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Abstract

The two scale convergence of the solution to a Robin’s type-like
problem of a stationary diffusion problem in a periodically perforated
domain is investigated. It is shown that the Robin’s problem converges
to a problem associated to a new operator which is the sum of a stan-
dard homogenized operator plus an extra first order ”strange” term; its
appearance is due to the non-symmetry of the diffusion matrix and to
the non rescaled resistivity.
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1 Introduction

Periodic homogenization in perforated media with Robin boundary conditions
prescribed on the boundary of the holes has been extensively studied by many
authors and we refer for instance to [5], [7], [13],... In this paper we study
the stationary diffusion equation in a periodic perforated body where the heat
flow is proportional to the temperature field on the boundary of the holes with
a resistivity having zero average value on the boundary of the reference hole.
In [5], the authors studied a model problem for a second-order symmetric el-
liptic operator in a periodically perforated domain with the Robin boundary
condition prescribed on the boundary of the holes. They use the asymptotic
expansion technique [6], [14], [15] to obtain the homogenized problem and they
construct correctors to justify the expansion and then estimate the error. In
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this paper, we consider a problem but with another configuration, namely the
holes may or may not be connected and the boundary of the holes may inter-
sect the exterior boundary of the body. Moreover we assume that the matrix
diffusion of the second-order operator may or may not be symmetric. We use
the two-scale convergence technique [3], [9], [11], [12] to obtain the two-scale
limit system. After the decoupling technique, we show that the homogenized
problem contains a convective term. Its appearance is due essentially to the
general character of the matrix diffusion and on the fact that the resistiv-
ity function is not rescaled as usually assumed when dealing with two-scale
convergence on periodic surfaces, see for instance [2], [4], [10],...

The paper is organized as follows: in section 2, we define the geometry of
the perforated body and we give the Robin boundary-value problem setting.
Section 3 is aimed at showing the existence and unicity of the solution of the
Robin problem and obtaining a priori estimates of the solution. The asymp-
totic limit via two-scale convergence procedure is analyzed in section 4. We
obtain the homogenized boundary-value problem which is a second order ellip-
tic operator containing first and zero order terms. The latter term is classical
see e.g. [4]. The first order term is a convection one and it is null when the
diffusion matrix is symmetric or with constant coefficients.

2 Setting of the Problem

Let ©Q be a bounded domain in R" of variable z = (2;);.,.,, (n > 2) with
a smooth boundary I' and ¢ a real parameter taking values in a sequence of
positive numbers tending to zero. As usual in periodic homogenization let
Y = [0,1]" be the generic unit cell of periodicity in the auxiliary space R"
of variable y = (¥i);<;<,- The cell Y is identified to the unit torus R"/Z".
A function defined on R” is said to be Y-periodic if it is periodic of period
1 in each y; variable with 1 < ¢ < n. In the sequel we will suppose that
any function defined on Y is extended periodically to the whole space R™. If
E(Z) is a function space (where Z is a subset of Y) we denote Ey (Z) :=
{w e E(Z); w is extended periodically to R™}.

Let H, the reference hole, be an open subset of Y with a smooth boundary
Y. and set Y, = Y'\cl(H) where ¢l (-) denotes the closure. Thus Y is partitioned
as Y = Y,UXUH. Note that we do not require that H is strictly included in Y.
As a consequence the periodic extension of H may or may not be connected.
Let us denote x (y) the characteristic function of Y in Y. We define the

perforated material
0. — {xeﬂ;x@) - 1}
€
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and the one codimensional periodic surface
x

Egz{xeﬁ;—EZ}.
€

Here €2, represents the matrix or the solid part of €2, by opposition to the
holes or the void part that is represented by the open subset H. := Q\cl (Q.).
By construction, all of these holes are identical and they are periodically dis-
tributed in €2 with period € in each x;-direction. Since we use the two-scale
convergence method we do not require that the boundary Y. = 0H. does
not intersect I'. As in [3], We shall use the natural extension by zero of any
function defined on €2..

Let f. be a given function in L* (€).), g. be given in L? (X.) such that

1fllz2cn) + Vellgellzs < C. (1)

Here and throughout this paper C' denotes a positive constant independent of
€.

