagrange
interpolation). We apply the Newton method for vector-valued functions. To
develop it let us assume that for a given set {(z;, 1) }2"¢* ! of ordered data
points there exists a knot vector

T:ito=x9g<t1 <...<tp <tpi1 = Topik_1
and an s € Si(T') such that
s(x;))=vy;, 1=0,....2n+k— 1.
Moreover, assume that T satisfies property (IP), i.e.,
Toi1 < t; < Xoirk—2, 1 =1,...,n.

Then, in view of Theorem 4.3 in [3], the solution s is unique under this as-

sumption, and the vector y = (ufy, ..., ub y)t = (uks,..., us  s) satisfies
Bo(tr) -+ Bo(tn) c1 1ey
Bop-1(t1) -+ Bap-1(ta)) \cn M1y
~ ~~ - N~
B(T) [
resp.

B(T)c—y =0¢cR™,

B; the B-spline of order k to the knots {a:j}?;lf, i=0,...,2n—1.
To apply the Newton method we set

F(c,t) = F(c1,...,¢nt1,...,ty):=B(T)c—Yy

> ¢ Bo(ty) — pgy Fy(c,t)
=1 )

Z CjB2n71(tj) - :ugnfly FQ ,1(C t)
= n ’
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This defines a function F : D — R?" with some D C R?**. We still need the
matrix of the partial derivatives,

dc1 dcp, ot Otn,
Flet) = : : : :
’ OFon—1 . OFwm—1 OFp—1  OF2n_a
dcy dcp ot1 Otn,
Bo(tl) s BO(tn) ClBé(tl) s CnB(,](tn)
Bon1(t1) -+ Bona(tn) aBj, ((t1) -+ cuB, 1 (th)

Now starting with a vector (c(®,t(?), in the m-th step we determine
(cm+1) ¢m+1)) jteratively by

F(c™ £y 4 F' (e tm)[(c™D) ¢y — (e ¢™) =0, (N)

m=20,1,... . In view of (IP), it seems to be reasonable setting
i+ (k—3)/25 if k is odd,
tZ(o) _ 9152 +(k—3)/2 1 ?S 0 (3.1)
E(ZEQZ‘_Q_M;/Q + l‘gi_1+k/2), if k is even.

We have tested the algorithm with Maple 9.5 for the cases £ = 3 and k = 4,

and have chosen the vector ¢ = (c§“), e ,c%o))t as follows.

The case k = 3: Since tl(-o) = xy; for each i by (3.1), it is easily seen that
ng_g(tz(o)) = ng_l(tgo)) = 0, ] 7é i, ’L,j = 1, oo n.
This implies that
0 0
OB) - iy
0 0
A" Bi(ty) — iy
F(C(O)’t(ﬂ)) — :
0 0
o Bona(th) = 183, oy
0 0
C%)Banl( 7(1)) - M%n—ly
Hence we suggest setting
o) ug’i,Qy o) Mg’ply .
G =g Of ¢ =, =
By o(t; ") Baia(t; )
The case k = 4: Since tEO) = 1(wy + @941) for each ¢ by (3.1), we obviously
obtain

g e ey

0 0
0 c§0>Bo<t§0>> - gy
VB (") + & Bi(1) — piy
F(c© ) = :
A Bon ot ) + ¢ B o (1)) — ph,_oy
e Bop1 () — i1y
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We suggest setting

4 4
CEO):LZ(y@’izl"“vn_l’ 0 — Mopn_1Y
Boia(t;”)

or

4 4
QI o I O s L

— , Cz
By(t") Baia ()

Our numerical experiences with the algorithm are different. In the case when

k=4, n=25 x =i, 1 =0,...,13 we have taken the data y; = s(x;),

1=20,...,13 from the test splines

s() =2 — (x —2)% +2(x — 4)} + 1/2(z — 11/2)3 — (z — 8)} — 2(z — 11)}
resp.
S(r)=2"—(x =22 +2(x —4)3 = 3(x - 72 + (v — 9)% — 2(z — 11)3,

and have started the Newton method (N) with the above defined initial vectors.
In the first case the solution knot vector (2,4,11/2,8,11) has been computed
by 8 iterations within an accuracy of 10~7 while in the second case the com-
putation of the knot vector (2,4,7,9,11) has needed 12 iterations.

In the case when k = 3, n =5, x; =1, 1 = 0,...,12, we have tested
our algorithm (N) with several vectors y of third divided differences satisfying
the sign properties given in Corollary 4. In most cases the algorithm works
satisfactory and determines a solution knot vector within few iterations.
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