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Abstract

If the inputs and outputs are fuzzy numbers, the DMUs cannot be
easily evaluated and ranked using the obtained efficiency scores. In this
paper, a new idea based on interactive method for ranking of DMUs
with fuzzy data using Iy norm is introduced. The method is illustrated

by solving a numerical example.
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1 Introduction

Data Envelopment Analysis (DEA) was suggested by Charnes, Cooper and
Rhodes(CCR), [3], and built on the idea of Farrell [4] which is concerned with
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the estimation of technical efficiency and efficient frontiers. In some cases,
we have to use imprecise input and output. To deal quantitatively with im-
precision in decision progress, Bellman and Zadeh [2] introduce the notion of
fuzziness. Some researchers have proposed several fuzzy models to evaluate
DMUs with fuzzy data, and introduce a ranking approach with efficiency mea-
sure of the model (see[8, 9, 12]). In this paper, we first introduce one approach
with Euclidean Norm for ranking of DMUs with crisp data. Second, this model
for ranking of DMUs with fuzzy data is used.

The paper is organized as follows: The background on /s norm is brought in
section 2. An approach for ranking DMUs using lo-norm is introduced in sec-
tion 3. The background on fuzzy sets is brought in section 4. An approach for
ranking DMUs with fuzzy data in DEA is introduced in section 5. A numerical
example and conclusions are drawn in section 6 and 7 respectively.

2 Norms

In order to study ranking model based on lo-norm, we need to recall definition
of norms.

A norm on R” is a function that assigns to each x € R™ a non-negative
real number ||z|| , called the norm of z, such that following three properties
are satisfied for all x,y € R™ and all a € R:

e [0l =0and ||z|]| >0ifx#0 (positive definite property)
o |az| = |af||x|| (absolute homogeneity)
o |z +y| < x| + |yl (triangle inequality)

Any norm can be used to measure the lengths or magnitudes (in a generalized

sense) of vectors in R”. In other words, we think of ||z| as the (generalized)

length of x. The (generalized) distance between two vectors x and y is ||z —y/|.
For any real number p > 1, we define p -norms by:

lellp = (3 laip)> M)

The most important p -norm is the 2-norm, which is just the Fuclidean norm
where defined by

ol = (3 _loil*)= (2)
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Another important p -norm is the 1-norm

n

Izl =) il (3)

=1

The oo -norm is defined by

e = s o g
This is obvious that
[2]loo = lim |||, (5)
p—00

3 Euclidean Model In DEA

In this section, we introduce ranking model based on [5>-Norm in data envelop-
ment analysis. We assume that the DMU, is extreme efficient. By omitting
(X,,Y,) from T, (PPS of CCR model), we define the production possibility set
T. as follows:

T.={(X.Y)|X> Y NX, V< > ANV N205=1,..nj#p}
J=13#p J=13#p
(6)

To obtain the ranking score of DMU,, we consider the following model:

S

lo— Norm: min TE(X,Y) = (z; —zp)* +D(Ur — Yrp)?

i=1 r=1
s.t Z )\jl'ij < €T; 1= 1, ., m
jilnﬁfp
S NiYrj > Yr r=1,...,s (7)
Jj=Lj#p
z; >0 =1,....m
yr >0 r=1,...,8
)\320 j:177n7j7ép

Where X = (21, ..., Zp), Y = (Y1, .., ¥s) and A = (A1, .o, Ap—1, Apt1, ooy Ap) are
the variables of the model (7) and I'?(X, Y') is the distance (X, Y}) from (X,Y)
by using lo — Norm. It is evident that the model (2) is nonlinear quadratic
problem.
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Quadratic programming represents a special class of nonlinear program-
ming in which the objective function is quadratic and the constraints are lin-
ear. The KKT conditions of a quadratic programming problem reduce to a
linear complementary problem. Thus the complementary pivoting algorithm
can be used for solving a quadratic programming problem.

4 Fuzzy Background

A fuzzy number is a fuzzy set A on the real line R whose membership function
ta(.) is upper semi-continuous (we will suppose that it is continuous) and such
that:

fa(z) ifx € lay,as
1 ifz € [ag, a3

ga(z) ifz € [as, a4
0 otherwise

(8)

r=pa(z) =

Such that f4(.) is increasing function on [ay, as] and ga(.) is decreasing function

on [as, a4]. For trapezoidal fuzzy number we have, fa(z) = = and ga(z) =
ao—aa”
The a-cut of a fuzzy number A is defined as [A]* = {z|pa(z) > a}. Since pa(.)

is upper semi-continuous then the a-cuts are closed and bounded intervals and

we represent by [A]* = [f1(r), g5 (r)].
The supp(A) is defined by supp(A) = cl({z|pa(z) > 0}).