Let A (z,y) = (aij),<; j<, be areal-valued matrix function defined on 2xY’,
Y -periodic in the second variable y such that there exists two positive constants
m, M independent of ¢ satisfying the following inequality:

m|¢P<(AGO < M|CP (2)
for all ( € R™. We suppose that the matrix A lies in C' (Q;L;f (Y))nQ. We
note that no symmetry condition on A is assumed. Let u(y) € L3 (Y) such

that fY w(y) > po > 0 where pi is independent of €. Let o be a Y-periodic
measurable bounded function defined on 3 such that

/E o (y) o (y) = 0. 3)

Let us decompose the function « into its positive and negative parts as follows:
a=a"—a", a" =max(,0), a” = max (—aq,0).
Assume that the positive part of « satisfies the condition:

at (y) > ap > 0ae. inX. (4)

Let us consider the following Robin boundary value problem:

—div (A:Vue) + peue. = fo in Q, (5)
(AcVue) - ve + aeu. = eg. on X, (6)
u. = Oonl (7)
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where

0= A(2) =0 (2) 0= ()

3

and v, is the unit outward normal to €2..

This problem can be regarded as a simplified model of the condensation
of stream in a periodic cooling structure (see [4]). We can also consider as a
model for treatment planning hyperthemia in microvascular tissue, see [8]. The
boundary condition (6) means that the heat flow (A.Vu,) - v. is proportional
to the temperature u. with a periodic resistivity given by the function a.. In
many situations, the resistivity function is taken to be e™a.. Since the operator
is of order 2 the interesting cases are then m = —2,—1,0,1 and 2. The case
m = 2 is trivial since we obtain the classical homogenized equation.This can be
seen easily by using the asymptotic expansion method. The case m = 1 with
a. > 0 has been studied by [4], [10] using the two-scale convergence technique.
In this situation «, is rescaled since the surface Y. is of codimension 1 Here
we study the case m = 0, i.e. a non rescaled resistivity. We use the same
technique but with «. changing sign. We show that the assumptions (3),
(4) and a non-symmetric A, (x) contribute to the description of the effective
thermal conductivity with convection. The case m = —1 will be studied in a
forthcoming paper. Note that the case m = —2 is also trivial since it yields
that the effective thermal conductivity is 0.

3 Study of the Problem and A priori Esti-
mates

Let
V.={veH (Q.);v=00nT}

equipped with the scalar product

(u,v)y. = [ Vu(zr) Vo (z)dx
Qe
and the associated norm ||ully, = (u,u)%f which is equivalent to the H!-

norm thanks to the Poincaré inequality. The variational formulation of the
boundary-value problem (5)-(7) reads as follows:

{ For each € > 0, find u. € V. such that (8)

a (ue,v) = L. (v) for any v € V,,
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where a. (+,-) is the bilinear form defined on V. x V. by:

a. (u,v) =

A (z)Vu (x) Vo (z) dx + / pe () u (z) v () de
Qe

+/Z a (z) u (z)v () do (z)

and L. (-) is the linear form defined on V. by:

L) = [ flp@)d+e / e (2) v (z) do (z).

€

Lemma 3.1 There exists a positive constant Cy independent of € such that
for every v € V. and for every 6 > 0 we have

—1
o132y < Cs |02) ™ ol3aga) + (02) IV0 10y ] - (9)
Proof. Let us introduce the notation

vt (@) = v (e (k+y))

where k € K. = {k € Z" (Y +k)NQ # 0}. By the change of variable x =
e (k4 y) we have

Lrwanw=3 [ @i

=Y [ ) o).

keK.

From the trace theorem we see that for every § > 0

/E[vf )] do(y) < C, [6‘1/Ys+k [vf (y)]Qdera/

V0 () |2dy]
Ys+k

{6‘1 / v (z)* dx + e / V.0 (2) |2dx} .
£ e(Ys+k) e(Ys+k)

<

3|Cn

Hence

/ v? (z)do. (1) < 5”_1%[5_1 Z / v (x)? do +
. en e(Yotk)
keK.

b¢e? / Vv (z) |Pda]
k;s e(Ys+k)

e {(55)—1 / )+ (02) |Vv(x)|2dx}.

Qe
The Lemma is proved. m
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Lemma 3.2 Let \/ugm > Cgl||peo(syy where Cs is the constant given in
Lemma 3.1. Then a. (-,-) is coercive on V..

Proof. Let v € V.. Then using (2), we have

o)z m [ |Vo@) ot [ 0@ e lallimey [ vl do (o).
Qe Qe Ye

By (9) we see that for every > 0
a- (v,v) > (m—0eC|lal =) / |V (z) |*dz +
Qe

(10— (62 Collallim) [ o) do

Qe
) 1 /m
Choosing 0 = —, /—. Then
€V Ho

ac (v,0) 2 o [[IVollia@p + ol
where cg is the positive constant given by

Clllex| oo
o= (1- Glele

T ) min (m, p9) > 0.

This completes the proof. m
In the sequel we shall assume that the condition \/mom > Cs||la||pe () is
fulfilled.

Proposition 3.3 The variational formulation (8) admits a unique solution
us. € V.. Moreover we have the a priori estimates.

