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Abstract. In this paper we present the exact solution of reduced wave
equation with a variable coefficient Au(x) + k*n(z)u(x) = 0 for n(z) = n(r) ,
r = |z| by the solution of a classic Riccati differential equation. By construct-
ing an "iteration” technique for a differential equation of the form z”=MAz we
present not only partial solution of a classical Riccati differential equation but
olso the exact solution of the reduced wave equation with a variable coeffi-
cient.In addition we present a simple criterion for the existance of polynomial

solution of a differential equation of the form z”=XAz .Where A is a function in
Cc.
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1. INTRODUCTION

The wave equation is an important partial differential equation that de-
scribed a variety of waves, such as sound waves,light waves and water waves .
It arises in fields such as acoustic, electromagnetics and fluid dynamics.

The propogation of waves in a homogeneous , isotropic medium is mathe-
matically described by the wave equation
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where A is the Laplace operator and ¢ denotes the speed of propogation. If
the problems involve time-harmonic waves,i.e.waves field of the form

V(z,t) = u(z)e ™ (1.2)

where i = /—1 and w denotes the frequences of waves, then the wave equation
can be reduced to the homogeneous scalar Helmholtz equation

Au(r) + kKu(z) = 0,k = % (1.3)

If we consider an inhomogeneous medium in R? and if we assume that the
inhomogenity is compactly supported, then the propogation of time-harmonic
acoustic waves in the medium is governed by the equation

Au(z) + k*n(z)u(zr) =0 (1.4)

where u describes the pressure field, £ > 0 is the wave number and n(z)is

the refractive index of the medium. %k and n(x) are related to the frequency

w of the wave and to the speed of sound of the medium via k = o and

2

Elementary solution of the reduced wave equation for variable index of re-
fraction n , which generalize the well-known solution (point source) u = w
where R = (2 —20)* + (y — v0)” + (2 — 20)°, ( line source) u = iﬂ'Hél)(kQ)
where Q% = (z — 20)° + (y — yo)” and Hél) is the Hankel function of the first
kind of order zero , for a homogeneous medium ( n = 1) ,are known to be very
few in number. In fact , for layered media [n = n(y)] , only two such solution

have so far been found.These are (i) Pekeris’ solution [6] for a point source in
a medium specified by n = y~!,in which case

1
2(yyo)? 1)?
u = (}ygig’) exp [22’ (k2 — Z) tanh ™ (%)

with R” = (z — 20)” 4+ (y + v0)” + (2 — 20)”;and (ii) Kormilitsin’s solution
[5] for a line source extending parallel to the z axis in a medium specified by

: (1.5)

1. .
n = y2,in which case

Y (@ ¢ ¢\ d¢
u-/o exp [zk(Q—C—i-(yﬂLyo)Z—%)} a (1.6)

For n? = 1 Fock [3] and Weinstein [7] have obtained asymtotic solution of
reduced wave equation for many important problems. In [4] R.L.Holford has
discussed the elemantery solution of reduced wave equation in two dimension
for which the refraction index is the form n = (A + Bx ++Cy + Da? + Exy +
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Fy?)2. In [1] Daniel J.Arrigo and Fred Hickling have considered the reduced
wave equation with a variable wave speed and its parabolic approxsimation.

2. FORMATION OF EXACT SOLUTION

One important tool for constructing exact solution to a differential (partial
differential) equation is to link its solution to the known solutions of another
differential (partial differential) equation . This tecnique , now commonly
referred to as Darboux transformations. In this paper Darboux transformation
is constructed from the Fundamental solution of scalar Helmholtz equation.

In the rest of this work we assume that n(z) = n(|z|)= n(r) and there exist
a continious function P(r) such that k*n(r) = k* — P(r).

Lemma 2.1. Let f : R* — R\ {0} be a continuous function that has first and
second derivatives and satisfies the equation

P00 )
P(r)= 7 + 2 20 (2k cot k )f(r) (2.1)
then
sin kr
u(a) = Tt = o (22)

satisfies the equation (1.4)
Note that in the rest of this paper,for the sake of simplicity we use only f
and P instead of f(r) and P(r).

Proof. Using the chain rule we get for i=1,2,3. O
dd;t _ [kcg]sckr _ si;él;cr _ f’TSQi;ri} 7
Moreover,
227? _ co:fkr (5) - si;};ﬁ:r <%2 n %) i
af [sinkr (k2 3, 3f0 f” 2f’2) cos kr <_3_k _ 2kf’)}
r{ rf < r+r3+r2f rf+rf2 + rf r2 rf
Adding, we find
. 2
Ay — sin kr N f_” . 2f2’ _ coskr (Qkf’) 2.3)
rf o f rf f
If we rearrange the second term of the right side of the equation (2.3), we get
sin kr o2 1!
Au = -k -+ — (2k cot kr) = (2.4)
of < TNE /

This completes the proof of the lemma by (2.1) and (2.2).
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To get a solution of the equation (1.4) in the form(2.2) we must solve the
equation (2.1) which is a second order nonlinear ordinary differential equation
with a variable coefficient.In addition the coefficient function cot(kr) may have
some singular points.Thus it seems that to get a solution f from the equation
(2.1) may not be easy.

