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Abstract
In [2], we introduced the generalization of Ruscheweyh derivatives
operator DY. In the present paper, we study a new class M?%(a, b, a, 3,7),
defined by DY for 0 < a<1,0< <1, -1<a<b<1,0<b<1,0<
Vg%,nENoand)\ZO,

Mathematics Subject Classification: 30C45

Keywords: Univalent functions, starlike functions, Ruscheweyh derivative
operator

1 Introduction

Let A denote the class of functions of the form:
f(z) :z+2ak2k, (1.1)
k=2

which are analytic and univalent in the unit disc U = {z : |2| < 1}.

Definition 1.1 [2] We define the operator DY by:

DYF(2) = (1 = A f(2) + A=f(2) = Daf(2), A= 0,
DLf(2) = (1= N2f(2) + Aal=f (=),

DUf(2) = Dy <M> (n €Ny = NU{0}).
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If f is given by (1.1), then we write

Dyf(z) =z+ ) [14 Ak =1)]C(n, k)apz",
k=2
where
I G +n)
k+n-—1 =1

Definition 1.2 Let 0 < a<1,0< <1, -1 <a<b<1,0>0,0<~v <
b/(b—a),n € Ny, and A\ > 0 we say that a function f € A is in the class
Tr(a,b,, 8,7) if and only if
ALY
D} f(z)

DY f(2)) v (2)
(b—a)y DyFE) } - b[ Dife) A

<pB, zel. (1.2)

Further, let M denote the subclass of A consisting functions of the form:
2)=1z— Zakzk, a, > 0. (1.3)
k=2

Let us define
MK(C% ba «, 57 7) = 7;\”(&7 b7 «, ﬁ? /Y) N M

It is interesting to note the various classes of functions studied by other authors
including MQ(-1,1,0,1,1/2) = S* by Silverman [1], M}(-1,1,a,1,7) =
S (v, y) by Owa [3], and MJ(—1,1,«, 3,7) = S§(a, 3,7) by Owa [4],[5].

2 Characterization Theorem

Theorem 2.1 Let the function f be defined by (1.3). Then f € M%(a,b,a, 3,7)
if and only if

Z@g(k‘,a? b,a,ﬁ,v)ak < BV(b_a)(l —Oé), (24>

where
% (k,a,b,r, 8,7) = {k — 1+ B[b(k + 1) — (b— a)y(k + )] }[1 + Ak — 1)]C(n, k),

for0<a<1l,0<f<1,-1<a<b<1,b>0,0<y<b/(b—a),nc
Ng, A > 0.
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Proof. Assume that the inequality (2.1) holds. Then for |z| = 1 we have

IN

IN

ADLS(2)) = Dif ()| = Bl = ap[=(D3F(2)) = aD3f ()]

—bE(DL(2)) = DA (=)

ADL(2)) = Dyf ()| = 8][(b — @)y = b=(D ()
+1b— (b= a)ya] Dy f(2)

NE

|

(1—K)[1 + Ak — 1)]C(n, k)akzk)

B
||

2

k(14 Ak — 1)]C(n, k)azz"*

NE

|
=

[(b—a)y —blz —[(b—a)y —b]

Eo
[N}

[1+ Mk —1)]C(n, k)azz*

NE

+[b— (b—a)yalz — [b— (b— a)ya]

|

o

=2

(1 — k)1 + XE —1)]C(n, k)ayz*

NE

B
[|

2

—Bl(b—a)y(1 —a)z —[(b—a)y Zk‘ [1+ Xk —1)]C(n, k)apz"
k=2
—[b—( b—avaZl%—)\ 1C(n, k)agz"*
k=2

> (k= DL+ Ak = DIC(n, k)ag|z[* = B(b — a)y(1 = a)|2|

k=2

+B](b— a)y — b] > E[1+ Ak — 1)]C(n, k)ag|=[*

k=2

+B[b — (b—a)ya] > [1+ A(k — D]C(n, k)ax|2|*

o0

> {k=1)+ Blb— (b — apylk + 8l — (b= a)yya) {[1 + Ak = DIC(n, K)ag] 2/

k=2

—By(b—a)(l —a) <0.