IVue|| 2oy + el L2y + [Juel| 22z < C. (10)

Proof. The existence and uniqueness is a straightforward application of
Lemma 3.1 and the Lax-Milgram Lemma. It remains to prove the a priori
estimates (10). Take v =u, in (8). We have

/ (A€VU€VU5 + ,uau?) dx + / afuido. (z)

€ €

= feuedx + / (Sgg + Oé;ug) usdo, ().

Qe
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Let us denote

Ae (ue) = | Vel iz + luelZz .y + el e,

Then using (2) and (4) we obtain

Acfu) £ ([ fadet [ (eg.azu) uado. (2) (11)

C1 Q.

where ¢; = min (m, g, a9) > 0. Applying Young’s inequality on the right
hand side of (11), we get

1 3 1
Ac(w) < =GNl + g5 lvellize,

7 g2 1
T llg ey + (w + |z ) luclfeen) (12)

But in view of (9) inequality (12) becomes

1 1 € C
A < (55 (5ol ) S ) el
9
+ (52 + el ) CoeS |Vl +C.

Now, appropriate choice of 3,~,d yields
Ae (ue) = HV%H?Lz(QE))" + HU5H%2(Q€) + HUEH%Q(EE) <C.

The Proposition is now proved. m

One is led to determine the homogenized problem of (5)-(7). Namely we
study the limiting behavior of the solutions u. as € tends to zero. This the
subject of the next section.

4 Homogenization Procedure

We shall use the well-known two-scale convergence method that we briefly
recall here the definition and the main results.

4.1 Two-scale Convergence

Definition 4.1 1. A sequence v, in L*(Q) two-scale converges to vo(x,y) €
L*((QxY) and we denote this v. = vy if for any p(x,y) € L? (;Cy (Y)),

lim [ v.(x)p x—dx—//voxy (x,y)dydz.
Q

E—
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2. A sequence v. in L*(3.) two-scale converges to vo(x,y) € L*((Q x X)
S _
and we denote this v. = vy if for any (z,y) € C (; Cx (Y)),

lim evs(x)g0< dag //vo ,y)p(z, y)do. (y) dz.

e—0 .

Proposition 4.2 1. For any uniformly bounded sequence v. in L* (£2)
one can extract a subsequent still denoted by ¢ and a two-scale limit
vo € L2((2 x Y') such that v. = vy.

2. If v is in L* (X.) such that
ellvelZags,) < C,
then one can extract a subsequent still denoted by € and a two-scale limit

s
vo € L2((Q x X) such that v. = vy.

4.2 Two-scale limit system

By virtue of the estimate (1) and the proposition 4.2, there exists f € L? (2 x Y)
and g € L? (Q x X) such that, up to a subsequence, one has

x(5) £ ) =X 0) £ () 0. () = 9 n) (13)

Furthermore we have .
Lemma 4.3 [3], [12], [4]. Let u. be the solution of (8). Then there exists

a subsequence still denoted by & and two functions u(x) € H} (), u1 (z,y) €
L2(Q; Hy (Y;)/R) such that

() @) = x @) ). (14)

¥ (2) Vue (2) = x () (Vu (2) + Yy () (15)

Moreover we have

lim 5u€(x)<,0< da€ // o(z,y)do (y)dz  (16)

e—0 .

for every ¢ € C(Q; Cy(Ys)).
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Lemma 4.4 We have

lim [ u.(2)p(z) das / / uy (z (y)do (y)dx

e—0 ¥,
for all p (z) € C(Q).
Proof. Define a function ¢ (y) € H,(Y,)/R solution of the problem

{ (VO(y)) v(y) =aly) onk, (17)
y — 6 (y) Y-periodic.

Such a function exists since «(y) satisifies (3) which is the compatibility con-
dition for the solvability of the problem (17). Set ¢ (y) = V6 and consider the
function . (z) = ¢ (£). Then we have

Vo (2)0. (z)dz = / ue(ee () v (2) do. (2) (18)

Qe e

_ / u.(@)a () do. (x).

Passing to the limit in the left hand side of (18) and taking into account (15)
we find

tim [ o) (2) dow (@) = [ [ ) (Vule) + Vi (0.) 6 (0) dd
5 (19)

Since u € H} () we have

// ¥ (y) dyde = (/V“ d$)LX(y)w(y)dy:0.

Hence the right hand side of (19) becomes

// ) Vyui (2, y) 9 (y) dydz.

