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Abstract

In this paper we construct a new nonlinear ODE system in the economic
variables capital K(t), and production Y (t), based on the neoclassical Solow
model. We call this system the Dynamical System of Solow Model, DSSM.

We evaluate the stability analysis results obtained by two different ways:
the neoclassical Solow model and the DSSM. We conclude that the most
important advantage achieved with the construction of the DSSM is to allow
the system to have instability occurrences which is not possible to observe in
the original model.

We also show how the following economic elements are crucial in the sta-
bility analysis: depreciation δ, saving rate s, and the relative capital intensity
α.
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1 Introduction

In the 1950s, Solow constructed a model which main purpose was to fit together

short-run macroeconomics, with long run factors, as Solow wrote himself in a Adden-

dum to his Nobel Lecture, from August 2001 [4]. His paper [3] remains a very useful

approach even today on the explanation of several important aspects of macroeco-

nomics, as well as it provides a simple example of a dynamic system model.

In this paper we start from the original Solow’s model, OSM, and propose a dif-

ferent study of this model, based on the methods of Dynamical Systems Theory. In

1supported by ”Fundação para a Ciência e Tecnologia” FCT, cofinanced by the European Union
Fund FEDER/POCI 2010.
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section 2 we describe the Solow model and present the main results in a systematic

way. In section 3 we define the Dynamical System of Solow Model, DSSM, and

present the new approach. In section 4 we evaluate the results obtained by consid-

ering both, the OSM and the DSSM. The main results achieved thanks to DSSM

are summarised in section 5.

2 The Solow Model

The Solow Model consists on three equations modelling changes over time in inputs

and outputs. These equations are concerned with a production function, a capital

accumulation and a labour force growth.

The production function describes how inputs combine to produce output. We

denote output as Y (t) and the inputs are capital, K(t), labour, L(t), and techno-

logical progress, A(t).

The capital accumulation equation is the most important equation in Solow

model and it describes how capital accumulates.

The labour force and the technological progress growth equations are basically

assumptions of the model, they give their own growth rates.

2.1 The Solow Model without Technological Progress

Production Function

Generally, the production function, Y (t) = F (K(t), L(t)), has the Cobb-Douglas

form,

Y = F (K, L) = KαLβ, with α, β > 0

and it exhibits constant returns to scale, that is β = 1 − α,

Y = F (K, L) = KαL1−α, with 0 < α < 1 (1)

Capital Accumulation

The capital accumulation equation is given by

K ′(t) = sY (t) − δK(t). (2)

The change in the capital stock, K ′, is the difference between gross investment, sY ,

and the amount of depreciation, δK. The rate of depreciation of capital, δ > 0, and

the saving rate, s > 0, are generally consider to be constant.
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Labour Force

An important assumption is that the labour force grows at a constant rate n, so

its growth rate, L′/L, is equal to n. We have

L(t) = L0e
nt (3)

as the solution of L′ = nL.

Analysis of the model

Rewritting the capital accumulation equation with Y and L given above, we

obtain a differential Bernoulli equation in K. The following initial value problem is

then {
K ′ = sKαL1−α

0 en(1−α)t − δK

K(0) = K0
(4)

which solution is given by

K(t) = e−δt

{
K1−α

0 +
sL1−α

0

δ + n

[
e(1−α)(δ+n)t − 1

]} 1
1−α

. (5)

In order to get the long-run growth rate of capital,

lim
t→+∞

K ′

K

we divide by K the differential equation in (4), and then we replace the value of

K given by (5) into the second member. So, the long-run growth rate of capital is

(
K ′

K

)
∞

= n.

The same happens with the output Y ,

(
Y ′

Y

)
∞

= n.