Consequently, by the maximum modulus theorem, the function f is in the
class M%(a, b, o, 3,7).
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Conversely, assume that the function f defined by (1.3) is in the class M%(a, b, o, 3, 7).
Then

C VI
DY f(=
<B, &
z(DYf(2)) z(DYf(2))
= an[ G5 - o] -8 *55E" -]
] S (L= R+ Ak - D]C(n, k)akzk]
k=2
gﬁ’(b—a)”y(l—a)z— [(b—a)y Zk1+)\ 1)]C(n, k)agz"
k=2

—[b—(b—a)vya] Z 1+ Ak —1)]C(n, k‘)akzk‘.

B
[|

2

Since |Re(z)| < |z| for any z, we have

> (b= D1+ A0k = DJC(n, Barzt
Re{ I;TQ } < g.
(b—a)y(1 —a)z — kZ::Q b(k+1) — (b—a)y(k + @)][1 + Ak — 1)]C(n, k)agz*

Upon clearing the denominator in the last inequality and letting |z] — 1
through real values, we obtain

3 (k — D[L+ Ak — 1)]C(n, k)ay

=2

< By(b—a)(l—a) Zﬁ (k+1)— (b—a)y(k+ a)][1 + Ak — 1)]C(n, k)ag,

o

and this inequality gives the required condition.

Finally, the result is sharp with the extremal function f given by

Bb-ai-a) , |

1&) =2~ Grlkrarb 0, ,7)

3 Closure Theorems

First, let the function f; be defined for j = 1,2,...,m, by

o0

filz)=2=) aja, z€U,  (ar; >0). (3.5)

k=2
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We shall prove the following results for the closure of functions in the class

MS\L(&a ba «, Ba 7)

Theorem 3.1 Let the functions f; defined by (4.1) be in the class M%(a,b, o, 3,7)
for every j =1,2,....m. Then the function g defined by

m 1 m
g(z) =2=> b2¥, 1 b >0, with b= o > ang,
k=2 =1

also belongs to the class M%(a, b, a, 3,7).

Proof. As f;(z) € M}(a,b,, 3,7) it follows from Theorem 2.1 that

> Rk, a,b, 0, 8,7)ak; < fyb—a)(1—a),  j=1,2,.,m.

k=2

Therefore

9] 9] 1 m
Z@;\l(k,a, b,@,ﬁ,’}/)bk = Zcbg\l(kaaa baaaﬁaﬁy)_zak.j
k=2 k=2 m j=1

< ﬁ’Y(b—@)(l_Oé):

hence, by Theorem 2.1, g(z) € M%(a,b, o, 3, 7).

Theorem 3.2 Let the functions f; defined by (4.1) be in the class M%(a,b, a, 3,7)
for every 3 =1,2,...,m. Then the functions h defined by

hz) = cifi(z), (¢;>0)
j=1
is also in the class M%(a,b, o, 3,7), where Y ¢; = 1.
j=1

Proof. According to the definition of h, we can write
h(z)=2z— Z (Z cjay. )zk
k=2 \j=1

Further, since functions f;(z) are in M%Y(a,b, o, 3,7) for every j =1,2,...,m
we get
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Z q)g(kv a, b7 «, ﬁ?fy)ak:,j < ﬁ/Y(b - CL)(l - Oé)

k=2

for every j = 1,2,...,m. We can see that

= Z@K(l{,a, b7047ﬂ7'7> (Z CjQg,j )
k=2 j=1

= ZCJ <Z ®7>’\L(k17a7 baayﬁav)ak,j>
j=1

< <Z Cj) By(b—a)(l—a)=pBy(b—a)(l-a).