On the other hand, we have

) Vyur (z,y) ¥ (y) dyde = — uy (z,y) divgy (y) dydz
Jfxw L,
[ [t ) do ) ds
= /Q/Zul (z,y) a(y)do (y) dx
which proves the Lemma. m

Now we are able to give the two-scale limit system:
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Proposition 4.5 The couple (u,uy) € Hj (Q) x L* (Q; H}, (Ys) /R) is the
solution of the following two-scale homogenized system :

—divy (A(Vu+Vyuy)) =0 inQx Y, (20)

(A(Vu+Vyu) - v)+au=0 onQx3, (21)

yr— u; Y — periodic, (22)

—div, ( A(Vu+Vyu) dy) + flu + / aupdo (y) =F in Q, (23)
Vi >

u=0 onl (24)

where i = [\, p(y)dy and F(z) = [, x (y) f(z,y)dy + [ g (2,y) do (y) .

Proof. Let ¢ (z) € D(Q) and ¢, (z,y) € D (Q;CF (Y;)). Choosing v (z) =
¢ (x) +ep1 (2, %) as a test function in problem (8), we have

/QVU (x) x (g)tA(g) (ch (z) +eVaepr <x, g) + V1 <x, g)) dx

# [ @@ [+ ()]
+/za a: (z)u () [@ () + e (:r, g)] do. (z) = (25)

[x () 1@ [p@ +een (2.2)] o
8/25 9 (z) [90 (z) 4+ epy <x, g)} do. ().

By virtue of (15) the first two terms of the left hand side of (25) converges to

// )+ Vyus (2,9)] [V (2) + Vyer (z,y)]
u () ¢ ()] dyde. (26)

Taking into account (16), and the lemma 4.4, the third term of the left hand
side of (25) tends to

// v (z)do(y d$+// z) 1 (2,y) do (y) da. (27)

Thanks to (13) the right hand side of (25) converges to

/Q[ . f(x,y)dy+/zg(x,y)da (y)} o () dx:/QF(x)go(x) de.  (28)
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By the density of D (Q) x € D (; CF (Ys)) in Hy (Q) x L* (Q; Hy, (V) /R)
we get from the limits (26)-(28) the followmg two-scale weak formulation sys-
tem:

(u,ur) € Hy () x L? (€; H}, (Y;) /R) is such that
Jo Jy, AlVu+ Vyu] [Vu + Vo] dydx—i— (29)
fi [quvdz + [, [ auvdo (y) dz + [, [ cuvido (y) = [, Fvdx

for all (v,v1) € Hy () x L* (; H}, (Y;) /R). Integration by parts in (29) with
respect to v; (v = 0) gives (20)- (22) and with respect to v (v; = 0) yields
(23)-(24). The Proposition is now proved. m

Thanks to the linearity of the first equation of (20) we can compute u;(x, y)
in terms of u () as follows:

ch +(y)u (z) +a () (30)

where for each k the function ¢ (y) satisfies the auxiliary problem:

—div (A(y) Vi (y)) = div
AW Ve (y) v = —A

(A(y)er) in Qx Y,
v (y
y — C(x(y) Y-periodic, z € Q.

Jeg-von )X,

where e, = (5ik)1gignv 0;1 is the Kronecker symbol.
The function ~(y) satisfies

—div (A(y) Vv (y)) =0 in Q x Y,

Ay)Vy(y) - v=—a(y) onQxX,
y — v (y) Y-periodic, z € Q.

Finally, inserting the relation (30) into the equation (23) yields to the
homogenized equation

—div (A""Vu(z)) + B - Vu(z) + I (z) = F () (31)

where A"™ ig the matrix with coefficients

=5 o (o S50
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B is the vector with components:

b = /Za(y)Ci(y)dU(y)—Z/ aik(y)ﬁ(y)dy

k=1 Ys Oy

= [a@cwdr )~ [ Awevy )i

Ys

A is the real number:

A= /Za(y)v(y)dff(y)Jrﬂ

_ —/ A(y) V() Vo () dy +

S

Thus we have proved the following result

Theorem 4.6 Let u. be the solution in V. of the Robin boundary problem
(5)-(7). Then x. (x)u. (x) two-scale converges to x (y)u (x) where u(x) is a
solution in H (Q) of the homogenized problem:

—div (A" Vu(z)) + B - Vu(z) + Au (z) = F () in Q,

(32)

u=0onl.

Remark 4.7 We observe that the limit equation (32) contains an extra strange

term of order 1. Namely the convection term B - Vu. The vector B depends

closely on the matriz A and the resistivity function a. For example, if A is
symmetric then B = 0. Indeed

/Z a ()G (y)do = - / Ay) Vi (4) VG () dy = / A(y) VG (4) V7 () dy)

S S

and since A is symmetric

/Z a(y) G (y)do = / A(y) eV (y) dy.

E]
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