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Abstract: A new construction theorem for orthodox semigroups with inverse transversals
was given.
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0 Introduction and preliminaries

In 1982, Blyth and McFadden proposed the concept of inverse transversal '

. IfSis a regular
semigroup, then an inverse transversal of S is an inverse subsemigroup S° such that there exists a

unique inverse in S° for every x € S. In what follows we write the unique inverse of x as x°, and

denote ( x° )° by x°°. LetL = la € S:a = aa®a®°} = {aa®a®°:a € S|, R = {a € S:a =
a°°aa ! = {a°°a®a:a € S}, 1 = {a € S:a = aa®},A = {a € S:a =a®}. ThenE(L) =
I, ECR) = A.

We list the following known results.
Let S be a regular semigroup with an inverse transversal S°, and let E° = E( S°), then
(a)(wy)° = (x°y)°%° = y°(xyy°® ) for any x,y € S; '3
(xy°)° = y°°%x°, (x°y)° = y°x°° for any x,y e S; '3
I and A are left and right regular bands with a common semilattice transversal E°, re-
spectively; L and R are left and right inverse semigroups with a common inverse transversal S°, re-
spectivelyL o
I( resp. A)is a semilattice of left ( resp. right ) zero semigroups {/.: e° € E° {( resp.

[A.:e® e E°}), wherel. = {a e I: a® = ¢° }(resp. A, = {a € A: a® = e°})*,
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(b) S is orthodox iff ( xy )° = y°x° for any x,y e S°';
S is orthodox iff (/i )° = [°°for anyl € A, i e ]{6];
S is orthodox iff S is quasi-orthodox and S° is weakly multiplicative .
(¢ ) S°is weakly multiplicative iff for any e € E(S), e° e E°®.
Recall that a regular semigroup S is orthodox if the set of idempotents E( S ) is a band.
Proposition 1 Let S be a regular semigroup with an inverse transversal S°. Then the follow-
ing statements are equivalent:
(1) Sis orthodox;
(2)Foranyl e Aandi e I, (i) =li, (il ) =il
Proof It is clear that ( 1 )=¢(2).
(2)=(1): Foranyl € Aandi e I, we have [ii®l°li = lili = li and i®l°lii°l° = i°lil° =
i°ilill° = i°ill° = i°l°, thus ( [i )° = i°l° = [°°, it follows by ( b ) that S is orthodox.

1 A construction theorem for orthodox semigroups with inverse transversals

The full transformation semigroup of a semigroup S acting on the right side is denoted by
X S), and.7 *( S ) denotes the dual semigroup of X S ).

Theorem 1  Let L ( resp. R ) be a left ( resp. right ) inverse semigroup with an inverse
transversal S°, and let / = E( L) = U,._,.I. be a semilattice of left zero semigroups with a sem-
ilattice transversal E°, A = E(R) = U,._. A, be a semilattice of right zero semigroups with a
semilattice transversal E°, where /.. is a left zero semigroup containing e®, and A,. is a right zero
semigroup containing e°. If there exist homomorphisms A:R—.7 (), al> A, u:L—> K A),
x > u, satisfying the following conditions:

(1)( Ve e E°),(YaeR),(Vxel)

Ado ©lcpores  Appty € Apeoroos  AE°CE°, E°u, CE°

(2)(VYe,gel),(VYf,heA),(YaeR),(Vxel)

ALeg) = (e XA eg8))s (o, = CCfig ey e Xl )3

(3)(Vg,uel),(VfiheA), (Vb e S°), where g° = bb°, h° = b°b

(Ayudb = b(Au), b fin, ) = (fi, )b

Define a multiplication on the set [+ S°* A = {(e,a,f) e IXS°xA:eel,.,fe A, !
by Ce,a,fX g,b,h) =(Cel Ayg), ab, (fia,, )b ). Thenls S°+ Ais an orthodox semigroup with
an inverse transversal ( [ % S°* A )° = {( a®a, a°, aa®):a e S°|.

Proof Let(e,a.f),(g,b,h),(u,c,v)el*S°*A. By Condition(1), we have A, g e
Al = Mgl o S Loyt apre s so ( /\@g)o = (af)°°bb°( af )° = a®°°f°bb°f°a® = af°bb°a® =
aa®abb®a® = abb®a®, and so( e A8 ))° = (A8 )°%° = abb®a’e® = abb°a’aa’® = abb®a® =
ab( ab )°. Similarly, we have ( (f,u,gb )h)° = (ab)°ab. Thus e /\afg) € Ly (f,l.Lgb ) e
A( 4o Thus the multiplication is well-defined.
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At the same time,
(Ce,a,fX g,b,h) N u,c,v)
= (e Ayg), ab, (fu, )h X u,c,v)
= (el A g X A b gy ), abe, (CCfuy, hp,, )

