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Abstract. In this paper , we discuss the complexity of the compact system
generated by the continuous map on compact spaces and prove if there exists
a topological semi-conjugate which is from the compact space to the sym-
bolic space, then the compact space has a minimal sub-system which displays
Wiggins chaos, Martelli chaos and strictly ergodic.
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1. Introduction

In 1975, T.Y.Li and J.Yorke gave the first mathematical definition of chaos.
Since then the definition of chaos has became one of the main research subjects
that are concerned by the scientists in all fields. Now chaos has became the
field which is very active in the nonlinear science and has very wide prospect.
However the scholars in different fields go on their research according to their
own understanding of chaos and search for their own application. Consequently
there isn’t a common definition of chaos which can be used for all fields by
now. Surely, it is an important question to understanding the relation among
the various definitions of chaos and to unify the definition of chaos.

Throughout this paper, (X, f) will denote a compact system, i.e. (X, d)
is a compact metric space and f : X → X is continuous. The meanings of
O(x)(x ∈ X), P (f), R(f), ω(x, f)(x ∈ X) and A(f) are as usual.

If the compact subset X0 ⊂ X is invariable to f , i.e. f(X0) ⊂ X0, then the
compact system (x0, f |X0) or f |X0 which is generated by the restriction map
f |X0 : X0 → X0 is called the sub-system of (X, f) or f .

The set Y ⊂ X is a minimal set of f if for any x ∈ Y , ω(x, f) = Y .
The function f : X → X is said to be topologically transitive if for each pair

of non-empty open sets U, V of X, there is k ∈ N such that fk(U) ∩ V �= ∅.
For every x0 ∈ X, O(x0) is unstable with respect to X if there is r(x0) > 0

such that for each ε > 0 there are y0 ∈ X with d(y0, x0) ≤ ε and n ∈ N such
that d(fn(y0), f

n(x0)) > r(x0).
The function f : X → X is said to be sensitive dependence on initial

conditions if there is r0 > 0 such that for each x0 ∈ X and each ε > 0 there
are y0 ∈ X with d(y0, x0) ≤ ε and n ∈ N such that d(fn(y0), f

n(x0)) > r0.
Let ß denote the σ−algebra of Borel sets of X. Call a probability measure

μ on (X, ß) invariant under f , if μ(f−1(B)) = μ(B) for any B ∈ ß. The set
of all the invariant measure of f will be denoted by M(X, f). μ ∈ M(X, f)
is said to be ergodic if for B ∈ ß, f−1(B) = B implies μ(B) = 0 or 1. If μ is
the only member of M(X, f), then it must be ergodic [8]. In this case, we call
f uniquely ergodic. A minimal and uniquely ergodic map is simply said to be
strictly ergodic.

Let (X, f) and (Y, g) be two compact systems and f(X) = X, g(Y ) = Y .
If there exists a continuous surjection h : X → Y such that h ◦ f = g ◦ h,
then f and g are topologically semi-conjugate, h is said to be the topologically
semi-conjugate which is from f to g.

Let (X, f) and (Y, g) be two compact systems, h : X → Y is the topologically
semi-conjugate. Define h̄ : M(X, f) → M(Y, g) as h̄(μ) = μ(h−1(A)), for each
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A ∈ ß. Obviously h̄ is continuous and h̄(M(X, f)) = M(Y, g). Call h̄ a
continuous map induced by h.

Let S = {0, 1}, Σ = {x = x1x2 · · · | xi ∈ S, i = 1, 2, · · · }. Define ρ : Σ×Σ →
R as follows: for any x , y ∈ Σ, if x = x1x2 · · · and y = y1y2 · · · , then

ρ(x, y) =

{
0 if x = y,
1
2k if x �= y , and k = min{n | xn �= yn} − 1

It is not difficult to check that ρ is a metric on Σ.(Σ,ρ) is compact and called
the one-sided symbolic space(with two symbols).

Define σ : Σ → Σ by

σ(x1x2 · · · ) = x2x3 · · · for any x = x1x2 · · · ∈ Σ,

σ is continuous and called the shift on Σ. Then (Σ, σ) is a compact system.
Call A a tuple (over S = {0, 1}), if it is a finite arrangement of elements in

S. If A = a1a2 · · ·am, where ai ∈ S, 1 ≤ i ≤ m, then the length of A is said to
be m, denoted by |A| = m.

For any tuple B = b1 · · · bn, [B] = {x = x1x2 · · · ∈ Σ; xi = bi, 1 ≤ i ≤ n} is
called a cylinder generated by B.

