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Abstract
The effect of irregularity on the propagation of torsional surface waves in a
heterogeneous, elastic half-space has been studied. The velocity equation has been
derived. The velocities have been calculated numerically and are shown graphically.
The study reveals that the surface irregularity has a notable effect on the propagation
of torsional surface waves. It is also observed that the velocity of propagation of
torsional surface waves depends on the heterogeneity present in the medium.
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1. Introduction

Waves propagating along surfaces or interfaces are very important to seismologist,
earthquake engineering in understanding of the causes of damage due to earthquakes.
In fact, study of surface waves in homogenous, heterogeneous and layered media has
been of central interest to theoretical seismologists until recently. The basic literature
on the propagation of elastic waves is the monograph by Ewing et al.[6]. A large
number of papers have been published in different journals after the publication of
this book. Vrettos [17,18] gives much information on the effect of heterogeneity in
the study of surface waves vibrations due to line-load. Although much information is
available on the propagation of surface waves, such as, Rayleigh waves, Love waves,
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and Stonely waves etc., the torsional wave has not drawn much attention and very
little literature is available on propagation of this wave. Lord Rayleigh [10], in his
remarkable paper, showed that the isotropic homogenous elastic half-space does not
allow a torsional surface wave to propagate. Bhattacharya [1] has been investigated
the torsional wave propagation in a two-layered circular cylinder with imperfect bond.
The propagation of torsional wave in a finite piezoelectric cylindrical shell has been
discussed by Paul and Sarma [14]. The propagation of torsional wave in an initially
stressed cylinder has been discussed by Dey and Dutta [3]. As extension of this work
Selim [16] has been investigated the torsional wave propagation in an initially
stressed dissipative cylinder. The commendable works by Dey et al. [4] and Dey et al.
[5] in the study of surface waves in a nonhomogenous medium may be cited. Studies
of wave propagation in elastic media with irregular surfaces are very important,
leading to better understanding of the behavior of surface wave propagating on the
actual Earth surface. It is therefore interesting to study the torsional surface waves in
medium with irregular surface. The problem of surface waves propagation in an
irregular media using the perturbation technique indicated by Eringen and Suhubi [7]
has been successfully employed by Mal [12], Kar et al. [9], Chattopadhyay et al. [2]
and others.

It seems that no attempt has so far been made to find out the effect of irregular
surface on the propagation of torsional surface waves in a heterogeneous medium. A
similar problem for slightly curved elastic half-space has been analyzed by
Handelman [8] and Pal et al. [13] for the case of Raleigh wave propagation. This
paper has been framed out to show the effect of irregularity as well as heterogeneity
on the propagation of torsional surface waves in a heterogeneous medium. The
velocity equation has been derived and the results have been discussed. The study
reveals that the surface irregularity as well as heterogeneity has a notable effect on the
propagation of torsional surface waves.
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Fig. 1. Geometry of the problem.
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2. Formulation of the problem and its solution

To study the torsional surface waves, a cylindrical coordinate with origin 0 on the
surface and Z directed normally to the interior of the half-space is considered.
According to the problem, we assume the free surface may be taken as z =¢ f(r),

where ¢ is small quantity whose second and higher powers may be neglected (Fig.1).
The heterogeneity in the half-space is taken in the form

= 1,e%7 for rigidity,
P =p, for density, (1)

where ¢ is constant has dimension of inverse of length, 1, and p, are positive
constants and the equation of irregularity has been taken as
2

f(r) Tyr for |r| <a, )
r)=
¢ 0 for |r| >a,

where y =h/a(Fig. 1).

The dynamical equations of motion for the system are [11]
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where p,is the density o, ,0,,0

c,,0,,and o, are the corresponding stress

7

components in their conventional sense, U,,U,,U, are the displacement components

in radial, circumferential and axial directions.
In cylindrical coordinates the tress-strain relations are taken as

o, =AQS, +2uey, )

where 4, i are Lame's coefficients and

1 ..
€; :E(Ui,j +uj,i) and ¢, =Q, 1,]=123. (5)

Dynamical equation of motion for torsional wave may be written as:
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where U,(r,z,t)is the displacement along & direction. For an elastic medium the

stresses are related to the displacement component u,(r,z,t) by

ou u
Org = ,u(z) (a_re - ng »

oy, = u(z)%‘" ™

Inserting relations (7) in (6) one gets

R S
Assuming harmonic wave solution eia)t’ the solution for circumferential
displacement in the medium becomes
u,(r.z.t) =U(2) V(r e'?, 9)
Using Eq.(9) , Eq.(8) takes the form
2 dVO VO (e )y =0, (10)

dr? dr

Equation (10) called the parametric Bessel equation of first order and its general
solution is