As an initial simplification,we will choose a constant k such that (2.1) will
have no critical point.

Lemma 2.2. Let ¢ be a continuous differentiable function,such that ¢ satisfies
the Riccati differential equation

¢+ =P~k (2.5)

"= %exp ( / ' ¢(T)d7) (2.6)

is the solution of equation (1.4)

then

Proof. If we multiply by f? the equation (2.1) we get O

" =2f" 4+ kcotkr)ff + Pf2=0 (2.7)

Let v is a continuous differentiable function and

fr==f (2.8)

then we have

f= 10 = P S = 1 (=) (2.9)
If we use equalities (2.9) in the equation (2.7) we get

Y 4+ * = —(2k cot kr)yy + P (2.10)

Again if we consider the change of variable

Y = ¢ — kcotkr (2.11)

where ¢ is a continuous differentiable function , then the equation (2.10) be-
cames a classical Riccati equation in the form ¢'+¢? = P—k?, which completes
the proof of lemma.

Remark 2.3. It is well known that if g(r) # 0 then a rational solution of the
equation ¢’ + ¢? = g is equivalent to an exponential solution exp( f ¢(v)dv) of
the linear differential equation
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2 =g(r)z (2.12)

3. THE ASYMTOTIC ITEREATION METHOD

Let A\g € C*°(a, b)and consider the equation

2"(t) = No(t)2(t) (3.1)

For some )¢ function we shall give a new method to obtain the general
solution of (3.1) .This method depends on finding same symmetric structure
by using asymptotic behavior of equation (3.1). Thus for this purpose if we
differentiate (3.1) with respect to ¢, we find that

2" = N2 4+ N2 (3.2)

where A\; = Aj.
If we write second derivative of the equation (3.1), we get

2® = X2 + A3z (3.3)

where Ay = A\j + A1 and A3 = A3 + \].
Thus if we continue in this way ,we get for n > 3

Z(n) = )\anﬁzl + )\2n752 (34)

where for k =3,4,....n

)\Qk,1 = )\O)\2k74 + )\/2k73, &nd)\gk = )‘/2k72 + )\2]671 (35)
Similarly,for the (n 4 1) th and (n + 2) th derivatives, we get

Z(nJrl) = )\2n_42/ + Agn_gz (36)

and

PAGEIESD VDY R VP (3.7)

forn = 3,4, ....
From the ratio of the (n + 2)th and (n + 1) th derivatives , we get

Z(n+2) Agn_g <Z, + %2)

2

d -
2 (In (DY) — = - 3.8
dt ( nz ) Z(n+1) )\2n74 <Z/ + A2n—3 Z) ( )

A2n—4
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We now introduce the ”asymptotic” aspect of the method . If we have for
sufficiently large n > 3

)\2n71 )\2n73
= = 3.9
)\2n72 )\2n74 ﬂ ( )

then (3.8) reduces to

d Ao
@ (I Hn+Dy = A2 3.10
g e = (3.10)

which yields

" A2 (1) )
(n+1) __ 2n—2
z =y ex ———2dt 3.11

But in equation (3.11) the integrant function is

/
)\271—2 o )‘271—4 AQn—Z’)

= . 3.12
)\2n74 )\2n74 )\2n74 ( )

Then (3.11) becomes

2D = ¢ Ny g exp (/tﬁ (1) dT) (3.13)

Substituting (3.13) into (3.6) we obtain the first order differential equation

Y4 B2 =y exp (/tﬁ (7) dr) | (3.14)

Which, in turn, yields the general solution of (3.1) as

+(t) = exp (— / s dT) {cl / " exp( / "28(0) d()dr+02} (3.15)

Lemma 3.1. The function 3, which is defined by (3.9) must differ from zero.

Proof. 1f for sufficiently large n > 3 there exist a [ such that the equality (3.9)
hold , then A9, _2Xo,_4 # 0.1f 3 =0 then \y,_jand Ag,_zcould be zero and if
Aon_1 = 0 then X, _, = 0, similarly N, _, = 0. If we use this fact in (3.5) we
get A\gAo,_4 = 0 .This is a contradiction because \g # Oand Ag,_4 # 0 .Thus
6 #0. O

If we use above fact (3.1)-(3.15), we have proved the following theorem.