For any n ≥ 1, let

ßn = { [b1b2 · · · bn] | bi = 0 or 1, 1 ≤ i ≤ n}
then the collection

⋃∞
n=1 ßn is a subalgebra which generates the σ-algebra of

Borel subsets of Σ.
Let h : X → Σ be a continuous map, we use I[B] to denote h−1[B] for any

[B] ∈ ßn.
The main results are stated as follows.

The Main Theorem. Let f : X → X and σ : Σ → Σ are continuous. If f
and σ are topologically semi-conjugate, then there exists a minimal sub-system
f |D of f such that

(P1)f |D is Wiggins chaotic,
(P2)f |D is Martelli chaotic,
(P3)f |D is strictly ergodic.

2. Basic Definitions and Preparations

Definition 2.1. According to Wiggins, a continuous map f : X → X is
chaotic provided that

(1) f is topologically transitive in X, and
(2) f has in X sensitive dependence on initial conditions.

Definition 2.2. [1] According to Martelli, a continuous map f : X → X is
chaotic provided that there exists x0 ∈ X such that

(1) ω(x0) = X, and
(2) O(x0) is unstable with respect to X.
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Lemma 2.1. There exists a minimal set T ⊂ Σ such that
(1)σ|T is Wiggins chaotic,
(2)σ|T is Martelli chaotic.

For a proof see [2].

Lemma 2.2. Let (X, d) be the compact metric space and f : X → X is
continuous, then the followings are equivalent

(1)x ∈ A(f),
(2)For any n > 0, x ∈ A(fn),
(3)x ∈ ω(x, f) and ω(x, f) is a minimal set.

For a proof see [3] and [4].

Lemma 2.3. Let X and Y be compact metric spaces, f : X → X and g :
Y → Y be continuous maps. If there exists a continuous surjection h : X → Y
such that g ◦ h = h ◦ f , then h(A(f)) = A(g).

For a proof see [5].

Lemma 2.4. Let X, ß, M(X, f) be defined as section 1. The following are
equivalent.

(1)There exists μ ∈ M(X, f) such that for all x ∈ X, 1
n

n−1∑
i=0

δf i(x) → μ, where

δy(B) is 1 if y ∈ B and 0 otherwise for any B ∈ ß.
(2)f is uniquely ergodic.

For a proof see [6]

Lemma 2.5. Let (X, f) and (Y, g) be two compact systems, h̄ is the continu-
ous map induced by h. If for each x ∈ X and an increasing sequence of positive
integers {nj},

1

nj

nj−1∑
i=0

δf i(x) → μ ∈ M(X, f),

then

h̄(
1

nj

nj−1∑
i=0

δf i(x)) =
1

nj

nj−1∑
i=1

δgi(h(x)) → h̄(μ) ∈ M(Y, f).

For a proof see [7].

3. PROOF OF THE MAIN THEOREM

By the hypothesis, there exists a continuous surjection h : X → Σ such
that σ ◦ h = h ◦ f . According to Lemma 2.1, there exists a minimal set T =
ω(a, σ) ⊂ A(σ) such that σ|T is Wiggins chaotic and Martelli chaotic. Since
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a ∈ ω(a, σ) and by Lemma 2.3, there exists x0 ∈ A(f) such that h(x0) = a.
According to Lemma 2.2, x0 ∈ ω(x0, f) and ω(x0, f) is a minimal set. Let
D = ω(x0, f) ⊂ A(f).

