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Abstract. Contraction maps on probalistic metric spaces were first defined

and studied by Sehgal [12]. They were subsequently studied by Sherwood [13],
where firstly appeared the fundamental problem of "bounded orbits”, This
influenced many authors, and, consequently, a number of new results in this
line followed (see, for example [3], [5],).
In the present paper, we give two new results which encompasses most of such
generalization of the Sherwood theorem, further our result also extended many
other results form metric spaces to general probalistic metric spaces. These
results are of interest in view of analogous results in metric spaces (see, for
example [14] and [8]) and in view of recent activity in fixed point theory of
probalistic metric spaces and its applications (see, for example [1], [3-4], [5]
and [6]).
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1. INTRODUCTION AND PRELIMINARIES

Our terminology and notation for probabilistic metric spaces are the same
as those of Schweizer and Sklar [11]. A nonnegative real function f defined on
R U {oo} is called a distance distribution function (briefly, a d.d.f.) if it is
nondecreasing, left continuous on (0, 00), with f(0) = 0 and f(co) = 1. The
set of all d.d.f’s will be denoted by A™; while the set of all f in A" such that
limg .o f(s) =1 is denoted by DT.

Example 1.1. For any a in Rt U {oco} the unit step at a is the function e,
belonging to A1 defined by
|0, for0 <z <a,
fa(r) = { 1, fora < x < oo,
for 0 < a < oo. While
0, for 0 <z < oo,

€ool(2) = { 1, for x = oc.

Definition 1.1. Consider f and g be in AT, h € (0,1], and let (f,g;h) de-
notes the condition
0<g(z) < flx+h)+h,
for all z in (0, 3).
The modified Lévy distance is the function dy, defined on AT x AT by

dr(f,g) = inf{h: both conditions (f,g;h) and (g, f; h) hold}.

Note that for any f and g in A*, both (f,¢;1) and (g, f; 1) hold, hence d,
is well-defined and d.(f,g) < 1.
Let us begin by recalling the following definitions and technical results from
[11].

Lemma 1.1. [11] The function dy, is a metric on A™.

Definition 1.2. A sequence {F,} of d.d.f’s is said to converge weakly to a
d.d.f. F if and only if the sequence {F,(x)} converges to F(x) at each conti-
nuity point x of F.

Lemma 1.2. [11] Let {F,} be a sequence of functions in AT, and let F' be in
AT Then {F,} converges weakly to F if and only if di(F,, F) — 0.

Lemma 1.3. [11] The metric spaces (A, dy) is compact.

Definition 1.3. We say that T is a triangle function on AT if it assigns a
d.d.f. in AT to every pair of d.d.f’s in AT x AT and satisfies the following
conditions:

T(F,G) = 7(G,F),
T(F,G) < 7(K,H) whenever F <K, G<H,
T(F,e0) = F,

(7(F,G), H) T(F,7(G, H)).
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A commutative, associative and nondecreasing mapping T : [0,1] x [0,1] —
[0, 1] is called a t-norm if and only if

(1) T(a,1) = a foralla€|0,1],

(i4) T(0,0) = 0.
Example 1.2. One can easily check that T'(a,b) = Min(a,b) is a t-norm,
and that for any t-norm T we have T(a,b) < Min(a,b). Moreover if T is
left-continuous, then the operation T : AT x AT — AT defined by

72(F,G) () = sup{T(F(u), G(v))  u+ v =z},

1s a triangle function.

Lemma 1.4. [11] If T is continuous, then Tr is uniformly continuous on
(AT, dp).

Definition 1.4. A probabilistic metric space (briefly, a PM space) is a triple
(M, F,7) where M is a nonempty set, F is a function from M x M into AT,
T 18 a triangle function, such that the following conditions are satisfied for all
p, q, v in M:

(i) Fpp = €0,
(“) qu #eo if p#q,
(”Z) Fpqg = Fyp,

(1) Fpr > 7(Fpg, Fyr).-
If 7 = 11 for some t-norm T, then (M, F,77) is called a Menger space.

Definition 1.5. Let (M, F') be a probabilistic semi-metric space (i.e., (i), (ii)
and (ii7) of Definitionl.4 are satisfied). For p in M and t > 0, the strong
t-neighborhood of p is the set

Ny(t)={qe M : F,t)>1—t},
and the strong neighborhood system for M is
(N,(t); pe M, t 0},

Lemma 1.5. [11] Let (M, F,7) be a PM space. If T is continuous, then the
family S consisting of O and all unions of elements of this strong neighborhood
system for M determines a Hausdorff topology for M.

An immediate consequence of Lemma 1.5 is that the family {N,(¢) : t > 0}
is a neighborhood system of p for the topology 3.