According to [1] a balanced growth path is a path on which some economic variable

is growing at a constant rate. We can say that, under the above conditions, output,

capital and labour force follow a long-run balanced growth path at rate n, usually

called the natural rate of Harrod.
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Analysing the next three ratios, the capital-output ratio K/Y , the capital per

capita K/L and the output per capita Y/L, we can state that the long-run behaviour

of the model is accordingly with

K

Y
→

t→∞
s

δ + n
(6)

K

L
→

t→∞

(
s

δ + n

) 1
1−α

(7)

Y

L
→

t→∞

(
s

δ + n

) α
1−α

. (8)

2.2 The Solow Model with Technological Progress

Similarly with labour force, it is assumed that the technological progress, t.p., grows

at rate g, which means that

A(t) = A0e
gt (9)

is the solution of A′ = gA.

As Solow wrote in [3], ”An especially easy kind of technological change is that

which simply multiplies the production function by an increasing scale factor.” This

was the beginning of the Technological Progress Age. Since then, t.p. has been

introduced in the model in three different ways, depending on the techonological

variable A is associated with F (K, L), K, or L.

Hicks-neutral technology

Y = A(t)F (K, L), (10)

Solow-neutral technology

Y = F (A(t)K, L), (11)

Harrod-neutral technology

Y = F (K, A(t)L). (12)
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Analysis of the Augmented Model

We can summarize the three types of t.p. in the simple equation

Y = AγKαL1−α, (13)

referring to γ = 1 (Hicks), γ = α (Solow) and γ = 1 − α (Harrod). The absence of

t.p. is also contemplating in (13), puting γ = 0.

Replacing (3) and (9) into (13), we obtain

Y = KαAγ
0L

1−α
0 e[γg+(1−α)n]t (14)

and the initial value problem is now{
K ′ = sKαAγ

0L
1−α
0 e[γg+(1−α)n]t − δK

K(0) = K0
(15)

which solution is given by

K(t) = e−δt

{
K1−α

0 +
(1 − α) sAγ

0L
1−α
0

(1 − α) (δ + n) + γg

[
e[(1−α)(n+δ)+γg]t − 1

]} 1
1−α

. (16)

The asymptotical behaviour of K becomes(
K ′

K

)
∞

= n +
γ

1 − α
g. (17)

We still have a long run balanced growth path for capital when any kind of t.p. is

considered

Deriving (13) and dividing both sides by Y , we obtain

Y ′

Y
= γ

A′

A
+ α

K ′

K
+ (1 − α)

L′

L
. (18)

Puting (17) into (18), the system in the two economic variables, capital and output,

follow a long run balanced growth path(
K ′

K

)
∞

=

(
Y ′

Y

)
∞

= n +
γ

1 − α
g. (19)

Combining (13) and (16), the capital output ratio is now

K

Y
= e−[(1−α)(δ+n)+γg]t

{(
K0

L0

)1−α

A−γ
0 − (1 − α) s

(1 − α) (δ + n) + γg

}
(20)

+
(1 − α) s

(1 − α) (δ + n) + γg
,

and its behaviour in a long run analysis is(
K

Y

)
∞

=
(1 − α) s

(1 − α) (δ + n) + γg
. (21)
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2.3 Conclusions

We can summarize all the results obtained in a systematic way. Let μ =
(

K ′
K

)
∞be

the long run capital growth rate. Analysing the solution (16), we conclude the

following:

I - absence of t.p., γ = 0

μ0 = n

II - introduction of t.p.

i) Hicks, γ = 1

μI = n +
1

1 − α
g = n + cIg

where cI =
1

1 − α
.

ii) Solow, γ = α

μS = n +
α

1 − α
g = n + cSg

where cS =
α

1 − α
.

iii) Harrod, γ = 1 − α

μH = n + g = n + cHg.

where cH = 1.

III - coefficients cI , cS, and cH

Introducing t.p. under condition (9), the model is affected by a kind of displace-

ment on its long run capital growth rate μ. It jumps from its stacionary state n

to another stacionary state n + cxg. The meanning of x is important as we shall

see. Although x only reflects on the manner which the economic variables Y , K and

L are affected by the introduction of t.p., it allows to state an order relationship

between the different three μx. Therefore we have



Solow model, an economic dynamical system of growth 2873

if 0 < α <
1

2
then μS < μH < μI ,

if α =
1

2
then μS = μH < μI ,

if
1

2
< α < 1 then μH < μS < μI .