For two arbitrary fuzzy numbers A and B with a- cuts [f;'(r), g, (r)] and
[f5'(r), g5* (r)], respectively, the quantity

d(A,B)Z\//O (f;l(r)—fél(r))2da+/o (92" (r) = g5'(r))?da (9)

is the Iy distance between A and B. For more details we refer the reader to

[5]-
Following Heilpern [6], we define the expected interval and expected value
of a fuzzy number A and noted them by EI(A) and EV(A), respectively.

E[(A> [EflaEA f() fA d?“ f() gA d?“]

EV(A) _ E —;—E _ fo fA (r) dr—2|—f0 9a (r )dr (10)
If A= (a1,as0,as,a4) is a trapezoidal fuzzy number then:
. + + B
BIA) = [F52, 252 BVA) = f@+a+a+a) (1)
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Proposition 1. If A and B are two fuzzy numbers then:

EI\A + uB) = AEI(A) + uEI(

)
EV(A + uB) = A\EV(A) + uEV(B)

(12)

5 Ranking In Fuzzy DEA

In this section, we suppose that inputs and outputs of DMUs are fuzzy num-
bers. Therefore,

T={X.Y)]X> Y NX, V< Z NYi, N\ > 0,5 =1,..,n,5# p}

J=13#p J=13#p
(13)
lo>-Norm model with Eqgs. (9) can be extended to the following model:
min T2(X,Y) = 3(fy (fa () = Jop(r))Pdac+ fy (0:1(r) = g5, (7)*de)
S0 = £+ [0 ) = ) d)
s.t (X,Y)eT,
(14)

Where X = (21, ..., Tm), Y = (Y1, ., ys) and XA = (A1, oo, Ap15 Apt1y oes An)
are the variables of the model (14).
For solving the model (14) we consider:

Definition 1. Jimenez [10], For any pair of fuzzy numbers A and B the degree
in A bigger than B is the following:

0 if Est—FEP <0
~ o~ A_pB .
WA B)={ BB i Oe[Bf - EF.Ef-EF)  (15)
1 if E{f—EP >0

Were [Ef‘,EA] and [EP, EP] are the expected intervals of A and B. When
par (A, B) = 1 we will say that A and B are indifferent. When pa (A, B) > a
we will say that Ais blgger than, or equal to B at least in degree a and we
will represent it by A >, B.
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Definition 2. Given a production possibility (X,Y) € T ", we will say that it
is product in degree o in 7, if:

funs (i, 127& AiTij), o ( 27& AjGrjs Yr)
. J=L3FpP Jj=1j#p
min I . =« 16
,UM(xiaxip> :uM(yTpayr> ( )
/i = 1, ceey m r = 17

That is to say
7 ~ .
ZT; 204 Z )\jl'ij , 1= 1,...,m

jzlﬁj;ﬁp (17)
Yr Sa ‘ Z )\jgrj , T'= 17"'75

With proposition 1:

;> Y N(aEy" +(1—a)E{?) i=1,..,m

jzl,g?fp (18)
v < > N(@E!T+(1—a)EY? r=1,..s

Jj=Lj#p

Definition 3. A production possibility (X,,Y,)* € T, is an a-acceptable op-
timal(nearest) solution of model (14) if it is an optimal solution of the following

model:
min IP(X,Y), = Zil( ol(fac_il(r) . fmzp( r)) 2da + fo ) _ g;ul,(r>>2da)
E XU ) = F )+ ) = gy;; (1)?de)
s.t - (X, y) e Tca
(19)
Where

T ={(X,Y) | X >, Z NX;Y <, Z YN >0,5=1,..,n}
J=L.j#p Jj=L.j#p

(20)

Proposition 3. If a; < as then Tc/” - Tc/al.
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We write model (19) as follow:

min F;D(X Y 0( - f() fx fx ( da+f() gx ( ))Qda)
+; fo fyr r) = f} (r)2da+ [y (9;3(7“)—9;1,(7“))26504)
s.t x> Z N (aEBy" + (1 —a)E}Y) i=1,..,m
Jj= 1nJ7ép
yr < > N(aEY7 + (1 —a)EYY) r=1,...,s
Jj=1,j#p
yr >0 r=1,..,s
)\j Z 0 =1, ,n

(21)
Model (21) is a crisp a-parametric model. Therefore, we can solve it by the
interactive method. Now we are going to explain the interactive method.