Lemma 1.6. [11] Let {p,} be a sequence in M. Then
pn — D if and only if di,(Fp,p,€0) — 0 if and only if 6(p,,p) — 0.
Similarly, {pn} is a strong Cauchy sequence if and only if
lim dp(F),p,.,c0) = 0.

n,Mm— 00
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Lemma 1.7. [11] If {p,} and {q.} are sequences such that p, — p and g, —
q (resp. are Cauchy sequences in M), then di(F, F,y) — 0, de., Fp .

Pngn>
converges weakly to F,, (resp. {Fp,q,} is a Cauchy sequence in (AT, dp)).

Here and in the sequel, when we consider a PM space (M, F, ), we always
assume that 7 is continuous and that M is endowed with the topology &
Let us recall the definition of the probabilistic diameter of a nonempty set in
a PM space introduced by Egbert [2].

Definition 1.6. Let (M, F, 1) be a PM space and A a nonempty subset of M.
The probabilistic diameter is the function D4 defined on R U {oco} by

Da(z) = { Tm};rx‘fg for 0 <o < oo
where
pa(s) =inf{F,(s): p, g€ A}.
It is immediate that D, is in At for any A C M.

Lemma 1.8. [11] The probabilistic diameter D4 has the following properties:
(i) Da =g iff A is a singleton set.

(i1) If A C B, then DA > Dp.

(i13) For any p,q € A, F,y > Dy.

() If A ={p,q}, then DA = Fy.

(v) [fA N B is nonempty, then Dayp > 7(Da, Dp).

(vi) Ds = Dy, where A is the strong closure of A.

The diameter of a nonempty set A in a metric space is either finite or infinite.
Accordingly, A is either bounded or unbounded. In a PM space, on the other
hand, there are three distinct possibilities.

Definition 1.7. [11] A nonempty set A in a PM space is

(i) bounded if limy o Da(t) =1, d.e., if Da is in D*;

(1) semibounded if 0 < limy_,o Da(t) < 1;

(173) unbounded if limy_oo Da(t) =0, i.e., if Dy = £0.

Example 1.3. Let (M,d) be a metric space. Define F': M x M — A* by
F,

pg = Ed(p,q)-
We can check easily that (M, F, Tain) is a PM (Menger) space, and
Npt ={q€ M: d(p,q) <t}
for allt in (0,1). So, (M, F, Tarin) is a complete PM space if and only if (M, d)
1s a complete metric space. Moreover, for a nonempty subset A of M, we have
D s = €diam(a),

where
diam(A) = sup{d(p,q) : p, q € A}.
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2. MAIN RESULTS

In all this note, (M, F,7) denotes a complete PM space, and T is a map
from M into itself. Powers of T are defined by 7%z = # and 7"tz =
T(T"x), n > 0. When there is no risk of ambiguity, we will use the notation
¥ = T*z, in particular 2° = =, 2! = Tz, for the sake of brevity. The set
O(x) ={T"x : n=0,1,2,..} is called the orbit (starting at = ), while the
set O(z,y) is the union of two orbits starting at « and y. The letter ® denotes
the set of functions satisfying:

(A}) ¢ :1]0,00] — [0,00] is lower semi-continuous from the left,
nondecreasing and ¢(0) =0 ;
(A}) For each t € (0,00), ¢(t) >t and ¢(+00) = +o0.

Consider also the assertions:

(FP) T has one and only one fixed point.
(SA) There exists z € M such that T"z — z as k — oo
for any x € M, i.e., the successive approximations converge.

(C) For z,y € M and s > 0
FTa:Ty(S) > DO(m,y)(¢(S))

The following lemma is obvious. We will need it below.

Lemma 2.1. Let ¢ € &. Then we have
(A1) For every s € (0, o0]
lim ¢"(s) = oo.

n—oo

(Ay) For any G € DT and s € (0, ]
lim G(¢"(s)) = 1.

n—oo

Let us now state our main result.

Theorem 2.1. (C) implies (FP, SA), if for any z,y € M the set O(z,y) is
bounded.

Note that the hypothesis, say (B), "for any =,y € M the set O(z,y) is
bounded” implies that the PM space (M, F, ) has the property that RanF C
D+, which is a necessary condition for the uniqueness of fixed points when they
exist. Notice also that by Lemma 1.8-v, we can replace the hypothesis (B) by
"for any x € M the set O(zx) is bounded” in the case when D7 is closed under
7. This is the case if M is a metric space, F' and 7 are as in Example 1.3.
But in General, even if O(z) and O(y) are bounded, it is not necessary that
O(z,y) is bounded. For example, consider M = {p, ¢} and F,, = %50 + %500,
then the identity function on M satisfies condition (C') with two fixed points
and O(p, ¢) is only semi-bounded.

