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Abstract

In this paper, we study the stochastic differential equations with
respect to semimartingales and the property of convergence of the Euler-
Maruyama scheme approximations to the exact solutions.
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1 Introduction
In this paper we study the numerical solution of stochastic differential equation:

dY (t) = (Y (£))dA() + g(Y(£))dM(t) 0<t<T,
Y (0) = yo € R™. (1.1)

where f : R" — R” and g : R® — R™™ are sufficiently smooth for the
existence and uniqueness of the solution. M(t) = (M;(t),...,My(t)) is an
m-dimensional continuous local martingale with M (0) = 0 and A(t) is a con-
tinuous adapted increasing process with A(0) = 0. Our main objective is to
study strong convergence questions for numerical approximations of Eq. (1.1).
In fact, when A(t) =t and M(t) is a Brownian motion, there exists an ex-
tensive literature in this area, we here only mention Higham, Mao and Stuart
[10], Kloeden and Platen [12], Mao [23], Schurz [26] and the references therein.

Throughout this paper, unless otherwise specified, we let (Q, F, {F:},. . P)
be a complete probability space with a filtration {F;},., satisfying the usual
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conditions (i.e., it is increasing and right continuous while F; contains all P-
null sets). Let |-| denote the Euclidean norm in R" as well as the matrix trace
norm. If A is a vector or matrix, its transpose is denoted by A”. We will
assume there exist F-adapted processes K;;(-), i,7 = 1,...,m, such that

(M, M;)( /Kw )dA(s), t>0. (1.2)

We shall write K := (K;j)mxm- Let v and 3 be positive numbers such that
A(T) < v as. and ||K| < (. Let @ be open subset subset of R". Denote
C*1(Q x Ry;R,) the family of all functions V(x,t) : Q@ x R, — R, which
continuous second partial derivatives in z and first partial derivative in t.
Define an operator L acting on C*!(Q x R, ) functions by

£V (x, Ay <V @AW Z fi(oy 2 A( )

+5 Zzgzk ) K (t ggz(ﬂﬂ)m

&iclﬁxj
’Lj 1k,l=1

In order to prove our results, we need the stochastic integral inequality of the
Gronwall-Bellman type (cf. Mao [21]).

Lemma 1.1 Let p be a finite stopping time and v be a positive constant. Let
(A(t))o<i<, be a non-decreasing continuous adapted process such that A(0) = 0
and A(p) <7 a.s. and let (X (t))o<i<, be a non-decreasing progressive process.

If
EX (1) < x4+ E/TX(s)dA(s) (1.3)

holds for any stopping time 7 with 0 < 7 < p, where xq 1s a constant, then we
have

EX(p) < xpe. (1.4)

Given a stepsize A > 0, we can now define the Euler-Maruyama (EM)
approximate solution to the Eq. (1.1). Given a stepsize A > 0, let t; = kA for
k > 0. Compute the discrete approximations X ~ Y (tx) by setting Xy = o
and forming

X1 = Xi + f(Xi)AA, + g(Xi) AM, (1.5)
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where AAk = A(thrl) — A(tk) and AMk = M(thrl) - M(tk) . Let
X(t) = X, for t € [tk, tk+1) (16)

and define the continuous EM approximate solution

X+ / F(X(5))dA(s) + / 9(X (5))dM(s). (L.7)

Note that X (t;) = X(tx) = X, that is X(¢) and X(t) coincide with the
discrete solution at the gridpoints. Let us now present a lemma for future use.

Lemma 1.2 Assume that f and g satisfy the linear growth condition:

(LG) There is a constant h > 0 such that
|f(2)] V]g(x)| < h(1+ |z|) for Vz € R".