5.1 Interactive Method

Regarding to Proposition 3, to obtain the nearest (X,Y") of T c/ implies a lesser
degree of production possibility. Then the decision-maker runs into two con-
flicting objectives: to find the nearest (X,Y’) and to improve the degree of
production possibility. Following Kaufmann and Gil Aluja [11], we consider
11 scales, which allow for different choice of decision-maker idea in (21) model.
1: a = 0 Unacceptable solution

a = 0.1 Practically unacceptable solution

a = 0.2 Almost unacceptable solution

a = 0.3 Very unacceptable solution

a = 0.4 Quite unacceptable solution

a = 0.5 Neither acceptable nor unacceptable solution

a = 0.6 Quite acceptable solution

a = 0.7 Very acceptable solution

©PJISIT L

a = 0.8 Almost acceptable solution

10: o = 0.9 Practically acceptable solution

11: o = 1 Completely acceptable solution

We choice the g is the minimum acceptable degree with decision-maker idea.
Then, we solving the (21) a-parametric model for each ay; k = 0,1, ..., (10 —
10cp). We obtain the ag-acceptable optimal fuzzy value of objective function
of original model (14) with ax-acceptable solution of model (21) in model (14).
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6 Numerical example

A simple numerical example with fuzzy single-input and single-output was
introduced by C. Kao and S.T. Liu [12]. We will consider this example with
its data listed in table 1.

Table 1: Fuzzy data of DMUs in fuzzy data

DMUs input a — cut output a — cut
A (11,12,14) 11 4+ «, 14 — 2q] (10,10, 10) [10, 10]
B (30, 30, 30) [30, 30] (12,13,14,16) | [12 + o, 16 — 20]
C (40, 40, 40) [40, 40] (11,11,11) [11,11]
D (45,47,52,55) | [45 4+ 2,55 — 3a] | (12,15,19,22) | [12 4 3¢, 22 — 3q]

These DMUs(A, B,C and D) are evaluated by proposed models in (14) with
different ay. The a-parametric model for 64 is shown as follows:

min fol(x — 11 — a)?da + 2 fol(y —10)%*da + fol(x — 14+ 2a)?*da

st x> 30Ag +40Ac + Ap(53.5 — 7.5a),

y < Ap(15 — 2.5a0) + 11A¢ + Ap(20.5 — Tar), (22)
r 20,

y =0,

A, Ac, Ap > 0

The a-parametric model for B, C and D can be showed similarly. The results
is shown in table 2 for «=0.0,.1, .2,...;1. In
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Table 2: The optimal values of a-parametric model.

o rd rs | r¢ ro (Ranking),
0 | 25.5667 | 3.5417 | 0 | 55.2083 | (D, A, B,C)
0.1 | 27.0176 | 3.5417 | 0 | 55.2083 | (D, A, B,C)o1
0.2 | 285187 | 3.5417 | 0 | 55.2083 | (D, A, B,C)o2
0.3 | 30.0705 | 3.5417 | 0 | 55.2083 | (D, A, B,C)o3
0.4 | 31.6735 | 3.5417 | 0 | 55.2083 | (D, A, B,C).4
0.5 | 33.3281 | 3.5417 | 0 | 55.2083 | (D, A, B,C)os (23)
0.6 | 35.0347 | 3.5417 | 0 | 55.2083 | (D, A, B,C)os
0.7 | 36.7936 | 3.5417 | 0 | 55.2083 | (D, A, B,C)or
0.8 | 38.6054 | 3.5417 | 0 | 55.2083 | (D, A, B,C)os
0.9 | 40.4703 | 3.5417 | 0 | 55.2083 | (D, A, B,C)o.9
1.0 | 42.3886 | 3.5417 | 0 | 55.2083 | (D, A, B,C);

7 Conclusions

In this paper a new approach based on ly-norm for ranking of DMUs with
fuzzy data in DEA is introduced. The method is based on the interactive
method. «-acceptable optimal solution of proposed model for o > % is an
acceptable solution. For any DMU, the score of ranking is obtained by solving

a—parametric model (21).
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