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Abstract

In this paper, we establish the local existence and uniqueness of the
solution for the degenerate parabolic equation with a nonlocal source
and homogeneous Dirichlet boundary condition. Moreover, we prove
that the solution blows up in finite time and obtain the blow-up set in
some special case.
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1 Introduction

In this paper, we consider the following degenerate parabolic equation with a
nonlocal source
1

ur = (u™) e + aup/ wide — ku", x € (=1,1),t>0,
1

w(£l, 1) =0, t>0, (1.1.1)
u(z,0) = ug(x), x € [-1,1],

where a,k > 0,p,q >0, p+qg>1r>m > 1.

Problem (1.1) arises in the study of the flow of a fluid through a porous
medium or in study of population dynamics. Over the last few years, many
physical phenomena were formulated into non-local mathematical models.

!'E-mail: yangshuo3721@gmail.com



2054 Shuo Yang and Yi Zhang

In [3], Deng et al. studied the following problem

!

wp = (™) + a/ uldx, z e (=11),t>0,
-1

u(£l,t) =0, t>0,

’LL(I’,O) = uO(x)v LS [_lal]a

where @ > 0, ¢ > m > 1. Under certain conditions, they obtained that the
solution blows up in finite time and got the estimate of blow-up rate.
Souplet [8] and Wang [10] considered the following problem

ut—Au:/ﬂup(y,t)dy—uq(x,t), zeOt>0,

u(z,t) =0, x e dt>0,
u(z,0) = up(x), x €,

where p > ¢ > 1. They proved that the solution blows up in finite time for
large data ug(x), and obtained the following blow-up rate

. . 1 =1
T (" — )7 Tu(e, 1) = [(p— DIQ))7,
where T* is the blow-up time of u(x,t).
Motivated by these results, in this paper, we will study the blow-up and

blow-up set of (1.1). Firstly, we give a definition of classical solution for prob-
lem (1.1).

Definition 1.1 If there exists some T* € (0,+00] such that for any T €
(0,7%), function u(z,t) € C*'(Dr) N C(Dr) and satisfies (1.1), then u(z,t)
is a classical solution of (1.1) on [0,T*), where Dy = (—I,1) x [0,T], Dy =
[—0,1] x [0,T]. If T* = 400, then u is a global solution.

Definition 1.2 A point o € [—1,1] is a blow-up point of u(x,t) if there exists
a sequence {x,,t,} such that t, — T*, x, — x9, and
Jim w(zy, t,) = oo.

We call the set of all blow-up points the blow-up set. If the blow-up set is
(—1,1), we say that (1.1) has global blow-up.

Before stating our main results, we make some assumptions for initial data
uo(z) as follows:

(H1) ug(z) € C*T*([—1,1]) for some 0 < o < 1, ug(z) > 0 in (—I,1);

(H2) uo(£l) = 0, upe(l) < 0, uoe(=1) > 0, (uf')ze + aug fil ugdr — kug|s = 0;
(H3) (ul)ze + aul) [1; udde — kul > 0, z € (=1,1);
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(H4) (uf’)ze <0, z € [—1,1].

Remark 1.1 we can choose uy = C(cos J;x )rln to satisfy the above conditions

(H1)-(H4), where C is a sufficiently large positive constant.
Our main results are stated as follows.

Theorem 1.1 Suppose that ug(z) € C*(—1,1) N C([—1,1]) and satisfies (H1)-
(H3), then (1.1) there exists a unique classical solution.

Theorem 1.2 Suppose that ug(x) satisfies (HZ) (H3). Then

(i) (1.1) has a global solution if ug(x) < (5 l)p+q s
(i) the solution of (1.1) blows up in finite time if uy(x) is sufficiently large.

Theorem 1.3 Suppose that ug(x) satisfies (H1)-(H4), p+m < 2. Then the
solution u(x,t) of (1.1) blows up globally.

This paper is organized as follows. In section 2, we state the local existence
and uniqueness of the solution and prove that the solution is a classical one by
adding some assumptions on ug(x). The results of global existence and finite
time blow-up are shown in section 3. In section 4, we prove that (1.1) has
global blow-up.

2 Local existence and uniqueness

To investigate the local existence and uniqueness of the solution of problem
(1.1), let u™ = v, t = L7, then (1.1) becomes

!
Uy = 0" (Vg + avm/ vide — ko), x € (=11),7 >0,
-1

v(£l, ) =0, T >0, (2.2.1)
U(.I',O) = UO(x)> S [_l7l]7
WhereO<m1:mT_1<1,p1 %ZOq:%20,T1=%,p1+q1>r1>1,

vo(x) = uf(z).