= (e Ayg X )\ab(f,ug,, wl ), abe, (( (fIJ«gb >,U«A,,( ud ue)®) >Iu‘uc X b, w) ( by (2))
= (el A g X Xt fug ), abe, CCC g ey, e X, o) ( since ucl uc)°® = u )
= (e A& X )‘ub<fﬂg/, ), abe, (f,U«gb( Ay e X hu,, o) ('since u is homomorphic )
= Cel A8 X A gntt )+ abes Cfiagn i apreue X i, o) (‘since Au e I )
= (e A& X )\ab(f,u.g,))hu’ ), abc, (f/'l’gb( A heucue X b, o) ('since Au € I,.,. )

= ( e( Aafg >< )\ajbb(/p,g,) nl )’ a’bc’ (f/'l’gb( Apu)hu’e >( h’/'l’u,c )1}>
= (el A8 X )\a/]"bb"b(fp.g,) nl ), abe, <f/'l’gb( A de X hw,, )

= (e Ay& X )h,ﬂ;bvbb(/#g,) wit ), abe, <f/"’g( Appie Ve X hi,. Jv) (by(3))
= (el A, X Al fugy gy 1 )y abey iy, X by, ) (by (1), b°°b = (fu,, )°)
= (e A8 X /\,,ﬂ”#gb i), abe, (fﬂg( Appte Ve X hw,, v) ( since Sy € A )
= (el 2,8 X At g it )y abes iy, X by, ) (by(3))

= (e Ayg X /\(f )\f#g( Ayu))), abe, (f,ug( A e X hw,, Jv) ( since A is homomorphic )
= Cel Ay XA LA A ) ) )5 abes (fing e X g, Jo) - Csince Caf )°af = )
= (e )\,4,( gl A,u))), abe, (f,U,AW,L),W X hw,, o) (by(2))
= (e, a,f X g Ayu), be,( hu, )
=(e,a,/ N\ (g,b,h Xu,c,v)).
So I # R is a semigroup.
Let(e,a,f) € 1%S°* A and ¢’ = a, then by Condition ( 1 ), we have Age € Ayl ©
LpyoeCapy = Livopepas = Ligagarar = 1,5 similarly, fu,, € A,. We also have thate € I, and f" €
A,. Tt follows by the fact that I, and A, are respectively left and right zero semigroups containing a

a

that Ce,a,f ) e,a,f) = (e /\er),az, (fu, )f) = Ce,a,f). Conversely, let (e,a,f) e
E(I1%S°%A), thena® = a. Therefore E( I % S°% A ) = {Ce,a,f) e IS°xA: at =al.

Let(e,a,f),(g,b,h) el«S°+%A,be Wa). Thenaba = a, bab = b. Soa® = b. Thus
A€ € Ayplye S 1 upyoogetapys = Livopgons = Lusramnoas = Luae s Sy € Acgyyoptanree = Apegoppee = Apoppoacas
= Ay, Since [,
Ayoys then Ce,a,f )X g,b,h) = (e /\afg), ab, (f,ugb Jh) = (e,ab,h). In the same manner we
can verify that (e,a,f X g,b,h X e,a,f) = (e,ab,h X e,a,f) = (e,a,f). Similarly, ( g,b,
hXe,afXg,b,h) =Cg,b,h). So(g,b,h) € W(e,a,f)). Conversely, let (g,b,h) e
W (e,a,f)), thenb € Wa). Therefore( g,b,h) € W (e,a,f))inl*S°* Aif and only if b €
Wa).

Let(I#S°%A)° = {(aa, a®°,aa®):a € S°|. Leta,b e S°, by Condition ( 1 ), we have
Ao(b°b) € 1oy, N E°and(aa® u, € Aypepe N E°, s0A,.(5°0) = a®b°ba and ( aa® Ju, =

is a left zero semigroup and e € I ., A,., is a right zero semigroup and h €

aa® ?
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baa®b®, and so
(aa, a®, aa® X b°b, b°, bb°) = (a®al A,.(b°b)), a®b°, (( aa® u,. )bb°)
= (a®°®%ba, a°b°, baa®b°®)
= ((ba)°ba, (ba)°, bal ba )°),
thus ( 7% S° % A )°is a subsemigroup of [ # S° * A.

For any( e,a,f) e [ % S°* A, we prove that( aa, a®, aa® ) is the unique inverse of ( e,a,
f)in(I%S8°%A)°.

By Condition ( 1 ) and since /,,. is a left zero semigroup, A,,. and A,., are right zero semig-
roups, we have /\a/< aa) e I, areaca anr = Lapaapas = Lo s e € Aypge = Ao s (aa®u,, €
Ao, €A = A,., and A

Again sincee € I ., f € A,.,, we have

(e,a,fN a°a, a°, aa® X e,a,f)= (el A, (a%a)), aa®, (fu, Jaa® X e,a,f)
= (e, aa®, aa® X e,a,f)
=(el Ayee), a, ((aa®u,, )f)
= ( e,a,f).
Similarly, ( a¢®a, a°, aa® X e,a,fa°a, a°, aa®) = (aa, a°, aa®). So( a®a, a°, aa®) e
W ( e,a,f) ). Let( b°b, b°, bb°) e W ( e,a,f) ), then ab®a = a, b°ab® = b°, soa = b. It fol-

lows that ( a®a, a®, aa®) is the unique inverse of (e,a,f) in (I%S°%A)° Therefore

(l(lDe € I( aa® )°°e°( aa® )° = ]ua°‘

(ea)®aa®( ea)°®

(I%S°%A)°is an inverse transversal of [ % S° x A.