V(r)=AJ,(kr)+BY,(kr), (11)

where J, (kr) and Y, (kr)denote Bessel's functions of the first order and of the first

and second kind, respectively. The second part of Eq.(11) is left out from the
complete solution for well-known physical reasons [15]. Then,

V(r)=AJ,(kr) (12)
where

o |l {dZU(z)H/(z)dU(z)+k2c2U(Z), 13)

U@ d2  u Az B

1

2
and g = [MJ and C = % is torsional wave velocity in the medium.
Po
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From Eq.(12) in Eq.(9) the displacement component in the heterogeneous half-space
is given by _
U,(r,2,0) = AU (), (kr) &', (14)

where U (z)is the solution to

U@, £@O V@ o CTYy (15)
Az’ u(z) dz B

Using Eq. (1) and approximation el = (1+ 06 2), Eq.(15) take the form

2 2
dV@  sd0@ oy Y=o, (16)
dz dz C (1+072)
1
2
where C, = [&j .
Po

Following the method of Dey et al., [4], we put U (z) = ¢(2) e 92/2 iy Eq.(16) one
gets

d2¢(z) 2 2 C’ _ _
pEa +k {—}/2012(1+5Z) l}qﬁ(z)—o. (17)
24, 0"
where y —(1+4k2).

2
Ck J and cf:@,inEq.(ﬂ), we get

On putting o = (2 >

1

d’¢<) | 1 a _
T { 4+J¢(§) 0, (18)

Applying the surface wave condition, which is
U(z) >0 at z—> o e, ¢()—0atd —oo. (19)
The solution of Eq.(18) may be taken as

#(5) =AW, 1,(5), (20)

where A is constant and W, ,({) is Whittaker function. Hence,

0(2) = A o[ TKEEOD g e

From Eq.(21) in Eq.(14), one gets
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27 k(146 2)

Up(r.z,t) = BWam( 5

where B = AA is a constant.

3. Boundary Conditions
In the absence of any external body forces in the boundary, the surface of the
medium is kept stress free at z = ¢ f(r)and also we assume that the displacement at

r = 0is finite. The boundary conditions may be taken as

du
Sz& = lu(z) ng

Applying the boundary conditions (23), one gets

at z=¢ f(r) (23)

dW,,,,, 2y k(1+6 z)/5)]_ W, rk(1+82)/6)] —0, z=£f(n (24)
dz 2 ’

The boundary condition (23) takes the final form as

(47 kj[d[vvau/z (27 k(1+55f(r))/5)]

5) d¢ i|_WC¥’1/2 (27/ k(1+o f(l’))/é‘):O (25)

Taking the asymptotic expansion of the Whittaker function and retaining up to linear

term, Eq.(25) gives the velocity equation as
1

c{ 45 8 (1+5A 25 4 2

C,

- +—=1, (26)
K’G+25A) S3B-0A) Kk*B-6A) k(B-6A) Kk

where A =+y1>.

4. Numerical Results

In order to demonstrate the effect of irregularity on the propagation of torsional
surface waves in the heterogeneous isotropic elastic half-space, numerical
computations of Eq.(26) were performed. The effect of irregularity and heterogeneity
on the phase velocity of torsional surface wave is shown in Figs 2, and 3. In these
figures, the variation of C/C, against k/o for different sizes of irregularity
(x=0.0,£0.2 and £0.4) is displayed.

Figure 2 gives the variation of the phase velocity of torsional surface wave against
k/o for the positive values of y =0.2 and 0.4. Comparison with the case of y =0.0,

It is observed that the phase velocity of torsional surface waves decreases with an
increase in irregularity parameter y for the same value of k /o . Figure 3 gives the

same for the negative values of y =—0.2 and —0.4.

The above numerical results for the propagation of torsional surface waves in the
heterogeneous half-space for both positive and negative values of the irregularity
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surface parameter y reveal clearly that as k/Jincreases the velocity of torsional
surface decreases.

5. Conclusions

It is concluded that the surface irregularity has a notable effect on the propagation
of torsional surface waves in heterogeneous medium with irregular free surface. Since
the actual Earth has irregular surface space so it is more realistic to consider the
irregularity effect in the study of the propagation of torsional surface waves in
heterogeneous Earth medium. The study also shows that the heterogeneity present in
the medium effect the propagation significantly.
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Fig. 2 Variation of C/C, versus k/¢o at y =0.0,0.2, 0.4.
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Fig. 3 Variation of C/C, versus k/¢6 at y =0.0,-0.2,-0.4.
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