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1. INTRODUCTION

Recently, fractional calculus is used more and more in modern technology.
Phenomena in several domains are characterized to be anomalous. In the prob-
abilistic point of view, these phenomena can not be covered by the Gaussian
approach. For example, diffusions in disordered, fractal and chaotic mediums,
kinematics in viscoelastic medium, relaxation processes in complex systems,
propagation of seismic waves, pollution and transport of data across the inter-
net (see e.g. [1] [10] [12] [19] [20] [23] [24] [29] [31] [32] [37] [39] [40] [41] [42] and
the part II of [36] and the references therein). The fractional calculus allows
the modeling of these anomalies and describes precisely material properties.
In particular, fractional differential operators are introduced in the modeling.
It is known that different definitions of fractional differential operators, not
necessary equivalent, have been given. The Riemann-Liouville operator, the
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fractional power of the Laplacian and the operators given by Riesz-Bessel po-
tential are largely used. The fractional heat equation of order less than 2 is
connected with stable Lévy processes (see [4] [5] [7] [11][18]). The stable laws
associated to the Riemann-Liouville, or Nishimoto fractional differential oper-
ators are totally skewed, and the stable laws associated to the fractional power
of the Laplacian are symmetric. Feller idea was to introduce an operator for
which all stable laws will be covered. In [7], he gave the fractional derivative
operator as the infinitesimal generator of the stable semigroup. A representa-
tion of this operator via Fourier transform is given by Gorenflo and Mainardi
[11]. In [18], Komatsu, dealing with other problems, gave an explicit form
to the infinitesimal generator of the stable semigroup in the multidimensional
case. In [15], [16], Jacob introduced a class of pseudodifferential operators
which are connected with Lévy processes. In spite of the importance of these
results, the order of these operators is less than two. Furthermore, in practice
partial differential equations of high order are used (see the references above
and [9]).

We note that the question of establishing a link between high order partial
differential equations, even of integer order, and stochastic processes is not
obvious. Only few equations of high order have been treated in a probabilis-
tic context (see e.g. [2], [3]). Krylov has introduced a new approach, called
quasiprobabilistic [18]. This approach allowed the generalization of the sto-
chastic calculus of Brownian motion to pseudoprocesses (see e.g. [8] [13] [14]
[17] [18] [25] [26] [27] [28] and the references therein).

The aim of this work is to extend the definitions of the fractional differential
operators connected with stable laws to higher order and to study its func-
tional properties. The operator introduced in this paper is given via Fourier
transform on L?(R?) and the second characteristic function of the stable law.
The formula of this function still makes sense when « > 2, but the function
is not negative definite anymore [15]. In particular, we prove that this oper-
ator is the infinitesimal generator of an analytic semigroup. A finite positive
measure on the unit sphere in R? is used in the definition as an auxiliary
parameter. For special values of it, the defined operator coincides with the
fractional Laplacian given in [22] and [38]. Further, when the operator is of
order less than 2, it coincides with the operators given in [7] and [11] and with
the pseudodifferential operator, without Gaussian part, [15] [16]. We prove
also that the totally skewed case of this operator coincides with Liouville frac-
tional differential operator and it keeps most of the properties known for the
differentiation. Furthermore, it will allow in its turn to extend the stochastic
calculus of stable Lévy processes to pseudoprocesses. Only few works are done
in this direction. In [3], the authors are interested in the heat type equation of
order 4. They remarked that the subordination method remains valid when us-
ing stable pseudoprocesses with "stability index” less than 4, but they did not
give any indication on the associated differential equations. In [5], the authors
represented the solutions of high order fractional heat type equations driven by
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Liouville or Nishimoto operators via Lévy motion. In [4], a probabilistic and
a quasiprobabilistic approach of high order fractional Fokker-Planck equations
are studied. The fractional differential operators used are the Liouville and
the Nishimoto operator and the onedimensional operator defined in this pa-
per. For some cases the solutions, are represented, in the probabilistic context,
as functionals of subordinators.