Hence the theorem follows.
Theorem 3.3 Let the functions fi1(z) =z — Y ax12®, a1 > 0, and fo(z) =
k=2

z— Z ar22®, ags > 0, be in the class M%(a, b, o, 3,7), respectively M3 (a, b, ar, 3, 7).
Then the function p(z) defined by

o0

p(2) = Aa, b, B, 7).

k:2

Proof. Let fi(z) € M (a,b,a, 3,7) and fo(2) € MY (a, b, a, 3,7), by using
Theorem 2.1 we get, respectively,

ST ®4(k,a,b,a, 8,7)ars < fy(b—a)(1 - a),

k=2
and
> O (kya,b,a B, v)aks < By(b—a)(1 - a).
k=2
We have
) ﬁ V)Gk 2 S Z CI)Z—H(]C» a, b7 «, ﬁ? /Y)ak,Q
k=2 k=2

< By —a)(l—a).
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Then,
2 - 2
TS @k .0, 8,70k < (b - a)(1 - a),
k=2
and
2 o
LS 03k a,b, @, B, 7)aks < By — a)(1 - a).
k=2
imply
2 + n

ZQ” (k,a,b,a, B,7) (a1 + agz) < fy(b—a)(l — ),

and from this we deduce that

2+n
4+n

p(z) = Z a1+ aga)2" € Mi(a, b, 5,7).0
k=2

4 Integral Operators

Theorem 4.1 Let the function f defined by (1.3), be in the class M%(a, b, o, 3,7),
and let ¢ be a real number such that ¢ > —1. Then the function F defined by

Flz) = <1 / e, (4.6)

C
Z 0

also belongs to the class M%(a,b, o, B,7).

Proof. From the representation of F(z), it follows that

= 1
2)=2z— Zbkzk, where by = ct ag.

c+k
Therefore
- 1
S @k a,ba, B = Zcb” (k, a,b,, 5, ’y) e
k=2 k=2
< Z@g(k,&, baaaﬁafy)&k
k=2

< G- a)(1-a).
Since f € M%(a,b,«, 3,7) and hence by Theorem 2.1, F' € M%(a,b, «, 3,7).



1870 K. Al-Shagsi and M.Darus

Theorem 4.2 Let c be a real number such that ¢ > —1. If F' € M%(a,b, a, 5,7),
then the function f defined by (4.1) is univalent in |z| < R, where

OV (k,a,b,a, 5,7v)(c+1)

ft=inf By(b—a)1—a)c+r k|

k> 2.

The result is sharp with the extremal function f given by

)= St
P (k,a,b,a, B,y)(c+ 1)k’

k> 2. (4.7)

Proof. Let F(2) = z — Y a32", it follows from (4.1) that
k=2

= PEEGY etk

c+1 = c+1
. 2k, a,b, 0, 4, 7)ax
F(z) e MY(a,b,a,3,7) :>Z ﬁvb—a)(l—oz) <1
If
k(c+ k)|z|F1 _ N (k,a,b,a, 3,7)
c+1 By(b—a)(l—a)’
or if
o [Babasoern ]
By(b—a)(l—a)(c+ k)k ’
then

> c+k _
|f/(Z)—]_| = '_ch+1ak2k 1
k=2

— ik, a by, B,y)a
= Z By(b—a)(l—a)

But from |f'(2) — 1| < 1, |z| < R, we deduce that f is univalent in the disc
|z] < R.
The result is sharp and the extremal function is given by (4.2). O

~ ct+k
< ch+1ak2

<1

Theorem 4.3 Letce R, c> —1. If

F(Z) = Z — Zakzk c Mg(aa b7a7ﬁ77)

k=2
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then, the function f given by (4.1) is starlike of order 6 (0 < § < 1) in |z| < R*,
where

