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Abstract 

 
The Program Evaluation and Review Technique (PERT) has been widely used as 
a tool for project management.  In PERT analysis the activity time distribution is 
assumed to be a beta distribution, and the mean and variance of the activity time 
are estimated.  The activity mean and variance are very useful to find the expected 
project duration and variance of the critical path. By generalizing the assumption 
on parameters in original PERT an approximation for the mean and variance of a 
PERT activity duration is proposed and by comparison with numerical case it is 
shown that the mean and variance of PERT activity duration in this proposed 
method and original PERT are approximately equal.  This supports that the 
original PERT estimates are valid in generalized case also. 
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1. Introduction 
 
  A project is classically defined as a set of activities which must be 
performed according to some precedence constraints requiring that some activities 
can not start before the completion of some others. When duration of the activities 
are well known, critical path method [15], provide the minimal project duration 
and identify the critical paths.  In real world, the durations of particular project 
activities can not be precisely defined.  This is the way the original PERT has 
been developed [9]. PERT is the most widely used management technique for 
planning and coordinating large scale projects [2,6,20,21,22,23,26]. Since 
estimation of operation times of activities in a project network is difficult, 
therefore it is important to compute the variance of the project completion time in 
a network [2,3].  The Beta distribution has been applied in simulation[1] and in 
PERT analysis to model variable activity times [9,18].  The creators of PERT [9] 
considered beta distribution  
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as an adequate distribution of the activity duration y where α  and  β are 
parameters of the beta distribution and the interval ( a ,b) is the domain of y. They 
suggested the estimates of the mean and variance values 
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where a ,m and b are the optimistic, most likely and pessimistic activity duration 
estimates respectively. In PERT, when a little sample information is available to 
‘fit’ the distribution   a ,m and b are subjectively determined.  In 1986 Sasieni 
[19]  pointed out where the mean equation (2)  came from.  T.K. Little field and 
P.H. Randolph [24] answered that using four assumptions, that the activity 
duration distribution is beta , that the estimates of a ,m and b are good, that 
equation (3) holds and so equation (2) holds good.  C. Gallagher [5] also answered 
by approximating the same equation assuming the duration has a Beta distribution 
with α+β=4.  Further Farnum and Stanton [12] and Golenko-Ginzburg [7] 
developed further steps to refine the approximations.  Since then, numerous 
authors have participated in extending the work as Beta [8], some using extreme 
value theory [4], some defending particular distribution [25], and some giving 
accurate estimates of mean and variance [11],[16]. 
 
 In this paper, an improvement to Ginzberg [14] approximation for the 
mean and variance of a PERT activity time is proposed by means of reasonable 
assumption , and it is practically shown by taking Milwaukee General hospital 
project [13]. 
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2   Original PERT and Ginzburg’s  PERT approximations  
 
 
2.1 Traditional PERT approximation 
 
 
In PERT, when a little formal sample information is available to fit the 
distribution a,m,b are subjectively determined. Therefore,  by using 
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We can transform the density function (1) to a standard form 
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When this ‘standardization’ is done, then the following simple relations holds. 
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By letting  α-1 = p , β-1 = q.  The density function (4) becomes  
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with the mean, variance and mode as follows : 
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From (6) and (9) we obtain 
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Thus value mx, being obtained from the analyst’s subjective knowledge, indicates 
the density function. On the basis of statistical analysis and some other intuitive 
arguments, the creators of PERT assumed [18]  that  
                 βα + =4                                                                                             (11) 
 
It is from that assertion that estimates (2) and (3) were finally obtained, according 
to    (6) – (9).  
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2.2 Ginzburg’s [14] PERT approximation 
 
 Little Field et.al [24] showed that using the least square regression technique, that 
the mean activity duration can be approximated by  
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6
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 Here the value mx  determined by a specialist is transformed into an estimated 
mean value of x, xμ̂ ,using the relation(11),(12) and standard deviation of x 
namely    

                
6
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On the basis of (13) Farnum et.al [12] argued that  xσ  is not much affected by 
α and β  and therefore 
                 xσ ( βα , )≅ xσ ( 1,1 −− βα )≅1/6                                                         (14) 
Ginzberg [14] showed that the PERT assumption (11) is poor in the tails of the 
distribution and proposed the following modified formula for the mean and the 
variance of activity duration assuming  
                p + q = z(constant)                                                                              (15) 
obtained  
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For the general beta distribution of the activity time, estimates (16) and (17) are 
transformed to  
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Thus estimates (2) and (3) are replaced by estimates (18) and (19). 