Under this transformation, assumptions (H1)-(H4) become

1) vo(z) € C**([—1,1]) for some 0 < o < 1, vo(z) > 0 in (—1,1);

2) vo(£l) =0, on(l) < 0, vor(—1) > 0, voge + avf’ fil vitdr — kugt|4 = 0;
3) Vowe + avlh’ [1 vl dr — kuit >0, x € (—1,1);
4) vz <0, x € [—1,1].

Because (2.1) is a degenerate equation, the standard parabolic theory can’t
be used to give the local existence of the solution, we consider the regularized

(H
(H
(H
(H
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problem

!
Ver = (Ve + €)™ (Vege + av? / vidr — koY), x € (=1,1),7 >0,

-l
ve(l, ) =0, T >0, (2.2.2)
ve(z,0) = vo(x), x € [=11].

Lemma 2.1 Suppose that w(z,7) € C*'(Dr) N C(Dr) and satisfies

!

Wy — d(T, T)Wgy > c1(x, T)w + cg(x,T)/ co(x, T)w(z, 7)dx, (x,7) € Dr,
-1

w(£l,7) >0, T € (0,77,

U}(.I',O) > 07 LS (_lal)a

where c1(x,T), ca(x,T), c3(x, 7) are bounded functions and cy(z,7) > 0, c3(x,7) >
0, d(z,7) >0 in Dy. Then w(x,7) >0 on Dr.

Proof. The proof is similar to the proofs of Lemma 1 in [7] or Lemma 2.1 in
[10], we omit it.

Lemma 2.2 Assume that v.(z,7) € C*'(Dp)NC(Dr) is a nonnegative solu-
tion of (2.2) and a nonnegative function of w(x,7) € C**(Dr) N C(Dyr), and
satisfies
!
wr > (<) (w + &)™ (Wey + czwpl/ widr — kw™), (x,7) € Dr,
-1
, <)o, 7€ (0,7T],(2.2.3)
w(z,0) > (<)vo(x), z € (=1,1),
Then w(z,7) > (<)v.(z,7) on Dr.

Proof. We only consider the case >. Let z(z,7) = w(z,7) — v.(x, 7). Sub-
tracting (2.2) from (2.3), we obtain

Zr = Wr — VUgr

! !
> m(€a+ &)™ (Wer + aw™ / whdx)z + a(v. + &)™ wP q / 0 2dx

!
+[a(v. 4 &)™ pet ! / vidz)z 4+ (ve + €)™ 2z
—1

+H(=k)[ma (& + )™ + &+ o)™ e
with the initial-boundary conditions

2(z,0) >0 and  z(£l,7) >0,

where &1, &s,&3,& > 0. By Lemma 2.1, it follows that w(x,7) > v.(x, 7).
By Lemma 2.2, we have the following result of monotonicity.
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Lemma 2.3 Let 0 < g3 < &1 < 1 and suppose that vo(x) satisfies (H1)'-
(H3) ,and v, (x,7)and ve,(x,T) are solution of (2.2) on Dy,. Then v., > v,
on Dr,.

Lemma 2.4 Suppose that vo(z) satisfies (H1)-(H3)', and v.(x,T) is the solu-
tion of (2.2) on Dr,. Then u., >0 on Dr,.

Proof. Let w = v.,. Differentiating (2.2) with respect to 7 gives

!
wy = my(ve + &)™ (Vege + avP! / vidr — kvt )w

! !
+(ve + &)™ (Wey + aplvfl_lw/lvgldx + aqult /lvgl_lwdx — kryltw)

By (H1)" and (H3)’, we have

I
w(x,0) = vr(2,0) = (vo() + )™ (Voga + avy' / vitde — kvit) >0
-1
In view of w(+£l,7) = v.,(£l,7) = 0, by Lemma 2.1, it follows that w(z,7) > 0
for any (z,7) € Dy,.

Lemma 2.5 Suppose vy(x) satisfies (H1)-(H3). Then there exist Ty and a
priori bound M such that for all e € (0,1), the solution of (2.2) satisfies

vo(z) <wve(w,7) <M, (x,7)€ Dy,.