We can observe that depending on the value of α, the three multiplicator terms,

cI = 1
1−α

, cS = α
1−α

, and cH = 1, of the t.p. growth rate, g, have two opposite

actions on g: an accelerator action and a delayed one. If 1
2

< α < 1, then cI and cS

are accelerators coefficients of g. If 0 < α < 1
2

then cS is a delayed coefficient of g.

Finally, if α = 1
2

then cS = cH = 1. It is curious to note that, no matter what value

of α is, the biggest long run growth rate is μI . This is related with the original idea

of Solow expressed in [3].

3 An Overview with Dynamical System Theory

In this section we propose a new approach to the study of Solow model, introducing

the methods of dynamical system theory. In order to do this, we will construct a

nonlinear system of differential equations in the capital and output variables. Our

primary goal is to release the model of previous assumptions on A(t) and L(t). We

pretend to investigate what kind of conclusions we get on K(t) and Y (t) variables,

when hypothesis around A(t) and L(t) are as much general as possible.

3.1 The Dynamical System of Solow Model

Let F (K(t), L(t)) be some production function defined on the open subset E of �2,

E = (0,∞) × (0,∞), twice differentiable, increasing and concave on K and L. We

also assume that F is an homogeneous function of degree α + β, with α, β > 0. Let

Y (t), K(t), A(t) and L(t) be real functions of real variable, differentiables on �.

The first equation is then

Y (t) = A(t)F (K(t), L(t)), (22)

and the second one is the fundamental equation of Solow model

K ′(t) = sY (t) − δK(t). (23)
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For the time being, we are going to say nothing about growth rates of t.p. and

labour force.

Deriving the equation (22) in order to time we obtain

Y ′ = A′F + A [F ′
KK ′ + F ′

LL′] .

Dividing both sides by Y , puting (22) into the second member, and using (23), we

then obtain a nonlinear system of ODEs on K(t) and Y (t)

{
K ′ = −δK + sY

Y ′ =
(

A′
A

+ s
F ′

K

F
Y − δ

F ′
K

F
K +

F ′
L

F
L′

)
Y

(24)

We will refer to this system as Dynamical System of Solow Model, DSSM.

3.2 Equilibrium points of DSSM

The Hartman-Grobman Theorem, wich can be seen for example in [2], establishes

that the qualitative behaviour of the solution set of a nonlinear system of ODEs

near a hyperbolic equilibrium point (which means that none of the eigenvalues of

the linearized system have zero real part), is the same as the qualitative behaviour

of the solution set of the corresponding linearized system near the equilibrium point.

So, by definition the equilibrium points of (24) are the solutions of

{ −δK + sY = 0(
A′
A

+ s
F ′

K

F
Y − δ

F ′
K

F
K +

F ′
L

F
L′

)
Y = 0.

(25)

We exclude the economically meaningless equilibrium solutions Y = K = 0. Then

we can state the following

Proposition 1 A necessary and sufficient condition for the existence of equilibrium

points for the DSSM, consists of

A′

A
+

F ′
L

F
L′ = 0. (26)

Corollary 2 Under the above conditions, the equilibrium points of DSSM are

Y =
δ

s
K. (27)
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This equality is accordingly with the long run analysis in (21), once considered

1 − α = β, γ = 1, and the result (26), which is here given by g + βn = 0. The

equilibrium points (27) consist of a straight line in the KOY phase plane.

After linearization the DSSM, we compute its eigenvalues. They obey

λ2 +

(
δ − δK

F ′
K

F

)
λ − δK

L′

F 2
(FF ′′

LK − F ′
LF ′

K) = 0. (28)

In order to proceed with the stability analysis of the equilibrium points, it is

convenient to make some assumptions on the production function.

3.3 DSSM with Cobb-Douglas Production Function

Let insert F (K(t), L(t)) = Kα(t)Lβ(t) with α, β > 0, in (24), and let F be an

homogeneous function of degree α + β. This allows that the production function

can exhibit increasing returns to scale if α + β > 1, constant if β = 1 − α, and

decreasing if α + β < 1. We then obtain the system

{
K ′ = −δK + sY

Y ′ =
(

A′
A

+ sα Y
K
− δα + β L′

L

)
Y .