The paper is organized as follows. In the next section we introduce the
fractional differential operator on L?*(R?), d > 1 and study its properties.
Some of them can not be applied when d = 1. Therefore, we devote section 3
to the study of the onedimensional case using a relevant representation for the
definition. Further, good illustrations of multidimensional results can be seen
through the onedimensional operator. At the end of the section, we discuss
the partial fractional differentiation. On one hand, it generalizes the entire
partial differentiation and on the other hand, it connects the multidimensional
and the onedimensional operator. We note that we can define in a similar way
fractional differential operators on L?(D) for bounded D C R<.

2. THE MULTIDIMENSIONAL FRACTIONAL DIFFERENTIAL OPERATOR

Let @ € R;\N and let I" be a finite positive measure on the unit sphere in
R d > 1; S¥ 1 = {s € R\ |s|q = 1}. We define the function rv, : R — C
by

(1) rha(A) = — /Sd_l ])\.s]a<1 —isgn(A.s) tan %)F(ds),

where \.s denotes the scalar product in R

It is known that when 0 < a < 2 and « # 1, ri),(.) is the second character-
istic function of an a—stable random vector. We recall that it is proved that
the characteristic function of a stable law is strictly positive, so its logarithm
exists, it is called the second characteristic function, see e.g. [21], [34], [35] and
[36]. First, we give some properties of this function for « € Ry \N. It is easy
to prove the following Lemma using the homogeneity property of the function
rtvo and the fact that the measure I" is bounded on the sphere.

Lemma 1. The function ri) is continuous on R? and satisfies the inequality
(2) [ra(N)] < Kor|AlG,

for all X € R, where K, r is a constant depending on o and T.

Lemma 2. If the measure I' satisfies the assumption

(3) There exists 0 # m(.) € CYS*™") such that T'(ds) = m(s)o(ds),

then riby(.) € CT(S41).

Proof.  Similar to the proof of Lemma 1.1 in [18]. O
Corollary 1. The function rip.(.) is d + 1- differentiable on R*\{0}.
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Lemma 3. If the measure I' satisfies the assumption
(4)

There exists a constant cor > 0 such that / €.5]°T(ds) > car, VE € ST,
gd—1
then rha(t,.) : RY — C defined by rha(t, \) = expltriva())] belongs to LP(RY), Vp €
(0, 00] and ¥t > 0.

Let us give the Fourier transform and its inverse on L?(R?) by

(5) Flo(x); A} = o(N) = Jpaexp(iz.N)p(x)dr,
FHo(N);at = @(z) = (2m) 77 [paexp(—iz.A)p(A)dA,

where ¢ € L*(R?). It is known that the Fourier transform is an isometric on
L*(RY).

Lemma 4. If the measure I' satisfies (4), then the function rp,(t,z) =
FHrha(t,\); 2} satisfies the following properties for all a € R.\N and for
allt >0

(Z) fRdea(ta Z‘)dﬂf = 17

(1) rpa(t,.) is real and symmetric relatively to x, when I' is symmetric, i.e.
when T'(B) = I'(=B), for all Borel subsets of S,

(71) rpa(t,x) = t_%ppa(l,t_éx) (Scaling Property),

(iv) tpa(t,.) € {f € C®(RY) and D°f is bounded and tends to zero when
|z|4 tends to oo ¥ multi-indez 3 },

(v) If T satisfies (3), then for a > 1, tpa(t,.) € LP(R?),V p € [1, 0],

(vi) If T satisfies (3), then rpa(t,.) satisfies the semi-group property, or the
Chapman Kolmogorov Fquation i.e. for s,t >0

epalt + 5,7) = / ot ) o (5,2 — €)dE.