Proof. By Lemma 2.3, we know that v.(x,7) is monotone with respect to e.
Suppose the solution of (2.2) is vy(x,7) when ¢ = 1, and 77 is the maximal
existence time of v;. For any Ty € (0,7), we can conclude that

Ue(x77—) < Ul(x77) < U1(1'7T0) < IT%&?(” Ul(x7T0) = Mu (ZE,T) S D—TO'
xe|—L,

Since ver > 0, ve(x,0) = vo(x). It follows that
w(@) <ve(z,7),  (2,7) € Dy,

According to Lemma 2.3-2.5, we know that v. is monotone with respect to ¢
on Dy, and is bounded from below to above. Thus we have

v(z,7) =limv(z,7), (2,7) € Dr,. (2.2.4)

Proposition 2.1 Suppose that vy € C*((—1,1))NC([—1,1]) and satisfies (H1) -
(H3), then the function v(x,T) defined by (2.4) is a classical solution of (2.1)
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Proof. It is required to prove that v belongs to C%*(Dz,) N C(Dg,). Choose
a point (z1,7) € (=1,1) x (0, 7). Then select a domain Q = (a1, as) % (0,72)
such that

—l<a <z <ap<l and 0<m<m<T

Let Cp = inf,c(q; a9] uo(z). By Lemma 2.5, we have that v. > Cy > 0 in @,
then (v.)™ > Cy"'. By Schauder interior estimate, we have

||U6||CQ+Q(Q) < M,

where M depends only on C§™, vy, o, Q.
Now an appeal to Ascli-Arzeld Theorem show that v € C?T*(Q),0 < o/ <
a < 1, with ||v||pere (Q) < M. This shows that v is in C*! at (21, 7). Notice
that

0 < lim v(z,7) < lim v.(z,7) =0, (e —0),

r—=+l r—=+l

we have that v is continuous on {£l} x (0, 7p).

Proposition 2.2 Suppose that vy € C*((—1,1))NC([—1,1]) and satisfies (H1) -
(H3), then the function v(x,T) defined by (2.4) is unique.

Proof. Suppose that v(z,7),u(x,7) are two classical solution of (2.1). By
using the same method used in Lemma 2.2, we can easily prove that v > u
and v <wu. So v = w.

The proof of Theorem 1.1 According to Proposition 2.1 and 2.2, we can
easily get Theorem 1.1.

3 Global existence and blow-up

In this section, by constructing sub- and super-solution, we shall prove Theo-
rem 1.2.

Proposition 3.1 Let v(z,T) be the solution of problem (2.1). Suppose that vy
1
satisfies (H1)-(H3). Then (2.1) has a global solution if vo(z) < (5 )riFa=—r .

1
Proof. Let w = (5)7Fa="1, then

!
wy = (w+ &)™ (W + awm/ whdr — kw™) =0, (x,7)€ Dr,
-
w > 0, T € (O,T],
w > vo(x), z € (=11).

Thus w(x) is a supersolution of (2.1), which means that (2.1) has a global
solution.
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Proposition 3.2 Suppose that ug(x) satisfies (H1)-(H3). Then the solution
of (1.1) blows up in finite time if ug(x) is sufficiently large.

Proof. Since problem(1.1) does not a prior make sense for negative values of
u, we actually consider the following problem

!
up = (™) e + aull /luidx — ku", x e (=11),t>0,
u(£l,t) =0, t>0,
u(z,0) = up(x), x € [—1,1],
We set
B 1 1 |z B A P
Z(I,t)— (T_t),yvm[(T_t)U]v V(y)_l—i_?_ﬂvyzov

where v,0 >0, A > 1,and 0 < T < 1 are to be determined. First note that

suppz(t) = B(0, R(T —t)°) C B(0, RT?) C (—1,1), (3.3.1)

for sufficiently small 7 > 0 with R = (A(2 + A))z.
Calculating directly, we obtain

N/A

—["™(x, )]0 = Ty

For all (x,t) € (—1,1) x (0,T"), we find

14+ A+ 42

|2(z,t)] < m

The remaining terms are estimated in two different ways according to the size

of y = (T@)g. If0<y<A wehave 1 <V(y) <1+ 4 and V'(y) <0, then

m Vi (y) + oyV' )V (L + Ay

Zt(x7 t) = m(T _ t)'y+1 - (T — t)'erl

V() ol e M

l q
p 7 — Vo
= /4 “+0T (T — t) wta) /B(U,R(Tt)o) * [(T — t)"] — (T — t)tg)—No’

where M = [ g Vi (1€])dg.
Hence,

y(1+ é)# N/A
(T — )+t (T —t)ymt2e
M k(1+ A+ 42)