(29)

Proposition 3 A necessary and sufficient condition for the existence of equilibrium

points for the DSSM (29), consists of

A′

A
+ β

L′

L
= 0. (30)

The equilibrium points are the same, Y = δ
s
K.

If we want to get an economic interpretation of this equation, we must abandon

the usual assumptions on the growth rates A′/A = g and L′/L = n, because β is

positive. We can state that in order to guarantee the existence of equilibrium points

for the DSSM, it is no longer possible to consider A and L with simultaneously

exponential growth. This is an open question at the moment.

Turning back to the system (29), we add the two initial conditions

K(0) = K0

Y (0) = Y0 = A(0)Lβ(0)Kα
0 ,
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and then we obtain the solution⎧⎪⎨
⎪⎩

K(t) = e−δt
{

K1−α
0 + (1 − α)s

∫ t

0
A(u)Lβ(u)eδ(1−α)udu

} 1
1−α

Y (t) = A(t)Lβ(t)e−δαt
{
K1−α

0 + (1 − α)s
∫ t

0
A(u)Lβ(u)eδ(1−α)udu

} α
1−α

.

(31)

Accordingly with (29), the growth rates of capital and product are

K ′

K
= −δ + s

Y

K
(32)

Y ′

Y
=

A′

A
+ α

K ′

K
+ β

L′

L
.

3.3.1 A(t) and L(t) verify the n.s.c. (30)

Then

Y ′

Y
= α

K ′

K
. (33)

3.3.2 A(t) and L(t) don’t verify the n.s.c. (30)

Then there are no equilibrium points for the DSSM, except the (0, 0) equilibrium

that we have neglected by meaningless economic reasons. From (32) and considering

the solution (31), we have

lim
t→∞

K ′

K
= lim

t→∞

{
−δ + sA(t)Lβ(t)eδ(1−α)t

{
K1−α

0 + (1 − α)s
∫ t

0
A(u)Lβ(u)eδ(1−α)udu

}α−1
1−α

}

= lim
t→∞

{
−δ +

sA(t)Lβ(t)eδ(1−α)t

K1−α
0 + (1 − α)s

∫ t

0
A(u)Lβ(u)eδ(1−α)udu

}

= lim
t→∞

{
−δ + s eδ(1−α)t A′(t)Lβ(t) + βA(t)Lβ−1(t)L′(t) + δ (1 − α)A(t)Lβ(t)

(1 − α) sA(t)Lβ(t)

}

= lim
t→∞

{−δ + 1
1−α

(
A′
A

+ β L′
L

)
+ δ

}

=
g + βn

1 − α
.
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Substituing this into the second equation of (32), we have for the product

lim
t→∞

Y ′

Y
= g + βn + α lim

t→∞
K ′

K
=

g + βn

1 − α
.

We want to point out that if we don’t consider the existence of equilibrium points

for the DSSM, which means that the neoclassical assumptions are allowed, then we

get (
Y ′

Y

)
∞

=

(
K ′

K

)
∞

=
g + βn

1 − α
, (34)

which replies the behaviour of the OSM (19), taking γ = 1 and β = 1 − α into

account.

3.4 Stability Analysis of DSSM with Cobb-Douglas Produc-

tion Function

With the production function considered above, F = KαLβ , we then have FF ′′
LK −

F ′
LF ′

K = 0. According to (28), the two eigenvalues are

λ = 0 ∨ λ = (α − 1) δ. (35)

We can no longer use the Hartman-Grobman Theorem because the equilibrium

points,
−
X =

(
K, δ

s
K

)
, are nonhyperbolics. So, we are looking for a certain Liapunov

function that allow us to decide about their stability. This method due to Liapunov

can be seen in [2].

Let E be an open subset of �2 containing
−
X =

(
K, δ

s
K

)
. Let

f(K, Y ) =

[ −δK + sY(
A′
A

+ sα Y
K
− δα + β L′

L

)
Y

]

with f

( −
X

)
= 0.