Theorem 3.2. Given \g € C*(a,b), then the differential equation (3.1) has
a general solution (8.15) if for same n > 3
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)\2n71 )\2n73
= = 3.16
)\2n72 )\2n74 6 ( )

equality holds.Where

)\Qk,1 = )\O)\2k74 + )‘/2k737 and)\gk = )‘/2k72 + )\QkflfOT’k = 3, 4, Sy n. (317)

Example 3.3. Consider a simple Euler’s differential equation

St = t%z(t) (3.18)

__ 2 _ -4 _ =8 __ 16 __ 40 _
Then )\0 = t—Q,)\l = t_s’)\Q = t—3,)\3 = t_4’)\4 = > ....and for n = 3,4,5,

Aon—1 Aon—3 2
- - S 3.19
& Aon—2  Aop—a t ( )

Thus from Theoreml the general solution of (3.18) is

wen(-f (2)o) o for([o()orse] om

= Cl(g) + Cgt2

If we choose ¢; = 0,co = 1 in the equation (3.20) we get polynomial solution
2(t) = t? of the equation (3.18).
Now we want to construct a characterization of polynomial solution ,at least

mathematically, of the equation (3.1) .For this purpose multiply (3.6) by Aa,_2
and (3.7) by -(A2;—4) , and add.We obtain

)\gn_gz(”H) - Agn_42(n+2) == TnZ (321)

where

T, = Aap—2Xon—3 — Aan—1Aon—a (3.22)

Thus, if equation (3.1) has a polynomial solution z(t) whose degree at most
n we have z("*1) = 2("*2) = (. Consequently we conclude that from (3.21) that
T, = 0. Conversely if T,, = 0 and Ay, _2A2,_4 # 0, then from (3.22) we have

iz”:; = % = [, and , from Theorem 1,we conclude that a solution of (3.1)
is given by

2(t) = exp (- / tﬁ(T) dT) (3.23)
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If we differentiate (3.23) with respect to ¢, we find that

(1) = eXp( / B(r dT) _ _Denss (3.24)

)\271 4

thus we have

)\Qn_42’, + )\Qn_gz =0 (325)

If we insert (3.25) in the equation (3.6) , we get z(™*Y) = 0, or equivalently,
that z (t) is a polynomial of degree at most n.
Consequently, we have proved the following theorem.

Theorem 3.4. a) Given Ay € C*®(a,b), if the differential equation (3.1) has
a polynomial solution whose degree at most n then T, = 0.

b)If T, =0 and Noy_2Xan—4 # 0, then the differential equation (3.1) has a
polynomial solution whosedegree at most n.

Lemma 3.5. Let \g € C>(0,r). If there exist a [ such that the equality
(3.16) holds and P (r) = k* — k?n (r), then

"= %exp (— / ' ﬁ(T)dT) (3.26)

is the solution of (1.4) .
Proof. 1f there exist a [, which satisfies (3.16) , then a solution of (3.1) is O

= exp (— / ' ﬁ(T)dT) (3.27)

Because of the function (3.27) satisfies the equation (3.1) for \g = —k*n (r) =
P — k%, we get

g —-p=P-k. (3.28)

If we take = —¢ in equation (3.28) then the equation (3.28) becomes
(2.5). This completes the proof of lemma by using the Lemma 2 and Theorem 1
respectively.

Remark 3.6. Consider the differential equation

u” (t) + (%) u () + f(t)u(t)=0 (3.29)

The substitution u (t) = t~1z (t) gives
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L)+ f(H)2(t) =0 (3.30)

which is the equation (3.1) for A\g = —f (¢) .Thus if there exist a § such that
(3.9) holds for A\ = —f (t), then general solution of the equation (3.29) can be
given by (3.15).

Remark 3.7. In [2] (2004) Guoting Chen and Yujie Ma proved that if the Ric-
cati differential equation ¢’ + ¢* = g (r) with g (r) # 0 has a general rational
solution , then ¢ () has the form

g =% (e + ).

in which 46; = 62 — 1 where ry, 79, ..., 7, be the poles of r and 6; is an integer
> 2.

4. CONCLUSION

In this paper first we considered a kind of Darboux transformation to solve
the reduced wave equation with a variable coefficient (in particular , refractive
index of medium is a function of r = |z| ).For this, a solution of Riccati
differential equation gives us an exact solution of the reduced wave equation
with a variable coefficient .Second , we present an asymtotic iteration method
for the differential equation z” = Aoz where Ay € C*°(a,b) which works under

the existance of % = % = [ for n > 3. So that we show that if there exist

a [ for sufficiently large n > 3 then -3 is a particular solution of the Riccati
differential equation and an exact solution of the reduced wave equation with
a variable coefficient also obtained with the aid of .
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