Rd
Proof
It is easy to see (i) — (iv).
(v) Let v = (11,12, ...,v4) € N? be a multi-index with || < d + 1. From
Lemma 2 and using the fact that 11, (.) is homogeneous, we obtain (see e.g.[18])

[B5erv= ] < Cememr PR(AF= 4+ AT,
where 0Y = 626;28;3 Consequently, d¥er¥=N e L1(R9) for o > 1. But
|27 1pa(1,2)] = |FH{oKer¥=WM; 2}, hence |2¥rpa(1,2z)] < C. In particular,
taking v = v = (0,0,.,d + 1,..,0), we obtain |rpa(1,2)| < Cla| Y, so

lrpa (L, z)] < Clr<nki£1d |2|~%"!. Thanks to the equivalence of norms in R?, we

conclude that rp,(1,2) = O(|z|;%), as |v|s — oo. By (iv), we get the result.

(vi) From (v) and (i), we have rpa(t,.), rpa(t,.) € L*(RY), so rpa(t,.) *
(Pals,) € LR, Further, F(rpa(t, )orp(s,.) = rfalts Jrpe (s, ) = rha(t+
s,.). By applying Fourier inverse, we obtain the result see [15] p 89. O
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In the sequel of this section, we suppose that, I' satisfies assumptions (3)
and (4). We denote the norm respectively the scalar product in L?(R?) by |[.||2
respectively (f, g)r2. Using the properties of the function rp,(t,.), we get

Proposition 1. The family of operators {vTy(t),t > 0} defined on L*(R?) by

rTa(t)f(x) = /drpa(t, x —y) f(y)dy,
R
1 a uniformly strongly continuous semigroup.
Let us now define the fractional differential operator.

Definition 1. The fractional differential operator D¢, a € Ry \N, is defined
on L*(RY) by

(6) Dp f(z) = F~{rva(NF{f(2); A} 2},

where 1o (N) is given by (1) and F (respectively F~1) is the Fourier (respec-
tively Fourier inverse) transform defined on L?(R?) .

The domain of definition of Df is given by

(7) D(Dg) = {f € L*(R")/rea()f € LARY)}.

It is easy to see that S C D(Dg) and is invariant by D¢, where S is the
set of rapidly decreasing infinitely differentiable functions on R?, hence D(Dy)
is dense in L2(R?). Further {f € L*(R%)/|\*f € L*R%)} c D(D2). For
some measures ', the imaginary part of ri,(.) can vanish. This allows to the
operator Dt to be symmetric. However, we can define selfadjoint fractional
differential operators without any supplementary condition on the measure I'.

Definition 2. The fractional differential operator ¢Df, a € R, is defined on
L*(R?) by

(8) oDRf(x) = F oo (N F{f(x); A}; z},
where

2 (\) = — /Sd_l IA.s|°T(ds).

The domain of definition of (D¢ is given by (7) replacing rt)(A) by r¢2(N).
Remark 1.

e [t is clear that Definition 1 is also applicable when o = 2n. Then it
generalizes the notion of the classical differential operator. In this work,
we deal only with non entire orders.

o IfT satisfies, under normalization, the identity: [g, , |£.s|°T'(ds) = 1,V€ €
Sa=1 then ¢ D& coincides with the fractional power of the Laplacian [22].

o We note that the study of the operator D¢ is also applicable for Dy with
the expectation of the properties connected to the selfadjointness.
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Theorem 1. The operator Dy with o > % 1s the infinitesimal generator of the
semigroup of convolution {rTs(t),t > 0}.

Proof

Let A and (., a > 0) be the infinitesimal generator respectively the resol-
vent associated to the semigroup r7,(t),t > 0, i.e. A is defined on D(A) =
{f € L*(R)/limy 1 (rTa(t) f—f) exists}, by the formula Af = limy o 7 (rTa(t) f—
f) and R, is the bounded operator (a — A)~! : L2(R?) — D(A). The resol-
vent determines uniquely the associated operator and is represented via the
semigroup by the formula

+o0
9) R, = / e rTy(s)ds
0

see e.g. [22], p.10, [38], p.240, [30], p8. Hence to prove that Dg is the in-
finitesimal generator of the semi group {r7,(t)}+>0, it is sufficient to prove
that

(10) Ru(a — DY) = Idppg) and (a — DY)R, = Id;e,
where Idx is the identity on X. Let f € D(Dg),
(11) Ra((a — D) f) = aRa(f) — Ra(DLf).