Then for any p > 2 there is a constant K, which is dependent only on p, T, h, vy
but independent of A, such that the exact solution and the EM approximate
solution to the Eq. (1.1) have the property that

E [ sup |Y(t)|p] VE l sup |X(t)|p] <K (1.8)

0<t<T 0<t<T

Proof. It follows from (1.7) and Holder inequality ( cf. Hardy, Littlewood
and Polya [9]) that

e < [l +| [ SE@aaer+| [ ox >|p]
<o [l + 77 [ 1R Paac +|/ an(o)e

This implies that for any 0 <¢; < T,

B| s 1X0F| <37 r+ 77 [ BRE)PaAE

+E[swp | [ g(X()dMs)F]]. (19)

0<t<ts Jo

By the Burkholder-Davis-Gundy inequality ( cf. Daniel and Marc [3] ) and
the Holder inequality we compute that
t p/2

Bl suw | [ a(XE)aMP) < GE[ [ o) Pans ] (110)

0<t<ts Jo

<G / K lg(X () PdA(s) < C, TP BE / 9(X(5)PAA(s),
(1.11)
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where C), is a constant. Substituting this into (1.9) and then using the linear
growth condition (LG) we obtain

t1
B | s 1xX(OP] <9 [l + 2@ [ X Pas
0

0<t<ty

<Ki+ K /OtlE lsup |X(r)|p} dA(s), (1.12)

0<t<s

where K7 = Ki(p, T, h,yo) is a constant independent of A. Applying Lemma
1.1 to (1.12) yields

0<t<T

E [ sup |X(t)|p} < K™= K.
Similarly, we can show that

B [ sup |Y<t>|p] < K.

0<t<T

So the required assertion follows. O

2 Convergence with the GGlobal Lipschitz Con-
dition

In this section we shall show the strong convergence of the EM approximate
solution to the exact solution under the following global Lipschitz condition:

(GL) There is a constant L > 0 such that

|f(x) = f()|V g(z) — g(y)| < L|z -y

for all z,y € R™.

Note from this global Lipschitz condition we have

[F @)V g(e)] < h(1+ ) (2.1)

with h = LV |f(0)| V |¢g(0)]. In other words, the global Lipschitz condition
(GL) implies the linear growth condition (LG). Lemma 1.2 then shows that
under condition (GL) any pth moments, especially the 2nd moments, of the
exact solution and the EM approximate solution to Eq. (1.1) are finite.
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Theorem 2.1 Under the global Lipschitz condition (GL) and let
k(AA) = max { E(AA), E(AA)?, (B(AA)")Y?).
Then

E l sup |X(t) — Y(t)|2] < Cr(AA) + o(k(AA)), (2.2)

0<t<T

where C' is a positive constant independent of A.

Proof. By the Holder inequality and the Doob martingale inequality, it is not
difficult to show that for 0 <t < T,

B( sup [X(s) = Y(s)P) <2TE / F(X(3) = F(Y () PdA(s)

0<s<t

+58 [ 9(X(6) — 90V (DPIKGIAG). 29

Note from (GL) that
B [ 1586~ S 6)PaAs) < 17 [ BIX() - Y(o)PaAls)
< 2L7 [/0 E|X(s)—Y(s)|2dA(s)+/0 E|X(s) — X(s)]PdA(s)| . (2.4)

By the Burkholder-Davis-Gundy inequality and (1.2) we obtain
E|M(ty) — M(t)|* < Ck(AA). (2.5)

For s € [0,t], let ks = [s/A], the integer part of s/A. It then follows from
(1.7), (2.1) and (2.5) as well as Lemma 1.2 that
2)]

+ C(B|X4, ) [(BIA(s) — A(k,)[)? + (E|M(s) — M(k)|")>
< Cr(AA). (2.6)

E|X(s) = X(s)P < CE|(1+ X0 ) (1A(s) — Alk,)* + [M(s) = M(ty,)

< CE[\A(s) — A(ks)[* + M (s) — M(t,)|?

