H33 B4 H M E HE X X F F R Vol. 33, No. 4

2003 48 A JOURNAL OF UNIVERSITY OF SCIENCE AND TECHNOLOGY OF CHINA Aug. 2003

Article 1D:0253-2778( 2003 )04-0388-07

Nontrivial Solution of a Quasilinear Singular
Elliptic Equation With Critical
Sobolev-Hardy Exponent

. 1,2 . 1,2
YAO Yang-xin *“, SHEN Yao-tian
(1. Department of Mathematics, USTC, Hefei 230026 )

(2. Department of Applied Mathematics, South China University of Technology . Guangzhou 510640 )
Abstract: The nontrivial solution of a quasilinear singular elliptic equation is studied with
critical Sobolev-Hardy exponent by virtue of Sobolev—Hardy inequality and the Mountain
Pass Geometry.

Key words: quasilinear elliptic equation; critical exponent; nontrivial solution; Sobolev-
Hardy inequality

CLC number:0175. 25 Document code: A

AMS Subject Classifications ( 2000 ):35J65

0 Introduction and the result of existence
In this paper we shall study the existence of the boundary value weighted problem:
—div( |x[PVu) = |x|*|u w|u, inO;u =0, ona (1)

Here 2 is a bounded smooth domain containing the origin and we assume that the critical Sobo-

o

P2y 4 ) ‘x

lev—Hardy exponentp = 2( N + a)/( N + B - 2), and suppose that N =3, 2 < ¢ < p,
N+a>0,a+2>8,0+2 >8, JQ - andﬂ 0. This type of problem has been studied
P

in several papers. Let us mention some of them. The case when8 = 0,a = 0 and ¢ = 2 was first
treated in a famous paper by Brezis and NirenbergL ", Some of their results have been generalized
by Escobar ?', including the case with variable nonsingular coefficients.

For the following generalization of problem:

—div( [x|?| Vu|™?2Vu) = |x|® ’Jl+/\\ cu™ ' in2; u > 0,in Q; u = 0,0n d.
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The restrictions on 2 are the same as before and Egnell '*'has given a brief discussion for a radial
solution whenm + o > B, N+B8 >m,m +¢ > Bandp = m(N +a)/ N+ -m).
We shall apply the variational methods to the energy functional associated with ( 1 ),namely

1 1
1<u>:ﬂ)w\vuv—;jn\x\a\uv—;ﬂ (2)

In order to deal with I u ), let H(l)’ﬁ( 0) be the completion of { « C'( Q) lu=0,x e { with

norm given by

1
7
Ll [ 1l ) (3)
We know when p, « and B satisfy that
%N+a)ﬁ
2, N 2, =—, 4
p > +a > =N+p-2"22 (4)
the weighted Sobolev — Hardy inequality' >’ asserts that there exists a positive constant ¢ such that
i 1
P 2
(wa\wdx) < ([ 1l vupar) (s)

for allu e H(I).B( RY).
The result of this paper is:

20N +0)
N+p-2

(1) has a nontrivial solution.

Theorem  If max( 2, -2) <q <pandB <0. Then for all A > 0, problem

1 The proof of some lemmas
Before proving the theorem, we prove several lemmas. Firstly we prove a compactness re-

sult.

20N +0)

Lemmal H;,(0) “>L'(0,|x N+B-2

(N—gg—l)q—N.

7dx ) is compact if2 < ¢ < p = and o >

Proof Let {u, | be a bounded sequence in H(l),lg( ), then u,—u weak in H(I)VB( ), so0 {u, |
is bounded in H(l)'ﬁ( O\B,(0))for all§ > 0, where By( 0 ) C 2. By Kondrahov compactness theo-
rem guarantees the existence of a convergent subsequence of {u, |, still denoted by {u, |such that
u, — u strongly in L'( Q\B,(0) ). We know thatu, —ua.e. in2\B,( 0 ). Let§—0, by taking
a diagonal sequence, u, —u a. e. in() By the Holder inequality and the weighted Sobolev — Har-

dy inequality,

a

;l' 1= _aayp
byttt ([ Y ([ ) 7 < ], e

for some constant C,. Therefore, for a givene >0, and o > ( N%'Q -1 )q — N, we first fix 8 such

that
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S €
Lgm‘x‘(‘u”q<?' (6)