Proof. (C) = (SA) Let x,y € M and s > 0. By (C) and Lemma 1.8 (ii) we
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have

FTiachy(t) DO(Ti—lx,Tj_ly) (¢(t))
Doy (9(1)),
for 2,7 > 1 and s >t > 0. This means that

Fuv(t) > DO(w,y)(¢(t))7 for u,v € O(TJZ', Ty)
Taking the infimun over all u,v € O(Tx,Ty), we obtain
o121y (t) = Do(ay)(9(t)). (1)
Since Do) € AT and ¢ € ¢, as t — s in (1), we obtain
Do(rery)(8) 2 Do) (9(s))-

It follows that for any k£ > 1

Dorrariyg) (s) = Doy (8"(s)). (2)
By Lemma 2.1 (Ay), as k — oo in (2), we obtain

>
>

Jim Dorez,rry)(s) = 1.

This clearly means that Do(prg e,y — €0, since s is an arbitrary positive
number. So, in particular we have

DO(:):’“) — &o,
as k — oo. And since for any m > k > 0, we have Fmr > Dogry. It follows
that {z*} is a Cauchy sequence in a complete PM space (M, F, 7). Then, there
exists a point z € M such that 2" — z as n — oo. By Lemma 1.8 (ii-vi), we
have

k]g{.lo Fzyk (S) 2 ]}LIEO Dm(s) = ]}LIEO DO(Tkx,Tky) (8) = 1,

since s is an arbitrary positive number. Then, it follows from Definition 1.2
that

Fzyk — £p-
This means that y* — 2z as k — oo, by Lemma 1.2 and Lemma 1.6.
(C) = (FP) According to (C) = (SA) there exists z € M such that 2* —
z as k — oo for all x € M. We want to show that z is a fixed point of T". In
order to do this, we shall show that Do,y = &g, i.e., for any o > 0, Do) (o) =
1.
Assume that there is & > 0 such that Dp(.y(a) < 1. Since ¢ € ®, it is easy to
show by contradiction that there exists ¢ > 0 such that

a>tand ¢(t) > a.

Next, note that for e = M > 0, thereis u > 0 such that for t+pu < t' < «

1+ QDO(Z) (Ot)

> 0o ().
3 Po()(t)
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From the definition of ¢ (t'), then there exist two sequences {p(k)} and {q(k)}
such that 0 < p(k) < ¢(k) and

F oty a0 () = @o)(t') as k — oo.

Since lim 2*¥ = 2, we have that
1+ Do(z)(oz)
2

for large k, [, say for k,1 > po, and therefore p(k) = p infinitely many values
of k, where 0 < p < py. Hence there is a subsequence {r(k)} of {q(k)} such
that

Flea (t,) > > 0o(z) (t/),

F

o) (T) = po) (') as k — oo.

If r(k) = ¢ for infinitely many values of k, then Fi.r.¢(t') = po(»(t'); if not, a

subsequence {v(k)} of {r(k)} converges to oco. Since the points of discontinuity

of F.», are countable, there is ¢’ € (¢,t') a point of continuity of F.»,. Then,
POo(z) (t/) = khm Eopu (t/) > k]im Eopu (t//) = szz(t”).

In all cases, there exist p,q > 0 and y € (¢ + u, ) such that

PO(z) (t/) Z szzq (y)
o If p,q > 1, then (C) implies

PO(z) (t,) > Fovza (y) > DO(zpfl,zqfl)(qs(y)) > DO(Z) (¢(t))

e If p = 0 < ¢, for the same reasons as above, there is ¢y € (¢,y), a point of
continuity of Fl,q,. Then,

()OO(Z) (t,) Z Fzzq (y) Z Fzzq (y,) - kh—%lo szzq (y,) Z DO(Z) (¢(y/)) Z DO(Z) (¢(t))

In both cases, we have
PO(z) (t/) > DO(z)(¢(t))'
As t' — «, we obtain
DO(Z)(&) > DO(Z)(¢(t>>
Since for s € (t,a), we have ¢(s) > a. A similar argument shows that for
s € (t,a) we have
DO(z)(a) > DO(z)(¢(S>>
As s — «, we obtain
DO(Z)(&) > DO(Z)(¢(a>>:
that is Do(.)(a) = Do)(é(a)) < 1. Continuing in this manner we can con-
struct by induction a sequence {a;} such that

a; = ¢'(a) and Do (¢'(a)) = Dogy(a) < 1,
with g = a and oy = ¢(«). But this is impossible since Doy € Dt and
¢'(a) — o0 as i — oo. Hence Do,y (o) = 1 for > 0, i.e, Do,y = 9. Then
from Lemma 1.8 (i), O(z) is a singleton, that is z is a fixed point of 7. Now
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suppose that there is another fixed point y(y # z), of T'. By Lemma 1.8 (iv)
and (C), for s € (0, 00| we have

Fay(s) 2 Fry(¢"(5)), (3)
for all n > 1. Using F,, € D*, as n — oo in (3) we get Fy,(s) = 1, then
F,, = €0, hence x = y which is a contradiction. This completes the proof of
the Theorem.