" o=
R* — inf (1=6)(c+1)P%(k,a,b,a, B,7) | —
Eo|(k=06)(c+k)By(b—a)(l—a)
The result is sharp.
Proof. We must show that ZJ{((Z 1’ —0), for |z| < R*. We have
— 30 (k- 1)k g
g _ [Buo e
f(2) 1— Ziillﬂakzk 1
> (k= 1) arlz"!
< = <1-4. (4.8)

1— Z C+kak‘z|k 1

Hence (4.3) holds true if

N c+k “c+k
> (k-1 yz\“<(1—5>{1—z ak.]z\kl},
k=2 c+1 —ctl
or, equivalently,
N (k—0\ (c+k o1
1. 4.
(1—5) (c+1)“’“’z‘ < (4.9)
k=2
By using
Z 3k a,boa B, o _
Byb—a)(l—a) —

Then (4.4) will be true if

k—6\ [c+k w1 P(k a0, 8,7)
(1=3) (557 et < B0 20

or if

(1 = 9)(c+ DHOX(K,a,b, @, 3,7)
2| <
(k= 0)(c+k)By(b—a)(l — )
Hence, f(z) € S*(0) for |z| < R*. The sharpness follows if we take the function
F'| given by

- a)i-a)
P

F(z) =2 —
2) 2era b, B,7)

k>2 0O
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5 The Hadamard products

Let f,g € M where f defined by (1.3) and g given by
g(z) =z — ibkzk, by > 0. (5.10)
k=2
Then the Hadamard product or convolution of f and g denoted by
f(2)xg(z)=(f*g)(z) =2 — iakbkzk.
k=2

Theorem 5.1 If the functions f,g defined by (1.3) and (5.1), belong to the
same class M%(a,b,a, 3,7), then the Hadamard product f = g belongs to the
class M%(a, b, a, 3%,7).

Proof. Since f(z) € M%(a,b, a, 3,7) by using Theorem 2.1 we have
Brb—a) —a)

k> 2. 5.11
" R2abasy T (5-11)

If g(z) € M%(a,b,a, 3,7), then
ZQS\L(IQC% b,Oé,ﬁ,’}/)bk < ﬁ/Y(b_a)(l —OZ). (512>

k=2
Since, 0 < 3% < 8 < 1, we have

> %k ab,a,8,7)b <Y Pk, a,b, @, B,7)b
k=2 k=2

and then
Zég\b(kvau b7a7ﬁ277)akbk < Z@K(k’,(@ baa767’7)akbk
k=2 k=2
(b — a)’(1 — a)?
N Q)K(Q,a’ b7057ﬁ7’7>
< b —a)(l-a)

N

Because
B2 (b —a)*(1 — a)?
P1(2,a,b, , 3,7)
Fy(b—a)(1 —a){y(b—a)(1 —a) = P}(2,a,b,0,3,7)} <0 =
yb—a)(l—a)—(n+ 1)1+ N+ (n+1)(1+ NB[v(b—a)a — b
+(n+ 1)1+ N)28[y(b—a) —b] <0.
According to Theorem 2.1 we obtain f x g € M%(a,b,«, 3% ). O

<B*y(b-a)(l-a) &
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Theorem 5.2 Let p > 0 and pro vty ”2p2+4p <a< ﬁp. If the functions f and
g defined by (1.3) and (5.1) belong to the same class M%(a,b, o, 3% 7), then
the Hadamard product f = g belongs to the class M%(a,b, 1 — pa, 5%,7).

Proof. By using (5.2) and (5.3), we obtain

Z Cb?\(k, a, b> 1 - o, ﬁ27 P)/)akbk < Z (I)K(ka a, ba «, ﬁ27 V)kak
k=2 k=2
S Z@K(lﬁ% baa7677)akbk
k=2

B2 (b — a)*(1 — a)?
OV (2,a,b,, 3,7)
< By —a)(l—a) < By - a)pa.

which implies that f * g € M%(a,b,1 — po, 32,7). O

IN

When p = 1, Theorem 5.2 gives the following

Corollary 5.3 Let 3_—2‘/5 < a< % and let the functions f and g defined by
(1.3) and (5.1) belong to the same class M%(a,b, o, 3,7). Then the Hadamard
product f = g belongs to the class M%(a,b,1 — «, 32, 7).