Using the representation of the resolvent, the definition of Df¥, Fubini’s theorem
and the integration by parts to calculate the second term, we get

Ru(DRN@) = o~ e rTu()DEN)(@)ds
- 0 e~ FHexp[rtal.)slrba(.) f)(z)ds A
= 20 foue ([ e explrva(Vslrva(Vds) )N
= —F N f)@)+af TewF! < Xp[rha(N)s] f (A))(ﬁﬁ)ds

= —f(@) +afy ™ e (rpals, ) f)(x)ds
= —f(x) +a(Raf)(x)

Inserting this in (11), we obtain the first identity in (10).
Now let f € L?(RY). First, we prove that R, f € D(Dg), then we calculate
the term D¢ (R, f) using the same tools as above.
Fa(NF (Raf ) (0) = a7 (5™ e Ta(s) fla)ds ) (V)
= (7 rale ™ explrva(N)slds ) (
= (—1+afyT e explrva(V)slds)
= —fW +a e (expleva (Vs f (V) ) ds
A (

= )+ aF (f e Ta(s) fds) (M) € LA(RY)
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On the other hand using the result in the above equality, we get
DESRS) @) = F 7 (rdaWNF(O) ) (2)
= F( = fO +aF ([ e Tuls) fds) (V) ()

= @)+ a [T e T (s) fx)ds,

hence the result. We note that the Fubini’s Theorem is applicable thanks to
the inequalities

+oo —a8<fRd | exp[rtpa(A)s }pra()\)uf()\)‘d/\)ds
< K[ _as<fRdexp[—car\,\\as)”wa(,\)\,f(A)‘dA>d8

IN

K(fRdeXp[_QCa,F‘Ma)]d)‘> ( 0+Ooe_a832_id3>v
fRd Ira (A \QO‘\f()\)\Qd)\ < 00, because f € D(Dg) and

+oo —a8<fR ‘eXP[F¢a( ) mmﬂa()\)uf()\)‘d/\)ds
< K[ e fuwexplcorlA )] /()N )ds

< KIflla( fraexpl-2earlANdA) " ( fF e ossmds).

The final bounds in these chains of inequalities are finite since a > % O

IN

IS

o= —

Remark 2. We note that for o < 1 5, We can prove, using other methods, that
the infinitesimal generator of the semigroup rTy is Dg, see e.g. [7], [11] and
[18]. In particular, in the last paper, an integral representation is also given to
this generator for the case 0 < o < 2, see also [4] and [6].

Corollary 2. The operator D§ s closed with dense domain.

Proposition 2. Let Df and ¢Dg be the fractional differential operators de-
fined above where @ € Ry\N and I', 1" satisfying assumptions (3) and (4).
Then
o DX = D¢ | where I'_ is given by I'_(B) = I'(—B), for all Borel subsets
of St and (D, is selfadjoint.
e R(DY) := (DY + Dg*) = (Dg. R(D) is called the real part of the
operator D7.
o (—D&f fir2 >0, Vf € D(D&) (N L*(R% R), where L*(R%R) is the sub-
space of square integrable real functions.
o Let f,g € D(D) (N L*(R% R), then the integration by parts formula holds;

D f(x)g(x)dx = Rdf(x)D%_g(x)dx,

Rd

/RdoD?/f(x)g(x)dx = Rdf(x)OD%/g(x)dx’

(fRd\rwa )Pl F (A )\%M)l +"°e—a8( fRdexp[—zca,p\A\as)]dA)st
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e The associated sesquilinear form,
E:D(DY) x D(DE) — C
is given for all f,g € D(DY) by

E(f.9) = (DEFhin = [ raN) FNTIOA

o The operator D is self adjoint.

Proof
The proof follows from the equalities: 1o () = r—14(A) and

(DR, f)=tan | / e/{ [T (ds) | f () 2

€S4-1\\.s<0}

[ pskT@slio dA}
Re J{seS9-1\\.s>0}
- tan—/ / I\.s|°T(ds) ( )\)\2)d>\:0,
Re J{seSI-1\\.s>0}

where & means the imaginary part. O
Remark 3. [t is obvious that the sesquilinear £ is not Markovian [22].