Denote X = {x e [#S°«A:x =ax°f, Y = {w e [S°*A: x = x° |.

leta € E°, e € I,, then (e,a,a)Xe,a,a)® = (e,a,aXa,a,a) = (el A,a), a,
(au,)a) =(ea,a,a) =(ee®,a,a) =(e,a,a),so( e,a,a) e X. Conversely, let(e,a,f) e
X, then (e,a,f) = (e,a,fNe,a,f)° = (e,a,fNa®a, a°, aa®) = (& /\a_/( aa)), aa®,
(fit, Jaa®), soa = aa® e E°, again since fu,. € A,, thenf = a. Thus X = {(e,a,a) e I x
E°xE°:e el |

Similarly, ¥ = {(a,a,f) € E° xE° xA: f e A, |. Itis clear that E( ([ % S°%A)°) =
{(a,a,a) € E° x E° x E° |.

For any (b,b,h) € Y, (e,a,a) € X, we have ((b,b,h X e a,a))° = (b( A,e), ba,
(hw,, )a)° = (ba,ba,ba) = (b,b,b X a,a,a) =(b,b,h)(e,a,a)®, by(b), [%S°xAis
orthodox.

Theorem 2 Let S be an orthodox semigroup with an inverse transversal S°. Then
SwoalxS°+%A, wherel = fe € S: e =ee®f, A = {fe S:f=ffL
Proof By(a),L = {a e S:a =aa®a®®{andR = {a € S:a = a®°a®a | are respectively

left and right inverse semigroups with the common inverse transversal S°. [ = U,._p./,. is a sem-
ilattice of left zero semigroups, where .. is a left zero semigroup containing e®, and A = U .. A,

is a semilattice of right zero semigroups, where A,. is a right zero semigroup containing e®. For any
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a,be R, x,y el L, s el,t e A, we have asa®C asa®)® = asa®a®°s°a® = asa® e I,

(%% )°x°tx = x°t°x°°x°tx = x°t°tx = x°tx € A. Let A, :I — [ defined by A,s = asa®, u,: A
— A by ju, = x°w. Since (A,A,)s = absb®a® = abs(ab)® = A,s, Kpu, ) = yx°y =
(xy )°txy = iu,, , then the mappings A\:R—.7 "( 1), al> A, andp:L— X A), x b>pu, are ho-

momorphisms.
(1) Foranye® € E°, a e R, x € L,lets e I., 1t € A,., then(A,s)° = (asa®)° =
a®°s°a® = a°%°a®, (tu, )° = (x°x )° = x°t°x°° = x°%°x°°, it follows by ( a ) that A s € .. 0,

and iu, € A.,opeo , therefore A 1. © 1
E°u, C E°.
(2)Foranye,g eI, f,h e A, a e R, x € L, we have
(A, XA (A ey 8)) = aca®al (a®a)u, gl (a®au, )°a®

and A, u, © A .00 Tt is clear that A ,E° © E° and

a®°e®a®

= aea’ae’a’aeg( e°a’ae )°a®
= aea®aege®( a’a )°e®a®
= aea’aega®
= aa®aea®aega®
= aega® = A,(eg).
Dually, ity Y X Az ) = (/i
(3)Foranyg, uel, f,h e A, b € S°, where g° = bb°, h° = b°b, we have ( \,u )b =
bhu( bh )°b = bhuh°b°b = bhuh® = b( A,u). Dually, b( fu,, ) = (fu, )b.
Thus Conditions (1), (2 ), (3) in Theorem 1 hold. So by Theorem 1, I % S° * A is an or-
thodox semigroup with an inverse transversal ( /% S° % A )° = {( a®a, a°, aa®): a € S°}.
Define ¢y :S— [ % S°* Abyxy = (xx°, x°°, x° ) for any x € S. It is obvious that s is in-
jective. For any (e,a,f) e [%S°=%A, since (eaf Wy = (eafl eaf)°,(eaf)°°,( eaf )°eaf) =
(eafftae®, e®af°, ffa’e’eaf) = (eaf°a®, a, ae®af) = (eaa®, a, a®af) = (ee®, a, f°f) =
(e, a, f), then i is surjective. For any x,y € S, we have
Caoy i = Cap wy )°,Caey )0, Caey )y )

00,.00

:(xyyoxo,x ¥y ,yoxoxy)

0,.00,.0

— ( xx°x°%x xyyo( xooxox )o,xooyoo’< yyoyoo )o 0..00

x°xyy°y°°y°y )
= (o Aoy, Cyy®) ), 22000, (Cx% i yeyee )%y )

= (xx°, x°°, x°% X yy°, y°°, yoy>

= Coaf )y ).

Therefore i is an isomorphism.
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