We will proof that h(D) = ω(a, σ).
For any x ∈ D, there exists an increasing sequence {ni} of positive integer

such that

x = lim
i→∞

fni(x0) ⇒ h(x) = lim
i→∞

h(fni(x0)) = lim
i→∞

σni(a),

i.e.h(x) ∈ ω(a, σ). So h(D) ⊂ ω(a, σ).
Furthermore,

σ(h(x)) = σ ◦ h( lim
i→∞

fni(x0)) = h ◦ f( lim
i→∞

fni(x0)) = h( lim
i→∞

fni+1(x0)) ∈ h(D),

i.e.σ(h(D)) ⊂ h(D).
By the minimality of ω(a, σ), we know that h(D) = ω(a, σ).
The proof of (P1):
Firstly, we proof that f |D is topologically transitive.
For any two open sets U, V ⊂ D which are not empty. Since ω(x0, f) is a min-

imal set and by it’s definition, we know that D = ω(x0, f) = {fn(x0)|n ≥ 0}.
So there exists n ∈ N such that fn(x0) ∈ U . Since there is no isolated point
in D, there exists m ∈ N(m > n) such that

fm(x0) ∈ V − {x0, f(x0), · · · , fn(x0)},

Let k = m − n, then

fm(x0) = fk+n(x0) = fk(fn(x0)) ∈ fk(U) ∩ V,

So f is topologically transitive on D.
Secondly, we proof that f |D has sensitive dependence on initial conditions.
By the definition of cylinder, there exists N > 0 such that for any [B] ∈ ßN ,

diam[B] < 1
2
. Let

t0 = min{d(I[B], I[C]) | [B], [C] ∈ ßN and [B] �= [C]},

where d(I[B], I[C]) = inf{d(p, q) | p ∈ I[B], q ∈ I[C]}.
By the properties of h, d(I[B], I[C]) > 0 for any district [B], [C] ∈ ßN and so

t0 > 0.
Next to prove is that for the above-mentioned t0, any ε > 0 and x ∈ D =

ω(x0, f), there exists x1 ∈ D and k ≥ 1 such that d(f k(x1), f
k(x)) ≥ t0 when

d(x1, x) < ε.
Since x ∈ D, there exists an increasing sequence {ni} of positive integer

such that x = lim
i→∞

fni(x). So for any ε > 0, there exists i > 0 such that

d(fni(x), x) < ε. Let x1 = fni(x), h(x) = y, h(x1) = y1. It is easy to see
y1 = σni(y). Because there is no periodic point in ω(a, σ), σn(y) �= σn(y1) for
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any n ≥ 1. So there exists k ≥ 1 such that

ρ(σk(y1), σ
k(y)) >

1

2

⇒ σk(y1) ∈ [B], σk(y) ∈ [C] for some distinct [B], [C] ∈ ßN (since diam[B] <
1

2
)

⇒ fk(x1) ∈ I[B], f
k(x) ∈ I[C] and d(I[B], I[C]) ≥ t0

⇒ d(f k(x1), f
k(x)) ≥ t0

Hence f |D has sensitive dependence on initial conditions.
Thus we have proved that f is Wiggins chaotic on D.
The proof of (P2):
Firstly, ω(x0, f) = D, h(x0) = a.
Secondly, by the proof of (1), we know that f |D has sensitive dependence on

initial conditions. And by the definitions, for any x0 ∈ D, O(x0) is unstable
respect to D.

Hence f is Martelli chaotic on D.
The proof of (P3):
By the hypothesis, there is a continuous surjection h such that σ ◦h = h◦f .

By lemma 2.1, there is a minimal set T ⊂ Σ such that σT is strictly ergodic.
So there exists the only member μ of M(X, f) such that

1

n

n−1∑
i=1

δσi(x) → μ, for each x ∈ T .

By lemma 2.5,

h̄(
1

n

n−1∑
i=1

δσi(x)) → μ̄ ∈ M(D, f).

Since h̄(M(T , σ)) = M(D, f), h̄(μ) is the only member of M(D, f).
So f |D is uniquely ergodic.
Furthermore, D is minimal, then f |D is strictly ergodic.

4. COROLLARY OF THE MAIN THEOREM

Let f : X → X is continuous. If f has a regular shift invariant set(for the
definition see [8]), then there has a minimal sub-system f |D of f such that

(1)f |D is distributionally chaotic,
(2)f |D is Li-Yorke chaotic,
(3)f |D is Wiggins chaotic,
(4)f |D is Martelli chaotic.

Proof. For the proof of (1) see [8].
The proof of (2):
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By the definitions, it is easily to see that if the continuous map f is distri-
butionally chaotic, then it is Li-Yorke chaotic.

The proof of (3) and (4) can be obtained from [8] and the definition of the
regular shift invariant set.
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