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Abstract. Let E be a Hilbert space , T': D(T') — R(T") be nonlinear map-
pings with nonempty fixed points set F'(T'), and {z,} be iteration sequences
of T. Assume {z,} satisfy the following conditions

(@) lzns = pll <L+ on]llzn = pll +wn, n 21,V pe F(T);
(1) 22,00 = o([|lwn = wol]), BZ,wi = o([lzn — wol);
(i13) xp, — xo € F(T).

Where {0,},{w,} are two real sequences. Then x solves the following geo-
metric variational inequality

Tn — X0

I(p, x¢) = limsup(p — xo, ) <0, Vpe F(T).

n—oo [ = @0l

This geometric result is said to be Obtuse angle principle.
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1. Preliminaries
We assume that E is a Banach space, E* is the dual space of E, and J :
E — 2F" is the normalized duality mapping defined by
J(@)={f € E" : (z,.f) = |l[I* = IfI*}, V= € E,

where (-,-) denote the generalized duality pairing. If F is uniformly smooth
Banach space, then J is single-valued.
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In 1978, Reich|[1] established the following will-known inequality in uniformly
Banach spaces, which has been extensively used by various authors.
Theorem R Let E be a real uniformly smooth Banach space. Then there
exists a nondecreasing continuous function b : [0,00) — [0,00) satisfying the
following conditons

(1) b(ct) < cb(t), Vc>1;

(27) limy_q+ b(t) = 0.

(ii1) ||z + ylI* < [lzl|* + 2{y, J(2)) + max{||z[|, 1}Hyllo([y]), ¥V 2.y € E.

The inequality (iii) is usually called Reich’s inequality. If E is a Hilbert space,
then the following equality holds

lz +ylI* = l=ll* + 2{z, y) + lylI*, ¥ 2,y € E.

The purpose of this paper is to study the general geometric structure for
approximation of fixed points of nonlinear mappings by iteration sequences.
We shall establish a general geometric result which is said to be the Obtuse
angle principle.

2. Main results

Theoreml. Let E be a real uniformly smooth Banach space, F be a nonempty
subset of E and {x,} C F is a sequence . Assume the following conditions are
satisfied
(@) [lz+yl* < ll=lI* + 2(y, J(2)) + max{||z]l, 1}]y[? ¥V 2,y € E;
(17) xp — x9 € F, Ty # @0;
(1ii) For any real number r > 0, there exists a integer N, if n > N then
[@asm =PI = llen = pIP < Flla — xoll, ¥ p € B m > 1.

Then xq is the solution of following geometric variational inequality

Tn — X0

I(p, o) =limsup(p — xo, J( )) <0, VpeF

n—os [0 = o]

Proof. Since x, — ¢, then there exists a integer N, if n > N then ||z, —
xo|| < 1, by using theorem1 condition (i) we have that

[2n = pIIP < llzn — zol|* + 2(20 — p, J (2 — 0)) + |0 — p|?,
which leads to
2(p — xo, J(xn — 20)) < |lzn — 20l” + |lz0 — plIb([|20 — PI) — 20 — I,

Therefore
|20 — o] [
2y — J Tn — X0 < _ on_pH2_ Hxn_pH2 1
<p Zo, (Hx _xOH)> = H-Tn 33'0” + HJU _xOH : ( )
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On the other hand, for any fix » > 0 and n > N, letting m — oo, we get

lzo — plI* = [|n — plI* < 7llzn — x|, ¥ p € K. 2)
Combining (1)(2), if n > N then
In — Zo
2(p — o, J(m————=0)) < l[&n — @0l +7
l2n = ol

Which implies that

lim sup(p — zo, J(

n—oco [0 — ol
Since r > 0 is arbitrary, so that
lim sup(p — o, J(M

n—o0 [0 — ol

This proof is complete.
Theorem?2. Let E be a real uniformly smooth Banach space, F' be a nonempty
subset of E and {x,} C F is a sequence . Assume the following conditions are
satisfied

(@) [lz+yl* < ll=lI* + 2(y, J(2)) + max{||z]l, 1}]y[?, V 2,y € E;

(17) xp — x9 € F, Ty # @0;

(199) ||zps1 —pl| <1+ onlllzn —pll +wn, n>1, Ve F

(iv) 22,0 = ollan — zoll), T3=,w1 = o s — o))
Where {0}, {wn} are two real sequences. Then xq is the solution of following
geometric variational inequality

Tn — To

I(p, o) = limsup(p — xo, J( )) <0, VpeF

n—oo [0 = o]

Proof. By the conditions of theorem2, we have that

[Zn+m — Il < 1+ Onm-]|Tnsm—1 — Pl + Wntm—

<[+ onpmaa][l + ongm—a]|Tnrm—2 — || + [1 + Onsm-1]wnim—2 + Wnim—1
< I+ onsm—1][1 + Ontm—2][l + Onim-s]|Tntm-3 — Pl