Putting (2.6) into (2.4) we see that

E( sup | X (s) — Y(s)|2) < C’/O E|X(s) — Y (s)]*ds + Cr(AA)

0<s<t

< C/;E( sup | X (r) — Y(r)\2>dA(s) + CrK(AA)

0<r<s

and the required result (2.2) follows from Lemma 1.1. O
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3 Convergence with the Local Lipschitz and
Linear Growth Condition

In the previous section we show the strong convergence of the EM method
of Eq. (1.1) under the global Lipschitz condition. But in many situations,
the coefficients f and g are only locally Lipschitz continuous. It is therefore
useful to establish the strong convergence of the EM method under the local
Lipschitz condition. By the local Lipschitz condition we mean:

(LL) For each R=1,2,--, there is a constant Lg > 0 such that

|f(x) = fW)|Vlg(x) — g(y)| < Lrlr — y|

for all those z,y € R™ with |z| V |y| < R.

Theorem 3.1 Under the local Lipschitz condition (LL) and the linear growth
condition (LG), if

. 4
lim B(AA)! =0, (3.1)

then the EM approximate solution converges to the exact solution of the Eq.
(1.1) in the sense that

im F { sup |X(¢) — Y(t)|2] =0. (3.2)

|
A—0 0<t<T

Proof Fix ap > 2. By Lemma 1.2, there is a positive constant K indepen-
dent of A such that

E { sup |X(t)|p} VE { sup \Y(t)|p} < K. (3.3)

0<t<T 0<t<T
For sufficiently large integer R, define the stopping times
tr=inf{t € [0,T] : | X(¢)| > R}, pr=inf{t €[0,T]:|Y(t)| > R}, Or=TrApr,

where throughout this paper we set inf () = T". Let

Recall the Young inequality: for r=* 4+ ¢! =1 and Va,b, 6

1) 1
r q
ab < Ta +q5q/rb.
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Thus, for any 6 > 0,

E [ sup |€(t)|2} =K [ sup |€(t)|21{rR>T,pR>T}} +E [ sup |e(t)|*L{ra<t or pp<ry

0<t<T 0<t<T 0<t<T

20
<FE [ sup |e(t A GR)|2I{9R>T}} + ?E [ sup |e(t)|p]

0<t<T 0<t<T

1-2/p

mP(TR S T or PR S T) (34)

Now, by (3.3),

_ X(ra)P] _ 1 1K
Pt <T)=E |:[{TR<T}T < ﬁE oiltlgT‘X(t)l < -

A similar result can be derived for pgr, so that

2K
P(TRSTOTPRST)Sﬁ‘

Note also from (3.3) that

E { sup |e(t)|p} < ort (E { sup |X(t)|p] +E { sup |Y(t)|PD < 2K,

0<t<T 0<t<T 0<t<T

Using these bounds gives

E [ sup |e(t)|2] <FE [ sup | X(tA0r) —Y(tA 9R)|2]

0<t<T 0<t<T
WHEK 2(p—2)K
(f K (3.5)
D o /(p—=2) Rp
In the similar way as Theorem 2.1 was proved, we can show that
E l sup | X(tA0gr) —y(t A 93)]2] < Crk(AA) 4 o(k(AA)), (3.6)
0<t<T

where CF is a constant independent of A. Substituting this into (3.5) gives

WK 2p—2)K
P p52/(P*2) Rp’

E { sup |e(t)|2] < Crr(AA) + (3.7)

0<t<T
Now, given any € > 0, we can choose ¢ so that

20K
p

<

)

wl ™

|
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then choose R sufficiently large for

2p—2)K e
20V Rr ~ 3

and finally choose A sufficiently small for
Crr(AA)a < g,

so that, in (3.7),

E [ sup le(t)]?| < e

0<t<T

as required. O
We observe that the proof of Theorem 3.1 uses only the local Lipschitz
condition (LL), (3.1) and the bounded pth moment property (3.3), namely

(BM) For some p > 2, there is a positive constant K independent of A such
that

E [ sup yxwp] VE [ sup \Y(t)|p] <K.

0<t<T 0<t<T

So the following general statement holds.