By assuming that p =1, q = 2 and m= 
3

2 ba + , he further improved these estimates 

when the estimated mode of the activity time is located in the tail of the 
distribution as follows: 
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3. Proposed approximation 
 
 From Farnum et al [12] and Ginzberg [14] it can be seen that the PERT 
approximations are based on various assumptions on beta parameters.  In this 
paper, we propose a new approximation for estimating the mean and variance 
without imposing any restrictions on the value of beta parameters α and β and this 
proposal does not violate the PERT assumptions. In order to make the assumption 
more flexible, Ginzberg [14] assumed that the sum p+q in (6) is approximately 
constant but not predetermined; i.e., relation  
                              p + q ≅ k ( constant )                                                              (22) 
 
By standard PERT approximation, we have  
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Farnum et al. [12]  argued that on the basis of PERT assumption (1) the standard 
deviation σx is not affected much by p,q. 
Assume that   
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is the variance of x with beta parameters α and  β. 
From (9) we obtain 
                             p= kmx ,                                                                                  (26)     
and values μx and σx
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Since the average value of variance )(2
xx mσ  for 0 < mx <1 has to be equal to 1/36; 

i.e., 

                                     .
36
1)(

1

0

2 =∫ xxx dmmσ                                                        (29) 

Substituting (15)  in (16), integrating and solving  (16) for k, we get  k = 3.4.  
Approximating k to 3.4 and getting  
                         p = 3.4 mx,  q = 3.4 (1-mx)                                                         (30) 
from (12) and (13) , finally obtain 
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with the mean and variance 
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               For the general beta distribution  of the activity time, estimates (18) and 
(19) are transformed to  
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Analyzing over a large number of activities selected from different projects 

[10,17,18], showed that the most likely time can be taken as 
3

2 ba + . 

 

Substituting m = 
3

2 ba +  in  eq (35 ) and simplifying  
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Thus estimates (2) and (3) are replaced by estimates (34) and (36). 
  
 
Numerical Example: 
 
Milwaukee General hospital project [13] is considered in table I. The data for 
activities is represented in table II including mean and variance estimates for          
original , Ginzburg and proposed approximations and its network diagram as in 
Fig.1. The estimated project duration has approximately same value by using the 
original and proposed methods.  
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Table I . Milwaukee General hospital project 
 
 

 
 

Activity 

 
 

Description 

 
 

Immediate 
Predecessor 

 

 
 

a  

 
 

m 

 
 
b 

A Build inernal components --- 1 2 3 
B Modify roof and floor --- 2 3 4 
C Construct collection stack A 1 2 3 
D Pour concrete and install frame A,B 2 4 6 
E Build high-temperature burner C 1 4 7 
F Install pollution control system C 1 2 9 
G Install air pollution device D,E 3 4 11 
H Inspect and test F,G 1 2 3 
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Table II.    Mean and variance estimates 
 

 

 

 
 
Activity 

 
 
a  

 
 
m 

 
 
b 

Original 
approximation 

 

    Ginzburg 
approximation
          

  New 
approximation 

μ σ2 μ σ2 μ σ2 
A 1 2 3 2.0 0.1111 2.0 0.125 2.0 0.1143 
B 2 3 4 3.0 0.1111 3.0 0.125 3.0 0.1143 
C 1 2 3 2.0 0.1111 2.0 0.125 2.0 0.1143 
D 2 4 6 4.0 0.4444 4.0 0.500 4.0 0.4571 
E 1 4 7 4.0 1.0000 4.0 1.125 4.0 1.0286 
F 1 2 9 3.0 1.7778 2.9 2.000 3.1 1.8286 
G 3 4 11 5.0 1.7778 4.9 2.000 5.1 1.8286 
H 1 2 3 2.0 0.1111 2.0 0.125 2.0 0.1143 
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Fig.1 : Network diagram 

 
 
 
 
 

Conclusions 
 
 
By comparison with actual values, it was shown that the proposed approximations 
are accurate compared to the existing ones. Our improvement is free from the 
assumption on parameters α ,β. The PERT estimates of the mean and variance in 
PERT analysis can be replaced by our estimates. The value of mean and variance 
in original PERT are not only valid for restrictive condition p + q = 4 but also for 
generalized condition p + q = k (k is a constant) and it was observed by 
considering a numerical case. 
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