2.1. Common Fixed Point Theorem in PM space. Let S be a semigroup
of selfmaps on PM space (M, F,7). For any = € M, the orbit of x under S
starting at x is the set O(z) defined to be {z} U Sz, where Sz is the set
{g(z): g€ S}. For z,y in M, the set O(x,y) is the union of O(z) and O(y).
Recall that a semigroup S is said to be left reversible if, for any f, g in S, there
are a, b such that fa = gb. It is obvious that left reversibility is equivalent to
the statement that any two right ideals of S have nonempty intersection.

Theorem 2.2. Suppose that S is a left reversible semigroup of selfmaps on a
complete PM space (M, F,T) such that the following conditions (By) and (B})
are satisfied:

(B}) For any x,y in M, the orbit O(x,y) is bounded.
(By) There exists a function ¢ € @ such that Fyppy(s) > Do (ay)(9(8))
for any f in S, x,y in M and s € (0,00] .
Then, S has a unique common fixed point z and, moreover, for any f € S and
x € M, the sequence of iterates {f™(x)} converges to z.

Proof. It follows from Theorem 2.1 that each f € S has a unique fixed point
zy in M and that for any « € M, the sequence of iterates { f"(z)} converges to
zf. So, to complete the proof it suffices to show that z; = z, for any f,g € S.
Let n be any positive integer. The left reversibility of S shows that there are
a, and b, in S such that f"a, = ¢"b,. So,

szzg Z T(szf"an(z)a Fg"bn(x)zg)' (4>
Also, condition (B)) implies that
Fpn@) fran(@) 2 Do(e,an(@) (9" (7)) Z Do) (6" (1)),
where j is the identity function on 7.

Letting n — oo in the last inequality and using the fact that Do, is in DF
we obtain that

Epn(z)fran@ — €o- (5)
Since
Eypran(@) = T(Fsppn@)s Frn@) fran(@))- (6)
Letting n — oo in (6) and using F; n(,) — €0, We get

szf"an(z) — £0-
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Likewise, we also have F, gny,(z) — €0, which implies that, as n — oo in (4) we
obtain that F},., = €g.1.e., 2y = 2, This completes the proof of the Theorem.

3. RELATIVE RESULTS

Let (M, d) be a complete metric space. Define F': M x M — A* by

Fpq(s) = Eagpg) ()
It is easy to see that (M, F,Ty;,) is a complete PM space and for A C
M, Dj = €giam(a) which implies that if A is bounded in (A, d) then it is
in (M, F,Tyin). Let T (S ) be a self-map of (is a left reversible semigroup
of selfmaps on ) (M, d) and ¢ : [0,00) — [0,00) is a gauge function i.e., it is
upper semi-continuous, increasing, ¢(0) = 0 and ¢(s) < s for s > 0. Suppose
that 7' ( S') satisfies the following condition

d(Tz,Ty) < p(diam(Or(v,y))) =,y € M. (Cy)

(d(fx, fy) < o(diam(Of(x,y))) for any fin S and z,yin M. (Cs) )

Then, there exists ¢ : (0,00] — (0,00] with the property that 7" ( S ) sat-
isfies (C) ((B)) of Theorem 2.2). Moreover, the function ¢ isin &. In
fact, if ¢ : [0,00) — [0,00) is a gauge function, then Chang constructed
[1] a strictly increasing continuous function a : [0,00) — [0,00) such that
a(0) =0 and ¢(s) < a(s) <s for s> 0. For example, take ¢ as follows

6(s) = { al(s), if 0<s<limy o aft),

| Hoo,  if s > limyo aft).
Define also the condition (C) by
A(Tx, Ty) < p(diam({z,y, 2, 4'}) 2,y € M.

Walter [14] has shown that under hypothesis (C3) all orbits are bounded when-
ever  satisfies s — p(s) — oo as s — oc.
Exploiting these observations yields the following results

Corollary 3.1. [14, Thm 2] (C}) implies (FP, SA), if all orbits are bounded.

Corollary 3.2. [8, Thm 2.2] Suppose S is a left reversible semigroup of self-

maps on a complete metric space (M,d) such that the following conditions

(C1) and (Cs) are satisfied:

(C1) For any = in M, the orbit O(z) is bounded.

(Cy) There exists a gauge function ¢ such that d(fz, fy) < o((diam(O(z,y)))
for any f in S,and z,y in M .

Then S has a unique common fixed point z. Moreover, for any f € S and

x € M, the sequence of iterates { f™(x)} converges to z.

Corollary 3.3. [14, Thm 4] (C3) implies (FP, SA) whenever ¢ satisfies s —
o(s) — 00 as § — 0.
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