Theorem 3.2 Under the local Lipschitz condition (LL), (3.1) and the bounded
pth moment condition (BM), the EM approzimate solution converges to the
exact solution of the Eq. (1.1) in the sense that

lim £ | sup |X(t) —Y(®)|*| =0.
A—0 0<t<T

4 Convergence in Probability

Instead let us now concentrate on the the Eq. (1.1) with only the local Lipschitz
condition (LL) but without the linear growth condition (LG) or the bounded
pth moment property (BM). The following theorem describes the convergence
in probability, instead of L2, of the EM solutions to the exact solution under
some additional conditions in terms of Lyapunov-type functions. Let

v = (5 ). - (550)

Theorem 4.1 Let the local Lipschitz condition (LL) and (3.1) hold. Assume
that there exists a C? function V : R® — R, satisfying the following three
conditions:
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(i) limp| oo V() = 00;
(ii) for some h >0,
LV (x)V Veg(z) <h(1+V(z)) Y(z,i)€R" xS,
where

OV(r) 1~ — *V(x)
oz, ‘1‘5229%@)}@5%1 o

ij=1k,l=1

EV@ﬁ:E:ﬁ@)

(iii) for each R > 0 there exists a positive constant Kg such that for all
x,y € R™ with ||V |y| < R,

V(z) = V)|V I[Va(z) = Va@)| V [Vie(2) = Veu(y)| < Krlz —yl.

Then

lim ( sup |X(t) — Y(t)|2) =0 in probability. (4.1)

A—0 0<t<T

Proof. We divide the whole proof into three steps.
Step 1. For sufficiently large R, define the stopping time

0 =inf{t € [0,T] : [Y ()] > R}.
Applying the generalised It6 formula (cf. Mao [21]) and using condition (ii) to
V(Y (t)) yields
tAG tAO
VY (EAB)) = V(yo) +/ LV(Y(s))dA(s) +/ Va(Y(s)g(Y (s))dM(s)
0 0

< Vi(yo) +h / (1+ V(Y (5))dA(s) + / V(Y ()9 (Y (5))dM (s)

By Burkholder-Davis-Gundy inequality and Holder inequality, we obtain

0<t<t;

10 2
E| sup VXY (tA 9))] < [V(yo) + hT) + h*E </0 V(Y(s)))dA(s))

tAO 2
+E< sup | Vx(Y(S)g(Y(S))dM(S)>

0<t<t: Jo
< V(o) + hT)* + B*TE /MG V(Y (s)))dA(s)
0

t1 A0
+CE£ Vo (¥ (8)g(¥ (5)) PA(MM),

ty

< [V(yo) + 2hT)? + h2(T + 28C) i E sup V(Y (r A6)))dA(s)
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Using Lemma 1.1, we obtain
E[VX(Y(T A6))] < [V (yo) + 2hT) " (T+250)7, (4.2)
Let
vg = inf{V(z) : |z| > R}.

By condition (i), vg — oo as R — oo. Noting that |Y(0)] = R whenever
0 < T, we derive from (4.2) that

[V (yo) + 20T)? " T25C0 > V(Y (0)) [(g<ry]
> 0L P(0 < T).

That is

€h2 (T+28C)y

PO <T)< [V (yo) + 20T . (4.3)

2
VR

Step 2. For sufficiently large R define the stopping time
p=inf{t € [0,7]:|X(t)| > R}.

Using (1.7) and applying the generalized Itd’s formula to V(X (t)) yields

AV(X(p A1) = 2%@(8))%de<5)

+ if“ O %Z ;Z (XK (X () T3 S g
= LV (X (s))dA(s) + ggi(X(S» <6V§;;(8)) B 8V§9);(3))> dM(s)

+ igi(i{(s))%i(s))dM(s) + i F(X(s)) (avg;(s)) B avgi(s))> JA(s)

" & 2 s V(X (s
#5 2 O an KD Rue) () (gt - ST aag,

=1 ki=1 321?18%] 8xZ8xJ
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Whence on applying condition (iii) we obtain

dV(X(pAt))

Y OV (X(s))

< h(1+V(X(s)))dA(s) + Zgi()_((é’)) dM(s)

axi

oV (X(s)) 9IV(X(s))