On the other hand, by the Egorov theorem, for all§ > 0, there exists some (2, C (2, \_()5 \ <9,

such that u, — w uniformly in \();, we have
€
T, -l <y (7)

L}\Bgom%‘x‘ ‘un u\ 3

where § is small enough.

w7, —ul? <G Ju, -

(f‘” -u\)(f) <Glo|"h <5, (8)

qg

[Q\Bgowms

Then

7+

j\x\"\u” —ult s Ba(o)‘x\"\u” _u‘q +I0\b'5(0>>\0 \x\"\u” -u
o

a

u, —ul’ <e (9)

n

J g
\Bg 0))N 025

Hence H(I)’B( ) L0, | x]7dx ) is compact.
We will apply the mountain pass theorem "' without the ( PS) condition:
Lemma 2 Let I( u) be a C' functional on a Banach space E. Suppose there exist a neigh-
borhood B( 0 ) of 0 in E and a constant o such that I u ) = « for every u in the boundary of B( 0 ),
0) <aand [(e) < a for some e ¢ B(O ).

Then there is a seqence {u, {in E such that
Ku,)—cand I'(u,)—0, (10)
where ¢ = lnlﬁomaﬁl(y(t)) o, ' =1yeC([0,1,E):/0)=0,y1)=cel
YE sis

Lemma 3 There arep,a > 0 suth that [ u) = a when |[y|| = p, there ise e H, ,(£2),
|e] > p such that [(e) <0
Proof By the weight Sobolev — Hardy inequality, we have

1 1 o A .
Hw) = lalP =[xl Tulr =[xl al" =
Sl - e =l ([ 1 o) =

i p-2 (g-24)L ] >

[5 =&t = 2o ([ agrsos)’

o

for small p such ‘[hatL < ' = p! 2(f | ‘w%)L) L
2 p ¥ 4

On the other hand, take u e CO (02)witht =0,u %= 0. Hence fort > 0,

2 P q
i) =%||£LH2 —Lf (x| [al] —AitJ’ 2] |0
p e q 0

qg
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P

2 P
Flalr = Il
so that
i) —>-o as t—
Letting e = tu with ¢t > 0 large, we have I e ) < 0.
Applying the Mountain Pass Lemma without ( PS ) condition and lemma 3 there is a ( PS),
f e H(I)VB( 0) such that  u, ) — cand I'( u, ) — 0, then

L 2_L « )_A " B
2| pL‘x‘ ‘unl qL\x\ ‘un\q =c+o(1) (11)

(ICu)igd = [ Tu, 7 - [ x][u

sequence % u

n

Lu,) =

un

[772u11¢_Afﬂ‘x‘g‘un‘q72¢ :0<1)||¢|| (12)

Taking ¢ = u,,
rCu,)sw,) = u,|

= o Dull, (13)

AR ALY AR

we have

P_Z‘

2
Noticing that2 < ¢ < p and showing that {u

un

2 — 1—L xaquColu o( 1
A( q)j“\unu pe+ ol 1), |+ ol 1)

. | is bounded in H(]),ﬁ( 0).
2 Proof of the theorem

Step 1 Indeed, {u, {is bounded in H(I)’B( ) and by lemmas 2 and 3, we may assume that
( PS), sequence {u, | satisfies the set of conditions

w,—u weakly in  Hy ,(02), wu,—u strongly in L', || dx).
Therefore, for all ¢ e H(l)( ), we have
(IrCu, )y = I'Cu),e),
and from ( 12 ) consequently
(I'(u),p) =0

for all ¢ e Hy( 2), which shows that u is a weak solution of equation ( 1 ).