F[1 4 Opgm-1)[1 + Ongm—2]wWnim—3 + [1 + Onsm—1]wWntm—2 + Wnim-1

I +oilen —pl + TEE 1+ 0] 2057w,

which implies that

120 m =PIl = [z = pll

n+m—1 n+m—1 n+m—1

<CIT i+l =tlen—pl+ IT 40l 3 v
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n+m—1 n+m—1 n+m—1
<{exp Y Wll+ao]— Yz —pl+ [] D+a] D w
n+m—1 n+m—1 n+m—1
<{exp Y oi—Wzn—pll+exp > o > w

n+m—1 n+m—1

eXpZTL"‘W 1 A_1n+m—1 H.Tn pH
> ‘”m”xw%ﬂ%xp Z oi Z wi (4)

n+m—1
Zz:n JZ i=n

since lim,_.o exx—_l =1, lim,,—,oo ||zn, — pl| exists, it follows from (4) that, there
exists real number M > 0 such that

Jnm = pll = llan = pll < M=l — woll +2 52, wi

llzn—oll

o 2572 wi
< [MZEati | 2Rty | (5)

lzn—zoll * [len—azoll

Combining (5) and conditions of theorem2, we know that, for any real number
r > 0, there must exists integer N, if n > N then

[2ntm =PIl = [l2n = pll < 7llzn =20l Vp € F.

Because lim,,_,« ||z, — p|| exists, so there exists real number M; > 0, if n > N
then

1 4m = plI* = [l2n — pII*
= (lZntm = pll + lzn = D UZn4m =2l = 20 = pll)

< (I#ntm = pll + Iz = pl))7 (|20 — ol
< MlTHwn _370H7 Vp € F.

By using theoreml, we get

Tn —

I(p,zo) = limsup(p — xo, J( )) <0,Vp € F.

n—oo n —on
This proof is complete.

Theorem3. Let E be a Hilbert space , T : D(T) — R(T) be a nonlinear
mapping with nonempty fized points set F(T), and {x,} be a iteration sequence
of T. Assume {x,} satisfies the following conditions

(1) lzn4 —pll < L+ on]l|zn — pll +wn, n>1, V p e F(T);

(i1) 22,01 = o — woll), S35 = |7 — ol

(i13) xp, — xo € F(T).
Where {0}, {wn} are two real sequences. Then xq is the solution of following
geometric variational inequality
Ty — Xg

I(p, xo) = limsup(p — xo, ) <0, Vpe F(T).

n—oo [ = @0l

This geometric result is said to be Obtuse angle principle.
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Proof. Since E is Hilbert space, as we well know that
lz + gl = l2]* + 2(a, y) + [|yl*, ¥V 2,y € E,
which leads to
lz + yl1* < ll=]* + 2{z, y) + max{[lz], L}Hy[*, ¥V 2,y € E.

By using the theorem?2, we get

I(p, po) = limsup(p — xo, ) <0, Vpe F(T).

n—os [ = ol

This proof is complete.

Remark. In the Hilbert spaces, for all nonexpansive mappings or some
other nonlinear mappings 7" with nonempty fixed points set F'(T"), the Mann,
Ishikawa and Noor or other[1-16] iteration sequences {z,,} satisfy the following
condition

@it — pll < llzw — pll, ¥ p € F(T),
Therefore, if iteration sequences {x,} converges strongly to a fixed point zy €
F(T), the Obtuse angle principle must be true.

In addition, for all asymptotically nonexpansive mappings or some other|[1-
16] nonlinear mappings with nonempty fixed points set F'(T'), the modified
Mann, Ishikawa and Noor or other iteration sequences {z,} satisfy the follow-
ing condition

21 = pll < (L4 0n)l[2n = pll + wn, ¥ p e F(T),

where > 0, < 00, w, < oo. Therefore, if iteration sequences {z,}
converges strongly to a fixed point 2o € F'(T'), and adjoin the conditions

Xi2n0i = o([lzn — poll), BZ,wi = o([|lzn — poll),
the Obtuse angle principle must be true.

The Obtuse angle principle not only represent the geometric structure of
iteration process of approximation for fixed points of nonlinear mappings, but
also is necessary condition for iteration sequences converges strongly to zy €
F(T). In particular, the limit point zy of iteration sequences {z,} must be
the solution of geometric variational inequality

. Ty — X
I(p, o) = limsup(p — o, m> <0, Vpe F(T).

Let
p— 2o Tn — X0

lp = 2ol [0 — 2ol
then Obtuse angle principle may be written

0n(p, xo) = arccos(

N[N

0(p,xo) = liminf 0,,(p, zo) > —.

In 2006, Yongfu Su and Haiyun Zhou[17] established the Obtuse angle prin-
ciple in Hilbert spaces by using different proved method.
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Conjecture. In the uniformly smooth Banach spaces, the Obtuse angle
principle is still true.
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