The operator Dy is not, in general, selfadjoint, so complex values in its spec-
trum o(Dg) are expected. In the theorem below, we prove that the spectrum
of D¢ is given by the values of the function .

Theorem 2. o(D§) = {ro(N), ) € R}

Proof
Let ¢ € C, we solve the equation (§ — D@)f = ¢, in D(Dg) for all g €
L*(R?) when pwa( ) # £,¥A € R Using Fourier transform, we get f(\) =

(f—r%( )) ()‘) and by the fact that IE—F%( )‘ > Minycpd ’5 Fwa( )‘ =
c(&) > 0, we conclude that (£ —11o(\)) 719 € L2(RY) and ||(£—rtba(N)) 1G]] <

cH9)||gl]2-  Further, ngz)?()x) is continuous and bounded on RY so (¢ —

ra(A)7'g € D(DR). D

Corollary 3. The spectra of the operator Dy is situated inside the closed cone

Cy:={2€C:|argz 27—5/—” , where ¢ = min{2 — a + [als, a — [a]2} and
2

[a]a is the largest integer less than « (even part).

Theorem 3. The semigroup rT,(t) associated to the operator DE can be ex-
tended to an analytic semigroup on the sector Ay = {z € C : |argz| <
5(1=0")} and |[rTo(2)]| is uniformly bounded in every closed subsector Ag of
Ag (0" is given in Corollary 3) .
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Proof. It is sufficient to prove that for all f € L*(RY), t s pT,(t)f is differ-
entiable for all t > 0 and there exists a constant C' such that ||D¢rT,(t)|] <
ct~!(the bounded operator norm)(see [30]). In fact, rT,(¢)f is differentiable
iff 1T,(t)f € D(DY). But piha(N)(0Ta(t) f)(A) = rha(N)er?eMiF(X) € L2(RY),
thanks to the fact that f € L2(R?) and |ptpe(N)er¥>W| is bounded for all
t > 0. Further

IDErTa(6) 1115 = lleva( e MOl = /Rd [ra(\)er =P () .

By scaling Property and change of variable, we get
IDRTLOF B = 2% [ [rda(er =P P
R

< Cct7™2 [ |f(W)PaN. O
Rd

3. THE ONEDIMENSIONAL FRACTIONAL OPERATOR

It is clear that when d=1, the measure I' used in section 2 is Dirac measure
concentrated on the points +1, —1. Consequently, it does not satisfy assump-
tion (3). In this section, we define the fractional differential operator via an
equivalent representation which is more relevant. Let f be a function in L*(R),

Definition 3. Let o € Ry. The a—fractional derivative of the function f in
the point x € R, when it exists, is given by

(12) D§ f(z) = FHsa N F{f(2); A}; 2},
where
(13) sa(A) = = N[Te B,

0] < min{a — [a]2,2 + [a]2 — a}, [a]s is the even part of o, and § = 0 when
a € 2N+ 1 and F is the Fourier transform in L*(R).

The operator D§ given by (12) and (13) is defined on
D(Dg) = {f € L*/\I"f(\) € L*}.
It is easy to see that S C D(Dg).

Let us introduce as in section 2, the function shq (¢, \) = e_”’\‘%_z%sgm. It is
clear that sha(t,.) € LP(R),V1 < p < 0o. Let spa(t, x) its Fourier inverse. In
the same way as in Lemma 4, we can prove properties (), (i), (iv). Further,
we have

Lemma 5. Va € R;\N, V¢ > 0,
(i) 5pa(t, x) is real and is not symmetric relatively to x when § # 0,
(ZZ) —6Pa (t7 x) = 5pa(t7 _x)a
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(i) 5t (1, ) =
Ly o et & 1) T(aj + 1+ 1) sin j @ O]~ H+D=0HD) when
]a:| is large where p( )(1, .) is the derivative of order | of pa(1,.),

(1) limy—g 5pa(t, ) = do(x).

Proof

It is easy to see (i) and (i7).