Step 2 We shall now verify that the weak solution u # 0. Indeed, assume thatu = 0. We

[ 1217 1,
(0]

by ( 11 ) and ( 13 ) become respectively

claim that

150

L Z_L « p —
ylu P =l = e v o1 (14)
la, B = [ Tl lu, [ + o) (15)
Therefore
11 1 1 -
c=(?—;)\|u"”2 +0(1)2(?—?)S(L‘x‘a‘u”‘p) +o(1) =
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2

1r_1 RO SR
(3 p>5[<2_p>c] vol1)
So
cB(%—;)Slfz.

P

- L)SP*2 , where ¢ was given in ( 10 ). Thus u=0.

Thus we obtain a contradiction to ¢ < (

0| —
=

Step 3 We prove that

< (2 -L)s (16)
2 p
where ¢ was given in ( 10 ). Similar to [ 8 ], we only need to prove that for some v, H(I)VB( 0),

v, # 0 such that
1 1\
511;1;?1( tw, ) < (?—;)S 2, (17)
According to [ 5 ], set
U€<x) — (E + ‘x‘a,ﬁ+2 )(2—3\“—/3)/(a—ﬁ+2)’ € >0 (18)

We can get S. Similar to [ 1 ], let ¢ be a function p € C7(2), and ¢( x ) = 1 in a neighbour-
hood of the origin. Set

ulx) = ¢p(x)U(x) (19)
o
”e(x):”e(x)(fﬂ‘x‘“\us(x)\”)’ (20)
First we calculate directly
15l vu P = e[ Jal?|v o>+ o) (21)
[Vl lu | = €5 Ll |w, r + 0C1) (22)
2N+20-( N+B-2 )q
fg‘x‘(r‘ue‘q = e 2ap2) J'Rsv‘x‘{r‘Ul ‘q +O( 1) (23>
Therefore
[ 121217 0,7 = S+ 0Ce) (24)
[ Ll lo, 1r =1 (25)
0
[ xl 1o, v = K" (26)

Observe if2 < ¢ < p, then

o

IRE
0

By using these estiments we will show that there exists € > 0 small enough, such that

vé\qﬁo as € —0 (27)

stlis)[( w,) < ( ;* - %)SP%2
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Let us consider the functions

2 P 4
= = — B 2 — - - v
)= 1) = 110 o P =2 =2 [ lal o)

and
2 P
— 13 14
_ 8 2 _ U
f0) = lxl v o - -
It is clear that g( t)—— o (ast— o ), then su&)[( tv, ) is attained for some t, > 0and

0 =ngE>=t4f\xw\VUJ2—t52—At§ﬂﬂx %\ﬁ

o

therefore

o

f‘x‘ﬁ‘ Vo |> =47 +At;”2ﬂx v |1 >
%
teg(f\x\"\vve\z)”_ (28)
(0]

This inequality implies

=2
2

LMV\vnPs£J+AUJﬂHVvEﬁV'LMVHJ” (29)
Choosing € small enough, by (24 ),(27 ) and (29 ), we get
02 = S (30)

2

That is, we have a lower bound for ¢_, independent of €, Now we estimate g( ¢, ). The function g

e
attains its maximum at ¢, = (j (x|P]V v ‘2)”72, and is increasing at the interval [ 0,7, J.
0 €
Then, by (24 ),(28 ) and (29 ), we have
1) =gt =2 f )7,
q

L P17 0 27 =20 1) o,

qg

qg

[ Nap-2 =3
(7_;)811—2 +C4€u-5+2 _%(%) zf‘x‘g‘ve q
By (26 ) we have
gms<%—imﬁ+aﬁ%—AQ§%%@“ (31)
P

If

N+p-2 >2N+20'—(N+ﬁ—2)q
a-B+2 Aa-pB+2) ’

2AN+0)

That1s,q>N+IB_2

— 2, then, for € small enough, we get

gi) < (Lo Lygh,
2 p
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and

(1]

the proof is complete.
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