As for p = 2, Theorem 5.2 gives the following

Corollary 5.4 Let 2 — 3 < a < é and let the functions f and g defined by
(1.8) and (5.1) belong to the same class M%(a,b, o, 3,7). Then the Hadamard
product f x g belongs to the class M%(a,b,1 — 2a, 3%,7).

Remark 5.5 From definition of the class M%(a,b, o, 3,7) it is easy to see
that if 0 < By < By <1, then M%(a,b,a, B1,7) C M%(a,b,a, 52,7)

Remark 5.6 Since0 < 3% < 3 <1, we have MY(a,b, a, 3%,7) C M%(a,b, o, 3,7)
G/ﬂd Mg\l(aa b7 1-— P&, ﬁ27 7) C M;L(C% ba 1- pa, 57 ’7)

6 Inclusion properties of the classes M (a,b, o, 3,7)

Theorem 6.1 Let 0 <as <a; <1,0< 1 <[y <1 and0<’yl§’yg§%.
Then we have M%(a,b,aq, B1,71) C M%(a,b, as, B2, 72).

Proof. Let f € M%(a,b, a1, 1,71). Then by using Theorem 2.1, we have

Z DY (k,a,b, a1, Bi,1)ar < Bivi(b—a)(l — ay). (6.13)

k=2

(e 9]
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From this we deduce that

NE

[b(k +1) = (b — a)na(k + a)][1 + A(k = D]C(n, k)ar < (b —a)(l — ),

k=2

NE

[—(k+a)][1 4+ Mk —=1)]C(n,k)ar <1 —ay,

b
||

2

and
Z 1+ Ak 1C(n, k)ar < 1.
k=2

Let oy = ag+ v, B1 = P2 —¢, 71 = 71 — 0 where v,¢,60 > 0, then from (6.1) we
have

Z PN (kya,b, 00 + v, B2 — €, 72 — O)ar < Sii(b—a)(l — aa).
k=2

and
@K(k:,a, b, (65) + v, ﬂg —&,%2 — (9)
= OV k,a,b,a2,02,72) —€lb(k+1) — 71 (b —a)(k + a1)][1 + A(k — 1)]C(n, k)
—08a(b — a)[—(k + a)][1 + A(k — DIC(n, k) — 7282(b — a)w[1 + Al — 1)]C(n, k)
we have
Z(I)S\L(k,a, b, CKQ,ﬁQ,’)/Q)ak
k=2
< fimb—a)(l—ay)+ EZ b(k+1)— (b—a)y(k+ar)][1 + Ak —1D)]C(n, k)ag
k=2
—i—ﬁg@ i k + 041 1 + )\(k — 1)]0(77,, k)ak.
k=2
+7282(b — @) Y [1+ Ak — 1)]C(n, k)ay,
k=2

< Bimb—a)(l—a1)+evi(b—a)(l —ag) + G20(b—a)(l —aq) + y202(b — a)v
ﬁg’)/g(b — a)(l — 042).

According to Theorem 2.1 we obtain f € M?%(a,b, ay, B2,72) and
MS\L(L% ba g, Bla 71) C MK(CL, b> G, ﬁQa 72) O

Corollary 6.2 Let 0 < a3 < ay < 1. Then we have M%(a,b,aq,3,71) C
MS\L(CM ba 0527577)'
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Corollary 6.3 Let 0 < v <7, < b% Then

MK(‘% ba «, Ba 71) - MK(‘% ba «, Ba 72)