(73i) It is sufficient to prove this property for the function sp,(1,x) when
x > 0. In fact, using property (ii), we get (zit) for x < 0. Moreover, using the
representation

1 too sx
2O(1,7) = — / (a0 exp [~ida — (A" = F o] i,

2m )

we can see that the proof for [ > 0 is similar to the proof for the case [ = 0.
The function sp,(1,z) can be written as

1 too om
sha(l,2) = ;éﬁ{/ exp [—i)\a: - )\ae_z%} dA}.
0

Let 0 < r, R < oo and let the curve Cs: [r, R]V{Re®? 0 <0 < %}\/{Aeig—g,r <
A< R}V A{re® 0 <60 <}, where [, R| designs the segment in the real
axis between r and R, the symbol V means followed by and * means that the
curve is taken in the opposite direction. By the Cauchy Theorem the integral

_i8

of the function exp [—izx — 2% TW} over (s vanishes, further the integrals

over the two arcs tend to zero when R tends to infinity and r tends to zero, so
+oo 5T .S +0o0 i)
/ exp [—i)\a: - )\ae_ZT} d\ = e'2a / exp [—i)\a:e’% - )\a} dA.
0 0

By integrating the function ciZe exp [—izxei% — za} over the curve C'_; when
0 is positive and over C when ¢ is negative, we get

.m(at5—1)

sPa(1, ) —5)?{/ e exp[ Are'™ 2@ — )\ae_i%} dA}.

Making the change of variable & = x\, and then expanding the exponential
containing x in Taylor series, we find

cm(0—1) w(a+d—1)

sa(l,z) = —§R{e 2a /0+Ooexp [—geiT—x_afae_iﬂ d¢}

- Lppett s i, )

30‘7!

r(5—1) 1)n+! (nt1)m
bR ﬁx” * Ba(n + 1)},
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.m(atd—1)

where E,(j) = f0+°° exp [—5@’ 2a }fajdf and |0 < 1. By the same tech-

nique we find F,(j) = exp [—@'”(M’g_l)ﬂ' _ Z’”(a;’j_l)} [(aj +1),5 € 1(n+1).

Inserting in the formula above, we find the series in (iii) for [ = 0.
(1v) We use the scaling property and property (iii), to prove that sp,(t, )
tends to zero, when x # 0, and to infinity when x = 0. 0O

Remark 4. The results in Lemma 5 generalize the properties of the density
of stable laws where 0 < a < 2 (see [21] and [36]).

Corollary 4.

e 5pa(t,.) € LP(R),V1 < p < oo and Vt > 0.
® 5Da(.,.) satisfies the semigroup property.

As a result of these properties we can use the technique of section 2 to prove

Theorem 4. The operator D§ is the infinitesimal generator of the analytic
semigroup {sTw(t),t > 0} defined on L*(R) by

ﬂuﬂﬂ@:iéﬂhﬁx—yﬁ@ﬂy

Further, we get

Proposition 3. Let o, € R{\N, 6,0 € R such that |0| < min{a — [a]2, 2 +
(]2 — a} and |§'] < min{5 — [6]2,2+ [B]a — B}. Then
* DyD§ = D§D;, = Dily,
o Letaw> (B and f € D(DY). Then f € D(Df/), further D§ f = D?__ng/f
under the condition that |§ — ¢§'| = min{(a — ) — [a — B2, 2 + [ — B2 —
(v — B)}. In particular, the condition is satisfied for the interesting case
f=75 andd = g,
e D(D§*) = D(D$) and D§* = D%s, (D§ is not a selfadjoint operator),
o DIDY* = D* D¢ = D2,
e R(D§) = cos(32) D5,
S(D§)(0) = 5:(Dg — D§™) () = sin(F)F~H(—sgnA|A[*(N),
o (—D§f, f)r2 20, Vf € D(Dg)( L*(R;R),
o Let f,g € D(D$)N L*(R;R), then
+oo +oo
D§ f(z)g(x)dx = f(z)D%sg(x)dx  ( Integration by parts).