_ (T — t)y(pta)—No + (T — )02 (3.3.2)

!
20— (2™)gw — azﬁ/ 2dr + k2" <
1
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On the other hand, if y > A, we have V(y) <1 and V'(y) < —1, so that
v—0oA/m

(T — )+t

Therefore, for all (z,t) € (—(,1) x [0, T) such that y > A, we obtain

vy—cA/m N/A k(14 A+412)"
(T _ t)'erl (T _ t)m'y+2a (T _ t)('y+2(r)r :

Zt(xa t) S

!
2t — (2)aw — azﬁ/ 29dr + k2" < (3.3.3)
-1

Since p 4+ g > r > 1, we can choose ¢ > 0 and v > 0, such that

Y(p+¢q) — No>~v+1> (y+20)r > my + 20.

Select A > max{1, =1}, then for 7' > 0 sufficiently small, (3.2) and (3.3) imply
that

!
2t — (2w — a2 | 2idx+ k2" <0, (x,t) € (=1,1) x (0,T).
+ )5

Let o € CY[-1,1]), p(z) > 0, p(z) # 0, and p(£l) = 0. By translation,
we may assume without loss of generality that ¢(0) > 0. Since ¢(0) > 0
and ¢ is continuous, there exist two positive numbers p and € > 0, such that
p(x) > ¢, for all x € B(0,p) C (—I,1). Taking 7" small enough to insure
B(0,RT?) C B(0,p), and hence z < 0 on {£l} x (0,7). From (3.1), it follows
that z(z,0) < Ap(z) for sufficiently large A\. By Lemma 2.2, we have z < u
provided that ug(x) > Ap(z) and u can exist no later than ¢ = T'. This shows
that u blows up in finite time.

The proof of Theorem 1.2 By Proposition 3.1 and 3.2, we can prove
Theorem1.2.

4 Blow-up set

In this part, we assume that vg(x) is sufficiently large, the solution v(z, ) of
(2.1) blows up in finite time and the blow-up time is 77".

Lemma 4.1 Suppose that vo(z) satisfies (H1)-(H4), p1 + 2my < 1. Then
Vg < 0 in any compact subsets of (—1,1) x [0,T*).

Proof. Let w = v,,. According to (2.2), we have

wy = (Ve + &)™ Wep + 2m1 (Ve + €)™ M vpw,

l
(v + 2) " er o+ (e &)™ aprer ™! [ e — ke e
l

+my(my — 1) (ve + &) (Ver) *er

!
+(ve + &)™ ap1(p1 — 1)051_2(%3:)2/ vidr — kry(r; — 1)1}21_2(053;)2]
!

!
+2my (ve + S)mrl(vm)Q[aplvg’l’l / vI'dx — krlvgl’l]
l
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Since v,,v.; > 0 and p; + 2m; < 1, we have

wr — (Ve + €)™ Wee — 2my (Ve + €)™ MW,

I
—[mi (ve 4+ ) ver + (ve + &)™ (ap? ! / vi'dr — kry)]w < 0.
I

By ve-(£l,7) = 0 and (H4)’, we conclude that

!
w(z,0) <0, w(xlT)= —avfl(il,T)/ vidr 4+ kvt (£, 7) = 0.

It follows that w < 0. That is to say v, < 0(e — 0).

Proposition 4.1 Suppose that vo(z) satisfies (H1)-(H4), p1+2my < 1. Then
the solution v(z,T) of (2.1) blows up globally.

Proof. Let xzy € (—[,1) be a blow-up point. Namely, there exists a sequence
{zn, T}, such that

Tn — T, x, — 2o, and lim v(x,, 1,) = +o0.
n—oo

It is obvious that for any point y € (z¢,!) there exists p and 0 < g < 1 such
that y = (1 — u)l + pxo. Defining the sequence y,, = (1 — p)l + pxy,, it follows
that

lim y, = y.

n—oo

By Lemma 4.1 we have

O(Yns Tn) = 0[(1 — )l + pzn, 7] > (1 = p)o(l, 7) + po(@n, ),

which means y is a blow-up point. Similarly we may prove that any z € (=, zo)
is a blow-up point too. That is to say, v blows up globally in (—[,1).

The proof of Theorem 1.3 For problem(1.1), letting m; = mTfl, p=2,
Q=L r==-1"= %Tl*, we can obtain Theorem 1.3.
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