# 3o (2D VDY gy
(

#1520 Y oK Ku(olay(X(o) (gt - T gy

1,7=1k,l=1

= h(1+ V(X (5)))dA(s) + (V(X(s)) = V(X (s)))dA(s)

-3 ax) avg;(s» D) + 30X (5) (avg;(s» - av(a);(s») M (s)

# 3 e () - Y g

1 Ox;
+ % D D7 aa(X(5) K)9(X (5)) (a g;fgg” _9 ggggg)) dA(s).

Integrating from 0 to p At and taking expections gives

SELsup VXA )] < Vi) 407+ ([ venean))
+ h*E (/OP V(X(s)) — V(X(s))|dA(s))

2

> ( [ e - w<X<s>>Hf<X<s>>\dA<s>)

1

18 ([ 1l 6) = Vs KO (R PIE A

+E(sup [ () — X $)lg(K (s ))dM(S)IQ)

0<t<t: Jo

PAL
+F ( sup | Vo (X (4.4)

0<t<ts Jo
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By Burkholder-Davis-Gundy inequality and Holder inequality, we obtain

LBl sup VA(X(p A1)

6 o<i<t;

< [V(yo) + hT* + h*TE ( /0 " VQ(X(s))dA(s))

+ 3*TE (/OPMI V2(X(s))dA(s)) + h*TE (/OPM V(X (s)) — V(X(s))|2dA(s))

e ( [ Wt - vm<f<<s>>|2|g<f<<s>>|4||K<s>||dA<s>)

LB <| [ e - w(X(sm292<X<s>>K<s>dA<s>|)

By condition (iii) we have

B[ VO - VIXE)PAAR) < E [ KHX() - X(s)PAG)

We can similarly estimate the other terms on the right-hand side of (4.4) to
get that

E[ sup VA(X(p A1))] < 6[V (yo) + hT] + 6h°TE /Opm E sup V2(X(p Ar))dA(s)

0<t<ty 0<r<s

T
+01(R)/0 <E|)_((p/\5) —X(p/\s)|2>dA(s), (4.5)

where C(R) and the following Co(R), C3(R), - - - are all constants dependent
of R but independent of A. But, in the same way as (2.6) was proved, we can
show that

ElX(pAs)—X(pAs)? <Oy(R)k(AA) Vs e [0,T).
Substituting this into (4.5) yields that

B[ sup V(X(pAt),r(p A )] < 61V (o) + KTI + Cy(R)s(AA)

0<t<ty

+6h2T/OtE sup V(X (p A7r))dA(s).

0<r<s

By the Gronwall inequality,

EV(X(p AT).r{p AT))] < 776V (5o) + KT + C(R)K(AA)]. (4.6)
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In the way as (4.3) was obtained, we can then show that

Plo<1) < S oV i) + AT + Co(RsAD]. (@)

Step 3. Let 7 = p A 6. In the same way as Theorem 2.1 was prove we can
show that

E l sup | X(t) — Y(t)|2] < Cy(R)K(AA). (4.8)
0<t<TAT
Now, let £,6 € (0,1) be arbitrarily small. Set

Q={w: sup [X(t) - Y ()] > o}

0<t<T
Using (4.8), we compute
SPQN{T >T}) =0E [Ii;>7y1g]

< B [fn s [X(O-Y0F]

0<t<tAT

<[ s 1x0) - vor]

0<t<TAT

< Cy(R)k(AA).
This, together with (4.3) and (4.7), yields that

P(Q ) PON{r>TH+P(r<T)
PON{r>TH+PO<T)+P(p<T)
04( R eh? (T+25C)y

~—

<— K(AA) + — [V (yo) + hT)°
+ 66;% [6[V(y0) AT+ Cg(R)n(AA)} .

Recalling that vz — 0o as R — oo, we can choose R sufficiently large for

TV (yo)+hT)?

P e | ger] < €
Vg 2
and then choose A sufficiently small for

6h2T
GulR) A4y 4 €
o v

Cy(R)K(AA) <

DO ™

to obtain

P@) =P ( sup [X(1) = V(1) > 5) <z

0<t<T

This proves the assertion (4.1). O
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