S}

Theorem 6.4 Let 0 < ap < a3 < 1,0< 1 <G <l and 0 <y <y <
-2 If the functions f defined by (1.3) and g defined by (5.1) be in the class
M2%(a,b,an, f1,71) and M%(a,b, o, Ba,72), respectively, then the Hadamard
product f* g belongs to the class M%(a,b, o, 3,7) where a = min(ay, as), 8 =

max ([, f2) and v = max (v, y2)-
Proof. Since

a=min(ag,az) = a < oy and a < @y

B =max(f, f2) = > f and § > B
v =max(y1,72) = v =7 and 7 > 7,

from Theorem 6.1 we have f € M%Y(a,b,aq,01,71) = f € M%(a,b,a,3,7)
and g € MY (a,b, as, B2, 72) = g € M%(a,b,, 3,7). From Theorem 5.1 and
Remark 5.6 we have fx g e M%Y(a,b,a,3,7). O

Theorem 6.5 Let —1 < a; < a3 < by < by < 1,0 < by. Then we have
Mg\b(&labla&aﬂaﬁw C Mz(a%b%aaﬁa’y)'

Proof. Let f € M%(ay, b1, ,3,7), then

ST @8k ar, by, a, B,7)ak < By(by — ar)(1 - a).
k=2

Since a; > as, by < by = by —a; < by —as and because 0 < a < 1,0 < g <
1,0<y < ﬁ from defined of M?%(a,b, o, 3,7) we deduce that
Mg\l(a’lv b17a7677) > M;L(ag,bg,a,ﬁ,'}/)- We have

Z@K(k,&g,bg,@d,ﬁ,'}/)ak < Zég(kaglabla&aﬂaﬁwak
k=2 k=2

< By —ar)(l - )

< By(b2 — a)(1 — ),

and according to Theorem 2.1 we obtain f € M?%(az, be, v, 3,7) which imply
that Mg\b(ala bla «, Ba 7) - M?(%, an a, ﬂa PY) O

Corollary 6.6 —1 <a; <a; <b<1,0<b<1. Then we have
Mg\b(alaba&aﬁ/‘)/) - Mg\b(a%ba&aﬁ?ﬁ)/)'

Corollary 6.7 —1 < a < by < by < 1,0 < by < by < 1. Then we have
Mg\l(% blaoé)ﬁa’y) C Mg\l(aa b27a7677)'
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Theorem 6.8 M} (a,b,«,3,7) C M%(a,b,a, 3,7).
Proof. Since f € M}t (a,b,a, 3,7), by using Theorem 2.1, we have

Z cDg\lJrl(k? a, b> «, ﬂaﬁ)/)ak S ﬂﬁ)/(b - &)(1 - O‘)a

k=2
because

C(n, k) <C(n+1,k); k>2and n > 0.
and

oY (k,a,b,a, 3,7v) >0,

then

O (k,a,b,a, 8,7) < @4 (K, a,b,, 8,7)
and

Z éq)’\b(k‘ach baOC?ﬁv,y)ak < Z¢)§+1(k7au b7a7ﬁ77)akz < ﬁ/Y(b - CL)(l - Oé)

k=2 k=2

According to Theorem 2.1 we obtain
fe Mi(a,b,a,8,7) = My (a,b,a, 8,7) € M}(a,b,, 3,7).0

Remark 6.9 From definition of the class M%(a,b, o, 3,7) or from Theorem
2.1 1t is easy to see that if 0 < Ay < Ay, then MY (a,b,a, 3,v) C M3 (a,b,a,3,7).

Remark 6.10 From Theorem 6.8 we have

M:i(a,b,a, 8,7) € M3(a,b,a, 3,7)
from Remark 6.9, we have

M3(a,b,, 8,7) € Mg(a,b,a. 3,7)

and from Theorem 6.1 and Theorem 6.5 we have
1
M (a,b, o, B,7) € MJ(—1,1,0,1, 5)

and
zf'(z)
O

the class of starlike functions with negative coefficients. Since these functions
are univalent, then all functions in the class M?%(a, b, a, 3, ) are also univalent.
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f € Mg(_la 1707 17 _) <

<1,
2
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