Proposition 4 The function V ∈ C1 (E) , defined by V (K, Y ) =
(
K − s

δ
Y

)2
is a

Liapunov function.

Proof. According to the definition in [2], the function V must verify

i) V

( −
X

)
= 0 and ii) V (K, Y ) > 0 for (K, Y ) �=

−
X,
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which is easy to check.

The Liapunov method consists of apply the following criterion, once a suitable

Liapunov V function is found.

a) if
•
V (K, Y ) ≤ 0 ∀(K,Y )∈E then

−
X is stable,

b) if
•
V (K, Y ) < 0 ∀

(K,Y )∈E\
�−

X

� then
−
X is asymptotically stable,

c) if
•
V (K, Y ) > 0 ∀

(K,Y )∈E\
�−

X

� then
−
X is unstable.

Here, dot means the total derivative with respect to time.

Considering the Liapunov function V (K, Y ) =
(
K − s

δ
Y

)2
, we compute

•
V (K, Y ) = V ′

KK ′ + V ′
Y Y ′ = 2

(
K − s

δ
Y

)
K ′ − 2

s

δ

(
K − s

δ
Y

)
Y ′ = 2

(
K − s

δ
Y

)(
K ′ − s

δ
Y ′

)
.

In order to decide the sign of this expression it is needed to substitute K ′ and Y ′

by (29) and consider (30). We then obtain

•
V (K, Y ) = −2

δ
(sY − δK)2

(
1 − α

s

δ

Y

K

)
. (36)

Now we can see how the stability analysis is deeply conditional on the three economic

elements, depreciation, δ, saving rate, s, and α.

4 DSSM versus OSM

We want to evaluate the results obtained by two different ways. One way is con-

cerned to a single differential equation, the capital accumulation equation, and the

other way consists of a differential equation system, the DSSM. The stability anal-

ysis is our priority issue. In order to compare the results, it’s indispensable that

all previous assumptions are the same in the two ways. As the final result (36)

obtained with DSSM, was established under (22) and (30) conditions, we now have

to consider them in (15).

The nonlinear differential equation K ′ = sY − δK with Y = AKαL1−α is{
K ′ = sAKαL1−α − δK

K(0) = K0
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Set K ′ = f(K). We look for the equilibrium solutions, that is f(K) = 0. The

unique positive equilibrium solution, denoted by
−
K, is

−
K =

(
δ

sA
Lα−1

) 1
α−1

.

After linearization we obtain

f ′(K) = sAαKα−1L1−α − δ.

To study the stability of
−
K equilibrium solution we compute

f ′
( −

K

)
= sAα

(
δ

sA
Lα−1

)α−1
α−1

L1−α − δ

which gives

f ′
( −

K

)
= δ (α − 1) .

As f ′
( −

K

)
is always negative then the

−
K equilibrium solution is asymptotically

stable for K in a neighborhood of
−
K. Having (35) in mind we realize that the DSSM

is a good generalization of OSM, and the most important advantage achieved with

the construction of the DSSM, is to allow the system to have a more rich long run

dynamic behaviour. Because a zero eigenvalue appears instability can occur at the

same time with asymptotic stability, depending on the sign of (36).

Therefore, turning back to the DSSM and following the Liapunov criterion, we

can state that if the capital-output ratio verifies

K

Y
< α

s

δ

then the positive equilibrium solution is unstable, otherwise it is asymptotically

stable. This fact is not possible to observe in the study of the single capital accu-

mulation equation.

5 Conclusion

In this paper we have shown that, contrary to Solow’s original result, saving not only

determines the accumulation but also plays a crucial role in the stability analysis
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of the model. The three economic elements, α, s and δ, are the key elements in a

future bifurcation analysis.

Finally, it is important to remember that these results depend on the condition

expressed in (30), which means that the assumptions usually made on the two growth

rates n and g, shouldn’t consider to be simultaneously constant. It is convenient

to assume that the rate of technological progress g (and/or n) must reflect on the

accumulation of some kind of knowledge.
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