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Abstract

In this paper, we retrieve slow oscillation of a real sequence u = (uy,)
out of (C,1) summability of the generator sequence ( 7AEO)(Au)) of (up)
under some additional condition. Consequently, we recover convergence
or subsequential convergence of (u,) out of (C,1) summability of (u,)
under certain additional conditions that control oscillatory behavior of
the sequence (uy,).

Mathematics Subject Classification: 40E05

Keywords: Slow oscillation, general control modulo, (C,1) summability,
Tauberian theorem, subsequential convergence.

1 Introduction

Let u = (u,) be a sequence of real numbers. The classical control modulo of
the oscillatory behavior of (u,) is denoted by w® (u) = nAu,, = n(u, — u,_1).
The general control modulo of the oscillatory behavior of order 1 of (u,) is
defined by

o () = wP (u) = o1 (0 (u))

n
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where o) (u) = 5 Y4 ug. The identity
u, — o (u) = V9 (Au)

where VO (Au) = n%rl > h—o kAuy, is known as Kronecker identity. It is now

O]
clear that w1 (u) = nAV. ) (Au). Since o) (u) = S7_, % IEAU) +ug, Kronecker

identity can be rewritten as

n (0) A
= VO (Aw) + Y w

k=1

+uo (1)

in terms of (V((Au), the generator sequence of (u,). A sequence (uy,) is
said to be subsequentially convergent [1] if there exists a finite interval I(u)
such that all accumulation points of (u,,) are in I(u) and every point of I(u)
is an accumulation point of (u,). A sequence (u,) is (C, 1) summable to s if
lim, (" (u) = s. A sequence (u,) is said to be slowly oscillating [5] if

k
lim limsup max Z Auj| =0,
+1

A—1t n n+1<k<[An] j=n

where [An] denotes the integer part of An. A sequence (u,,) is said to be |C, 1],
summable [3] if for p > 1

ij_1|A0§1)(u)| < 00.
j=1

A sequence (u,) is said to be slowly varying [4] if

)

P um

for A > 1.

We now establish the main result and its consequences. As a corollary to
the main result, we recover classical convergence or subsequential convergence
of the sequence (u,).

Theorem 1.1 Let (VO(Au)) be (C,1) summable to s. If for some p > 1

[An] M,y |p
(A=1)P ' limsup »_ M =o(1), A—17, (2)
L S J

then (uy) is slowly oscillating.
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Theorem 1.2 Let (u,) be (C,1) summable to s. If for some p > 1

[An] ©) ()P
(A—=1)P" 1hmsup > Ol =o(1), X—17, (3)
j=n+1 j

then (u,) is convergent.

The proofs are based on the following Lemma.

Lemma 1.3 [5] For A > 1

an) + 1 1 &
up, — oD (u) = [[M]]_n(a{;,{](u) — oV (u)) - SO Au, (4
M1 j=n+1

where [An] denotes the integer part of An.

2 Proofs of Theorems

Proof of Theorem 1.1

Applying Lemma 1.3 to (V) (Au)) we have

an|+1
V080~ Vi (aw)| < SRV ) - Vi)
k
(0)
P 2 A G )

Since (V9 (Au)) is (C, 1) summable, the first term on the right-hand side
of (5) is o(1) as n — oo and (5) becomes

k
limnsup }Vn(o)(Au) — Vn(l)(Au)‘ <limsup max | AVJ-(O)

n n+1<k<[An] et

(6)

For the second term on the right-hand side of (5) we have

]
) - ©)
n-l—g/?%([z\n zilAV AU) - ]:zn;rl‘A‘/J (AU)’
) An| D %
< ([)\n]—”)a(z M) ,where £+ ¢ =1
j=n+1 J
s D
< (n]=m)o | Y~
j=nt+1 J° )
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From (6) and (7) we have
[An] (1) p\ P
lim sup ‘Vn(o)(Au) - Vrfl)(Au)‘ <(A— 1)% lim sup ( > M) . (8)
n n j=n+1 ]
Letting A — 17 in (8) and taking (2) into account, we deduce that

lim sup VO (Au) - VI (Aw)| <o0. (9)

(0)
From (9) we have lim, V.(9(Au) = s. Since o\ (u) = 37, Y ,EAU) + g, it

follows by (1) that (u,) is slowly oscillating. Furthermore, for some slowly
varying sequence (B,), we have u,, = O(B,), n — 0.

Since u, = O(B,), n — o0, it follows that there exists a finite inter-

val I such that for every r € I, there is a subsequence ( Bi:t((;)))) such that
Un(r)

limy ) grpy =7 (See 1, 2]).

Notice that since (u,) is slowly oscillating, for all nonnegative integers m,
the sequence (V,(™(Au)) is subsequentially convergent [2].

As a corollary we have the following.

Corollary 2.1 Let (V.9 (Au)) be (C,1) summable to s. If (VO(Au)) is
|C, 1|, summable, then (u,) is slowly oscillating.

Proof of Theorem 1.2

Applying Lemma 1.3 to (u,) we have

‘un — 0(1)(u)‘ < Pn)+ 1 o) (u) — a(l)(u)‘ + max zk: Aujl. (10)
n = [)\n] —n [An] n -« J

n+1<k<[An] j=n
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Since (uy,) is (C, 1) summable to s, the first term on the right-hand side of
(10) is o(1) as n — oo and (10) becomes

lim sup ‘un - ag)(u)‘ <limsup max
n n n+1<k< )\n]

Z Aujl. (11)

For the second term on the right-hand side of (10) we have

k [An]
max Au;| < Ay
n+1<k<[\n] jznil T jzn;-l‘ 1
[An] U)(~O) w)|P %
< o=t (32 B0 e e 2o
j=n+1 J
[An] | (0)( )P >
1 w:(u
< (Pl =n)r | > =
j=nt1 J7 ]
[An] (0) ,
1 1 ‘w' (u)‘p
< ([An] —n)d | ’
j=n+1 J
1 n 0 v
(Iwn] — )’ ( > rw§)<u>\”)
< I
na j=n+1 J
) | (0)( )|
< (=D | Y (12
Jj=n+1 J

From (11) and (12) we have

1 2 0w\
lim sup ‘un — a,(ll)(u)‘ <(A—=1Dslimsup | > —L——] . (13)
n n j=n+1 ]
Letting A — 17 in (13) and taking (3) into account, we deduce that
lim sup ‘un - agl)(u)‘ <0. (14)
From (14) we have lim, u,, = s.
As a corollary we have the following.

Corollary 2.2 Let (u,) be (C,1) summable. If (v,), where u, = oM (v), is
|C, 1|, summable, then (u,) is convergent.
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