—00 —

e the associated sesquilinear form € : D(D$) x D(D$) — C is given by
£(1.9) = (D} £.D% g)se
In particular, when f € D(D§) () L*(R;R),

+o0 .
(1) = =2eos(5) [ PIFOPan
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o(D§)={ze€C:argz=m(l — |6|)}U{Z€C argz-w(l—i—lél)}

Let us now compare the operator D§ with the Liouville fractional differential
operator D%, defined by:

[a]+1 x
(D*f)(x) = T ol +11 — o) di;[am / (x — )= f ()t

—00

where I is the Gamma—function and [o] is the integer part of a. It is known
that Liouville fractional differential operator is applied on smooth functions.
In the following theorem, we prove the equality between D* and D§ on a class
of smooth functions, which is a dense subset in L*(R).

Theorem 5. Let the function f € CP™2 where CIM™ is the set of o] +
2-continuously derivable functions on R with compact support. Then f €
D(D*)N D(Dg), for all 6 given in Definition 3. Further, D*f = D, f, where

§ = o — [a]y when % is even and ' = a — [a]y — 2 when [a} is odd.
Proof
It is easy to see that f € L*(R) N L*(R) and

al—a+1 _ 1 oo o|—a+1 g/
) = e , e

where f’ is the first derivative of f. Further Il®=e+1f(z) € Cl*+1 hence
f € D(D*) and F{D*f; A} = (—i\)*F{f; A} [33](Theorem 7.1, p137-139).
On the other hand since f € CéaHQ then |A\|“f(\) € L? and consequently,
f € D(D*)N D(D$),Vd. Let us suppose, % even. Then
FAD i} = e S )
= |[A|[xe 72" (ol (a—lal2))sgnA £ )
’)\‘ae%i(a—[a]g)wsgn)\f()\).

If % is odd, we prove in the same way that
f{Daf, )\} _ ’)\‘ae_?i(a—[a]g—Q)ngn)\fA()\).
Further we have seen that |\|®e2 (@~lel2=2msomA £(\) € [2 hence

(D f)(w) = F YN ™ fra} = (D f)(2). O

Remark 5.
This calculus can also be applied to the other representations of the Riemann-
Liouwville fractional derivative operators.

Let us finally comment on mixed fractional derivatives.
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Definition 4. Let f be a function on R?, such that Jor a1 () € L*(R)
and let a; € Ry and 6; such that |0;] < min{a; — [oj]2,2 + ]2 — o} and
equal to 0, when o; € 2N + 1. The a;—fractional derivative of f with respect

to x; with parameter d; is defined by
ﬂfjag-jf(xh cy Loy l’n) = f_l{éjwaj()\j)f{fxlv--$j—171’j+1---7$n (xj>; )‘j}; xj}7
where 5,1q,();) s given by (13).

This Definition coincides with Definition 1 when the support of the mea-
sure I' is concentrated on the intersection points of S9! and the j— axis.
The following Proposition gives sufficient condition for joint fractional partial
derivatives.

Proposition 4. Let oy, € Ry\N, 1 < k5
10| < min{oy, — [agla, 2+ [ag]2 — ar} and ] il g
and let the function f defined on R¢ such h
g, x; (1 <k,j<d)is such that

d, and let oy, 0; such that
n{aj [043]2: 2+ [aj] O‘J}
s restriction on the variables

<
mi

o |||\ ]af ()\k,)\») are square integrable on R?,
o fRQ ’)\k’ k’]f()\k,l'j)’d)\kdxj < 00,
o oo |14 f(@h, Aj)|dNjday, < oo,

where f()\k,xj) and f(xk, A;) are respectively the Fourier transform of f(.,x;)
in \g and the Fourier transform of f(xg,.) in Aj. Then f is ap—differentiable
with respect to xy and its ay— derivative is aj— differentiable with respect to x;,
and we have

o o o o
]63;]] Gx: (.1'1,33'2,.., >_5ka k ]aac]] ($1,l’2,..,l‘d).

Proof. We can obtain the result using Definition 4 and Fubini’s Theorem.
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